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Abstract. The wavelet scattering convolution network (SCN) have
recently developed as a kind of effective feature extractor, which has
achieved a great performance in signal and image processing applica-
tions. Unfortunately, as feature extractor, SCN is not appropriate to
mimic the visual system of mammals in image classification tasks, so that
STFT-based time-frequency scattering convolution network (TFSCN) is
proposed. However, TFSCN is limited by a major drawback: it is only
available for stationary signals’analysis but not for non-stationary ones,
since STFT can viewed as linear translation-invariant filters in the FT
domain intrinsically. The aim of this paper is to overcome this weak-
ness using the short-time fractional fourier transform (STFRFT) which
is a bank of linear translation-variant bandpass filters and thus may be
used for non-stationary signal analysis. First, We present the fractional
time-frequency scattering transform based upon the STFRFT. Then a
generalization of TFSCN’s structure dubbed FRTFSCN is illustrated.
The significant performance of FRTFSCN are shown via experiment
simulations.

Keywords: Time-frequency scattering · Scattering network ·
Short-time fractional fourier transform · Non-stationary signal
analysis · Translation-variant filtering

1 Introduction

In recent years, the wavelet scattering convolution network [1–3] (SCN) intro-
duced by Mallat has drawn extensive attention in various field, and has led to
state-of-the-arts results in a wide range of classification tasks including hand-
written digit recognition [2], musical genre classification [3], audio classification
[4], texture discrimination [5], art authentication [6], astronomy [7], chemical [8],
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biomedical science [9,10], and time-frequency representations [11]. It is pioneer-
ing in mathematical analysis of feature extractors generated by DCNNS [1,2].
Furthermore, Li et al. developed time-frequency scattering convolution network
(TFSCN) [11] by combing Mallats scattering transform framework with short-
time fourier transform (STFT) with Gaussian window to make sense to mimic
the visual system of mammals for designing a feature extractor in image clas-
sification. Theoretically, TFSCN provides a translation and rotation-invariant
and deformation-stable representation by cascading Gabor filters and modulus
nonlinearities, and performs well in practice e.g. image classification. Unfortu-
nately, TFSCN still suffers from a major drawback: it is only appropriate for
stationary signals’analysis but not for non-stationary ones, for the reason that
the STFT is intrinsically a set of linear time-invariant bandpass filters in the
Fourier transform (FT) domain, which indicates that TFSCN does not work well
when analyzing non-stationary signals. Thus, it is desirable to impart a certain
degree of time-varying behavior to these networks. Our objective of this paper is
to propose a new structure for TFSCN dubbed fractional TFSCN (FRTFSCN)
by employing the short-time fractional fourier transform (STFRFT) which is a
generalization of the conventional short-time fourier transform (STFT) in the
fractional FT (FRFT) domain. We first define fractional time-frequency scat-
tering transform based on STFRFT, then fractional time-frequency scattering
convolution network is constructed using STFRFT-based scattering transform,
which includes the STFT-based TFSCN as a special case. Finally, a practical
application of the FRTFSCN in image classification is discussed.

2 Fractional Time-Frequency Scattering Convolution
Network

In this section, the formulation of the FRTFSCN is described. We start by
introducing the definition of the STFRFT. Then, a STFRFT-based scattering
transform is proposed. In the following, the FRTFSCN is constructed according
to STFRFT-based scattering transform.

2.1 The Definition of STFRFT

According to [12], Shi et al. define a novel STFRFT of a function f(t) ∈ L2(R)
with respect to a given window g(t) as

STFRFTα
f (t, u) =

∫
R

f(τ)g∗
α,t,u(τ)dτ (1)

with its kernel given by

gα,t,u(τ) � g(τ − t)e−j τ2−t2
2 cotα+jτu cscα (2)

then based on the definition of the fractional convolution [13]:

f (t) ∗αg (t) =
∫
R

f(τ)g(t − τ)e−j t2−τ2
2 cotαdτ (3)
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then (1) can be rewritten as the form of fractional convolution, that is

STFRFTα
f (t, u) = e−jtu cscα

[
f(t) ∗α

(
g∗(−t)ejtu cscα

) ]
. (4)

Note that, when α = π/2, STFRFT reduces to STFT.

2.2 STFRFT-Based Scattering Transform

In this operation, a scattering transform computes nonlinear invariants from
fractional short-time fourier coefficients by modulus operator performed as a
nonlinear pooling operator on the ground that it could preserve the signal energy
[11]. As for the signal x(t) ∈ L2(R), the STFRFT-modulus coefficients, consid-
ered as the translation-invariant coefficients, are built from the STFRFT by the
modulus operator defined as:

U [p]x = |x ∗α fp|, p ∈ P (5)

and STFRFT-based scattering transform is defined as

S[p]x = U [p]x ∗α f0, p ∈ P (6)

where fp(t) = f0(t)ejpt, p ∈ P and f0 form a frame dubbed as a fractional
uniform covering frame, that is F = {f0} ∪ {fp : p ∈ P} satisfying

|F0(u csc α)|2 +
∑
p∈P

|Fp(u csc α)|2 = 1 (7)

where F0(u csc α) and Fp(u csc α) denote the FT (with their argument scaled
by csc α) of f0(t) and fp(t), respectively. In addition, Eq. 7 implies that F is a
semi-discrete Parseval frame [14] for all x(t) ∈ L2(R),

‖x ∗α f0‖2 +
∑
p∈P

‖x ∗α fp‖2 = ‖x‖2 (8)

More fractional STFRFT-modulus coefficients can be obtained by further iter-
ating on the STFRFTs and the modulus operator along any path p ∈ Pk and
k ∈ N, then we associate p ∈ Pk with the fractional scattering propagator U [p]:

U [p]x =

⎧⎪⎨
⎪⎩

x, if p ∈ P0

|x ∗α fp| , if p ∈ P

U [pk]U [pk−1] · · · U [p1]x, if p = (p1, p2, . . . , pk) ∈ Pk

(9)

then STFRFT-based scattering transform with association p ∈ Pk, S[p], is a
vector-valued operator

S[p]x = {U [p]x ∗α f0 : p ∈ Pk, k = 0, 1, 2, · · · } (10)

which is fractional time-frequency scattering transform, the generalization of the
conventional time-frequency scattering transform.
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2.3 The Construction of FRTFSCN

Based on the results obtained above, we now introduce the fractional time-
frequency scattering convolution network (FRTFSCN), which can be viewed as
an iterative process over a one-step fractional scattering propagator. Similar to
the DCNNs [15], the FRTFSCN is built upon a building block comprised of a
FRFT-domain filtering followed by a modulus nonlinearity. Let us recursively
construct the FRTFSCN. The first layer collects all the results of the STFRFTs
with respect to k = 0, i.e.,

S[p]x = {U [p]x ∗α f0 : p ∈ Pk, k = 0} = x ∗α f0 (11)

The m-th layer of the FRTFSCN is constructed by taking all the possible
STFRFTs of level m− 1, i.e., S[p]x with p ∈ Pm−1, where Pm−1 is the set of all
the paths p of length m − 1. Note from (9) that for any given path p ∈ Pm−1

and m-th path element pm ∈ P, we can derive a m-length path set Pm satisfy-
ing Pm = {Pm−1, pm} and pm ∈ P. Then we can derive that m-th layer of the
FRTFSCN satisfying

U [p′]x = U [pm]U [p]x, p′ = (p, pm), p ∈ Pm−1

= U [pm]U [pm−1] · · · U [p1]x.
(12)

Moreover, it follows that
S[p′]x = U [p′]x ∗α f0 (13)

therefore, we can iteratively compute the nodes of the FRTFSCN by first recur-
sively calculating the fractional scattering propagators U [p] for all level m up to
the pre-determined maximum depth of the FRTFSCN. Then, all the nodes value
can be extracted by computing the STFRFTs. A graphical representation of the
proposed FRTFSCN is shown in Fig. 1. As can be seen from the figure, the pro-
posed FRTFSCN is a fully connected network which has the similar structure of
CNNs [15]. Compared with the conventional TFSCN, FRTFSCN is performed
from the perspective of fractional filtering and remain some basic properties in
fractional domain, like rotation and translation-invariant and deformation sta-
bility. Furthermore, note that, when α = π/2, the FRTFSCN reduce to TFSCN,

Fig. 1. The architecture of FRTFSCN.
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which implies that TFSCN is a special case of the FRTFSCN. The FRTFSCN
has a free parameter α and thus is more flexible than the conventional TFSCN.

3 The Application of FRTFSCN

In this section, we give a potential application of the proposed FRTFSCN.
Since both the FRTFSCN and TFSCN the similar properties like rotation and
translation-invariant and deformation stability, it means the FRTFSCN could
provide a translation- and rotation-invariant fractional time-frequency scattering
representation which is stable to small deformations. These properties determine
that FRTFSCN is useful in image classification tasks. So, we apply the proposed
FRTFSCN in a texture classification to illustrate its significant performance.

3.1 Texture Database

The database constructed by merging UMD [16] and ALOT [17], which contains
9 classes of images, as illustrated in Fig. 2, and there are 40 images in each class.
As can be seen from the Fig. 2, there are some non-stationary textures in those
sample images, which implies FRTFSCN would perform better compared with
the conventional TFSCN when selecting an appropriated angle.

Fig. 2. Sample images from the UMD [16] and ALOT [17] databases.

3.2 Classification Results

In classification stage, the images in each class are divied into two groups ran-
domly. One group of images is labled for training, and the other group is for
testing. As aforementioned, the FRTFSCN has a free parameter α ∈ [0, π/2]d,
on which the classification performance depends. For image analysis, we set d = 2
and α = (α1, α2). According to [18], we fix one element of α to π/2, and let the
other vary from 0 to π/2 with a step of π/20 to accelerate the computation of the
FRTFSCN. Hereby, the angle pair (9π/10, π/2) is chosen to calculate fractional
time-frequency scattering coefficients which fed into PCA classifier for classifica-
tion. The results of classification are shown in Table 1 which gives a comparison
of the FRTFSCN and several well-known networks (e.g., the conventional SCN
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[1], the time-frequency scattering network (TFSN) [11], and the CNN [15]). To
illustrate the results of experiments, the third row of Table 1 is taken as an exam-
ple, in which each class containing 40 images, 10 sample images are randomly
chosen for training, and the remaining 30 images are used for testing. In order
to obtain statistical results, we calculate the mean and variance of classfication
errors for the FRTFSCN with (9π/10, π/2) over 1000 experiments. As can be
observed from Table 1, the FRTFSCN with angle pair (9π/10, π/2) yields the
minimum classification error, and even with small size of training, its perfor-
mance is always best. Particularly, when the size of training is extremely small
(i.e. training samples = 2), the FRTFSCN still exhibits best performance.

Table 1. Classification errors using different networks.

Training samples FRTFSCN (9π/10, π/2) TFSCN SCN CNN

2 0.13± 0.05 0.23 ± 0.03 0.24 ± 0.02 0.45 ± 0.08

5 0.05± 0.03 0.13 ± 0.04 0.13 ± 0.04 0.35 ± 0.09

8 0.02± 0.02 0.09 ± 0.02 0.08 ± 0.03 0.34 ± 0.12

10 0.02± 0.02 0.07 ± 0.02 0.07 ± 0.02 0.30 ± 0.11

15 0.01± 0.01 0.05 ± 0.02 0.04 ± 0.01 0.18 ± 0.07

20 0.01± 0.01 0.04 ± 0.01 0.02 ± 0.01 0.12 ± 0.05

4 Conclusion

This paper aims to overcome the drawback of the TFSCN based upon the
STFRFT, which are suitable to analysis non-stationary signal as a bank of linear
translation-variant bandpass filters. First, a STFRFT-based scattering transform
is proposed, then we construct FRTFSCN based on fractional time-frequency
scattering transform. Eminent numerical performance of the FRTFSCN is pre-
sented to illustrate its advantage in image classification application.
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