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Abstract. In this paper, we construct an action of Picard group on the

generalized Euler classes defined in Chow-Witt groups ˜CHd(X,L ) with
twisted line bundle L , which is the generalization of the Euler classes
defined in Chow groups. This result gives a new method to compare the
generalized Euler classes with different twisted bundle.
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1 Introduction

Let X = Spec(A) be a smooth affine Noetherian scheme of dimension d over
a field k, E be a vector bundle over X of rank d with determinant isomorphic
to a line bundle L . One could give an obstruction class in algebraic geome-
try, such that its vanishing is the only obstruction to E splitting as the direct
sum of a rank d − 1 vector bundle and a trivial line bundle. Or more precisely,
to give an obstruction classes in algebraic geometry which is an analog of the
Euler classes in algebraic topology. Historically there are mainly three different
theories be constructed for this problem. One theory comes from the work of
S. Bhatwadekar and R. Sridharan [10], which are based upon the ideal of M.V.
Nori [16]. This theory defines the obstruction in a pure algebraically constructed
group named generalized Euler class group Ed(X;L ). Second theory comes from
the lecture of F. Morel [20], where one constructs an Euler class as the primary
obstruction to existence of a non-vanishing section of E . Let Grd denotes the
infinite Grassmannian, and γd is the universal rank d vector bundle on Grd,
the first non-trivial stage of the Moore-Postnikov factorization in A1−homotopy
theory of the map Grd−1 → Grd gives rise to a canonical morphism

Grd → KGm(KMW
d , d)

This gives a canonical cohomology class

od ∈ Hd
Nis(Grd,KMW

d (det(γvee
g )))
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And further more, given any smooth scheme X and vector bundle E as above.
The map ζ : X → Grd which classifying E defines a class

em(E ) := ζ∗(od) ∈ Hd
Nis(X,KMW

d (det(E ))) = ˜CHd(X, (E ))

This definition of obstruction class is evidently more homotypical.
The third method is constructed by J. Barge and F. Morel in [9], which is

a “cohomological” version of the obstruction. Or more precisely, they give an
cohomological class

ec(E ) ∈ Hd
Nis(X,KMW

d (det(E ))) = ˜CHd(X, (E ))

for the vector bundle E using push-forward operation in cohomology theory of
sheaf of Milnor-Witt groups. The associated obstruction theory is called by A.
Asok and J. Fasel in paper [6] as the “cohomological obstruction theory”.

By the works of A. Asok and J. Fasel in papers [6] and [4], and the work of
Yang in paper [26], we know that all of the theories above are equivalent, and all
of the Euler classes (obstruction classes) defined by the above theories are the
same under these equivalence.

By the results in paper [11] of S. M. Bhatwadekar and Raja Sridharan,
we know that for different line bundles L and L ′, the Euler class groups
Ed(X;L ) and Ed(X;L ′), or equivalently Chow-witt groups ˜CHd(X,L ) and

˜CHd(X,L ′), are not isomorphic generally. Now for any pair of line bundles L
and L ′, we could regard them as the elements in the Picard group Pic(X) of X,
and there is an element α = L −1L ′, such that α · L = L ′. In this paper, we
will give a construction for a lifting of this action to an action of Picard on the
generalized Euler class groups. More precisely, for any element α ∈Pic(X) and
element ρ ∈ Ed(X;L ) we could define an element α · ρ ∈ Ed(X;α · L ) which
defines an action of group on sets.

Notations

In this paper, a base field k is always denoted a (infinite) perfect field. We
write Smk for the category of separated, smooth and finite type schemes over
Spec(k). sPre(Smk) denotes the category of simplicial presheaves over Smk,
objects of which will be called k−spaces. We equip the category sPre(Smk)
with its usual injective Nisnevich local model structure [13]. The associated
homotopy category is denoted by HNis(k). If X and Y are spaces in HNis(k),
then we write [X , Y]Nis for the set HomHNis(k)(X , Y).

Using a left Bousfield localization of HNis(k), one could get the Morel-
Voevodsky A1−homotopy category H (k). In particular, there is an endo-
functor LA1 of the category sPre(Smk), together with a natural transformation
θ : Id → LA1 such that for any space X , the map X → LA1(X ) is an trivial
A1−cofibration and LA1(X ) is simplicially fibrant and A1−local. We refer the
reader to [1] for a convenient summary of properties of the A1−localization func-
tor and note in passing that LA1 commutes with the formation of finite products.
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We set [X , Y]A1 := HomHk
(X , Y). Beside these, we write Si+j,j = Si ∧ G∧j

m

for the bigrade spheres in H (k). Particular Si denotes the constant presheave
associated with the i−th simplicial sphere. Further, unless we mention otherwise,
sheaf cohomology will always be taken with respect to Nisnevich topology.

Beside these, in this paper, we sometimes use the letters with an arrow
hat X or a to denote the sequences such as (x1, x2, · · · , xn) ∈ An, and use
<x1, x2, · · · , xn> to denote the ideal of A generated by the elements

{x1, x2, · · · , xn} ⊂ A,

where A is a commutative ring with identity.

2 The Representation of Ed(X;L )

In this section we will recall the construction of the representation of group
Ed(X;L ) in the paper [26], which is the base point of this paper.

First, Assume

Q2(n+d) = Spec
k[x, x

′
, · · · , xd, x2, · · · , xn, y, y

′
, · · · , yd, y2, · · · , yn, s]

<Σxjyj + Σxiyi + s2 = 1>

which is the affine quadric hypersurface defined by A. Asok, D, Brent and J. Fasel
in the paper [5]. Now let ̂Q2(n+d) be the blow-up of Q2(n+d) at the subscheme
defined by the ideal < x, x

′
, · · · , xd >. So we have a canonical map

φ : ̂Q2(n+d) → P d

where P d =Projk[t0, · · · , td] is the projective space of dimension d. By the anal-
ysis in the paper [26] we know that this construction give a motivic sphere (P∧n

or Sn ∧ G∧n
m ) bundle over P d.

Let A be a regular Noetherian ring of dimension d, smooth over the field
k. Let X =Spec(A) be the affine scheme, and [X, ̂Q2(n+d)]A1 be the homotopy
mapping classes in H (k), i.e. [X, ̂Q2(n+d)]A1 = HomH (k)(X, ̂Q2(n+d)).

For any ρL ∈ HomSmk
(X, P d), define

EρL
(X) ⊆ HomH (k)(X, ̂Q2(n+d))

to be the subset of HomH (k)(X, ̂Q2(n+d)) consisting of elements f ∈ HomH (k)

(X, ̂Q2(n+d)) such that f ◦ φ = ρL ∈ HomSmk
(X, P d). In the paper [26], with

the condition d ≤ 2n − 2, we construction a monoid structure on EρL
(X), and

prove that there is an isomorphism between the generalized Euler class group
and EρL

(X). More precisely we have the following theorem

Theorem 1. Let A be a regular Noetherian ring of dimension d, smooth over
the field k, Spec(A) = X be the associated affine scheme. Let En(A,L ) be the
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generalized Euler Class Group where L is an invertible ideal and d ≤ 2n − 2.
Then the Segre Class Map

S( , ) : En(A,L ) → EρL
(X)

is an isomorphism. Thus we get that the Abelian monoid EρL
(X) is a group

isomorphic to the Euler Class Group En(A,L ).

Furthermore, by the analysis in the first section of the paper [26], we know that
for any affine scheme Spec(A) = X, any element f ∈ EρL

(X) could be defined
by a concrete map f ∈ HomSch(X, ̂Q2(n+d)). Thus we could use concrete map
f ∈ HomSch(X, ̂Q2(n+d)) to represent the Euler classes in En(A,L ).

3 Action of Picard Group on Ed(X;L )

Let Pic(X) be the Picard group of X. Now for any element mathscrL′ ∈Pic(X)
there is a map in HomSch(X,P d) represent it which is noted by α. The element
α defines an action on Pic(X) by the group operation.

Now for any element ρ ∈ En(A,L ) by the analysis above we have a map
ρ ∈ HomSch(X, ̂Q2(n+d)) representing it. The composition φ ◦ ρ : X → P d

represent the line bundle L . Now α acts on the element L to get the line
bundle LL ′. Or more precisely, we have the following diagram

X
ρ �� ̂Q2(n+d)

φ

��

̂Q2(n+d)

φ

��
P d ·α �� P d

(∗)

Let Grd+1(ON ) be the Grassmannian of subbundles of dimension d + 1 in ON

and MN×(d+1) be the scheme over k defined by the (N × (d + 1)) matrixes over
k of rank d + 1. Of course we have a map

τ : MN×d+1 → Grd+1(ON ).

By the analysis in paper [27], we get that this is an A1−fibration.

Lemma 1. The above action α could be lifted to an element in MN×(d+1)(X).

Proof. We know that the action α comes from the Segre Embedding S : P d ×
P d → PN−1. Or equivalently the action α could be defined by the composition

X
(φ◦ρ,α)�� P d × P d S �� PN−1

Now for any point p ∈ P d, we could define the subbundle Vp ⊂ ON as the bundle
generated by

{S(e1, p), S(e2, p), . . . , S(ed+1, p)}
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in ON , where ei are the standard basis of the bundle Od+1. Thus we define a
map

S : P d → Grd+1(ON ).

Thus we have the following diagram

X
(φ◦ρ,α) �� P d × P d

(Id
Pd×S)

��

S �� PN−1

��

P d × Grd+1(ON )

P d × MN×(d+1)

(Id
Pd×τ)

��

�� PN−1

(∗∗)

Now since the map τ is an A1−fibration and is d+1−connected. By the obstruc-
tion arguments in the paper [20], the map (IdPd×S)(φ ◦ ρ, α) could be lifted
uniquely to a map (φ ◦ ρ × γ) : X → P d × MN×(d+1).

The following lemma comes from the paper [27], which could be proved by the
main theorem of A. Asok, M. Hoyois and M. Wendt about the localization of
A1−fibration sequences.

Lemma 2. The following sequence is an A1−fibration sequence

SLN−(d+1)
�� SLN

�� MN×(d+1)

Now the map γ : X → MN×(d+1) could be lifted to a map Γ : X → SLN if
and only if the Euler Class defined by the map γ in EN (A) is zero. But since
the dimension of A is d, so this element must be zero by the Bass Cancellation
Theorem.

Now we could get the following theorem about the action of the Picard group
on the Euler classes.

Theorem 2. Let the notations be as above. By the analysis in Sect. 1, for the
any element ρ ∈ En(A,L ), there is a map ρ ∈ HomSch(X, ̂Q2(n+d)). Now for
any element α ∈Pic(X), we have an action of α on φ ◦ ρ. Now combining the
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diagram (*) and (**) we have the following digram consisting of concrete arrows

X
ρ �� ̂Q2(n+d) × P d ��

φ

��

̂Q2(n+N)

φ

��
P d × P d ·α ��

(Id
Pd×S)

��

PN−1

��

P d × Grd+1(ON )

P d × MN×(d+1)

(Id
Pd×τ)

��

�� PN−1

��
P d × SLN

��

·Γ �� PN−1

Now we could complete the diagram to a commutative diagram with a dot arrow.
That is to say, we could define an action of α ∈Pic(X) on the Euler class group
En(A,L ).

Proof. On one hand, by the Lemma 2.1 and Lemma 2.2 the lifting of the map ρ
is defined by an invertible matrix SLN (A). On another hand, since dim(A) = d,
any invertible matrix in SLN (A) must be a product of some elementary matrix.
So in order to prove the theorem, we just need to prove that for elementary
matrix δ, the action Γ could be lifted to the ̂Q2(n+N). But this is the conclusion
in the last section of the paper [12].

Corollary 1. For any line bundle L and L ′ in Pic(X), there is a map
En(A,L ) → En(A,L ′) such that if the bundle L ′ is trivial the map is identity.

Corollary 2. For any line bundle L and L ′ in Pic(X), then there is an iso-
morphism En(A,L ) ∼= En(A,L ′).

Proof. For line bundles L and L ′ in Pic(X), we always have L −1L ′ and
LL ′−1 in Pic(X). Using the action of L −1L ′ on En(A,L ) and action of
LL ′−1 on En(A,L ′), we can construct the isomorphisms between En(A,L )
and En(A,L ′) by the above lemma.

Conclusion

From Theorem 1, we get that the Abelian monoid EρL
(X) is a group isomorphic

to the Euler Class Group En(A,L ). Thus, we could use a concrete map f ∈
HomSch(X, ̂Q2(n+d)) to represent the Euler classes in En(A,L ). From Theorem
2, we could define an action of α ∈Pic(X) on the Euler class group En(A,L ).
This result gives a new method to compare the generalized Euler classes with
different twisted bundle.
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