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Abstract. A non-iterative global optimal PnP (perspective-n-point)
algorithm with time complexity O(n) is proposed. The basic idea is to use
camera internal parameters to reverse project 2D points into space, use
the relationship between 3D points in world coordinates and 2D points
to transform PnP problem into minimization problem, and use non-unit
quaternion parameterization rotation matrix to transform PnP problems
into unconstrained minimization problem, and finally solve the polyno-
mial equation system composed of its first-order partial derivative. And
the proposed method can deal with the minimization problem of PnP
problem, P3P problem. Experimental results show that the proposed
method can accurately process the all configuration of 3D points, and
compared with the state-of-the-art PnP algorithm, the proposed method
can provide comparable or better accuracy, and the computational effi-
ciency is higher.

Keywords: PnP algorithm - Global optimal - Reverse projection -
Non-unit quaternion -+ Minimization

1 Introduction

Pose estimation is a fundamental problem in computer vision, with wide appli-
cations in areas such as navigation [1], robotics [2], and virtual reality [3]. Pose
refers to the combination of position and orientation, and pose estimation aims
to find the transformation relationship between the target coordinate system and
the world coordinate system. This transformation is typically represented by a
rotation matrix R (a 3 x 3 matrix satisfying orthogonality constraints RRT = I
and determinant constraints det(R) = 1) and a translation matrix T. The most
commonly used sensors for pose estimation include IMU (Inertial Measurement
Unit), LiDAR, and cameras. IMU can provide high-frequency motion informa-
tion but suffers from significant drift over time. LIDAR can effectively detect the
surrounding environment but is expensive and sensitive to weather conditions.
Cameras, on the other hand, have the advantages of low cost and rich sensing
information, making visual-based pose estimation highly advantageous.
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Pose estimation is a core problem in many theoretical research and practical
applications. For example, in the front-end visual odometry of a visual SLAM
system [4], the camera is used as the sole or primary sensor. The feature-based
approach is employed, where feature points are first extracted from the images,
then feature matching is performed to find corresponding features between two
images, and finally, the camera pose is estimated using the matched feature
points. There are three methods for camera pose estimation based on feature
points: 1) 2D-2D: When the camera is monocular, only 2D point coordinates
are available. The camera motion is estimated by solving the epipolar geometry
problem using two sets of matched 2D points [5]. 2) 3D-3D: When the camera
is binocular or RGB-D, or when distance information is obtained through some
means, the camera motion is estimated based on two sets of 3D points using the
ICP algorithm [6]. 3) 3D-2D: When both the 3D points and their 2D projec-
tions on the image are known, the camera pose is estimated by solving the PnP
problem. In this case, a minimum of three point correspondences is required to
estimate the camera motion.

Perspective-n-Point (PnP) problem for target pose estimation based on fea-
ture points. In this problem, given the camera intrinsic parameters, the coordi-
nates of n (n > 3) feature points in the target coordinate system (often referred
to as the world coordinate system) and their corresponding pixel coordinates
in the image pixel coordinate system, we aim to compute the target coordi-
nates in the camera coordinate system and thus determine the transformation
between the camera coordinate system and the world coordinate system using
the perspective projection relationship.

In this paper, we propose a non-iterative PnP algorithm. Our basic idea
is to use the perspective projection relationship to reverse project 2D points
into 3D points (3D points in the camera coordinate system). At this point, the
depth of the reverse projected 3D points is unknown. However, the depth can be
represented by the unknown rotation matrix and its translation, as well as the
known 3D point coordinates in the world coordinate system. Due to the presence
of noise, the 3D points in the two coordinate systems are not exactly equal. We
exploit this error to transform the PnP problem into a minimization problem,
which can be solved using the method of Grébner bases.

Our method has the following advantages: (1) It uses non-unit quaternion
to represent the rotation matrix, which eliminates the constraints on the rota-
tion matrix. As a result, the PnP problem is formulated as an unconstrained
optimization problem. Compared to the polynomials formed by unit quaternion
with constraints, our method is simpler to solve when dealing with polynomials.
(2) Unlike iterative methods that may converge to local optima, our method can
obtain the global optimum. (3) It can handle the minimization problem in PnP
(P3P). (4) Unlike OPnP and UpnP that return multiple solutions, our method
only returns one solution.
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2 Related Work

The PnP algorithm has been widely used in fields such as robot localization and
virtual reality. Over the past few decades, researchers have proposed many meth-
ods to solve the PnP problem more accurately and efficiently. These methods
can be roughly divided into iterative methods and non-iterative methods.

Iterative methods transform the PnP problem into a nonlinear least squares
problem, typically using reprojection error as the error function, and solve
it using iterative optimization methods such as Gauss-Newton or Levenberg-
Marquardt [7]. Compared to non-iterative methods, iterative methods achieve
higher accuracy but require longer computation time and better initial values,
otherwise they may converge to local minima. Lu et al. [8] proposed a method
that uses 3D error as the error function and alternately optimizes the rotation
matrix and translation matrix T to enhance the orthogonality of the rotation
matrix. Although it converges quickly, it still suffers from the problem of getting
stuck in local minima. In this paper, a non-iterative method is used, so only a
brief description of the iterative methods is provided here.

Direct Linear Transform (DLT) [9,10] is a traditional approach in non-
iterative PnP algorithms. The DLT method solves the pose by exploiting the
linear relationship between at least six sets of corresponding points. However, in
the solution process, the pose is directly treated as twelve unknowns, ignoring
the constraints between them (the rotation matrix R needs to satisfy RRT = I
and det(R) = 1). The rotation matrix obtained using DLT, denoted as R, is a
general 3 X 3 matrix that may not satisfy the constraints of a rotation matrix,
resulting in lower accuracy. Quan et al. [11] proposed a linear solution to the
PnP problem, which can obtain a unique solution when n = 4 or 5. However,
it is still not accurate enough when n is small, and it becomes time-consuming
when n is large.

To solve these problems, Lepetit et al. [12] proposed EPnP, which uses four
control points to represent the coordinates of 3D points in world coordinates. By
solving for the coordinates of the four control points in camera coordinates, the
coordinates of other 3D points in camera coordinates can be obtained. EPnP
is the first non-iterative method with a time complexity of O(n) and has been
widely used. However, EPnP is not accurate for n = 4 or 5, and it cannot handle
the case of n = 3.

To improve accuracy, Li et al. [13] proposed RPnP, a non-iterative method
with a time complexity of O(n). The basic idea is to divide the n 3D points into
n-2 sets and construct a quartic polynomial. The PnP problem is then solved by
minimizing the sum of squares of the quartic polynomial. RPnP can still obtain
accurate solutions for n = 4 or 5.

Hesch et al. [14] proposed the DLS method with a time complexity of O(n).
They formulated the PnP problem as a nonlinear least squares function repre-
sented by a multivariate polynomial. By using multiplication matrices, all solu-
tions can be obtained. However, due to the use of Cayley parameterization, the
accuracy of DLS is unstable and it becomes singular when the rotation is 180°.
To address the singularity issue, Zheng et al. [15] used non-unit quaternion to
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represent the rotation matrix and solved the PnP problem using the Grobner
basis method [16]. They also considered the symmetry of the solutions. However,
in the solving process, the polynomials were treated as unconstrained general
polynomials, neglecting the geometric relationship of the PnP problem. Kneip
et al. [17] proposed the UPnP method, which takes into account the geomet-
ric relationship between known variables in the polynomials when solving with
the Grobner basis. Compared to OPnP, UPnP can obtain fewer solutions while
ensuring global optimality of the solutions.

In practical applications, noise is inevitably present, which introduces errors
in the projection equations. Some methods, such as EPnP, ignore this error dur-
ing computation, while our method takes it into account. Unlike other global
optimization methods like OpnP and UPnP, our method only returns a single
global optimal solution, making it more convenient for practical use. Experimen-
tal results demonstrate that our method can robustly handle all experimental
scenarios and achieve accuracy comparable to state-of-the-art algorithms.

3 Proposed Method

3.1 Preliminaries of the PnP Problem

The objective of the PnP problem is to determine the rotation matrix R and
translation matrix ¢ of a camera, given the known camera intrinsic matrix K,

the 3D coordinates P, = [xz Yi zi}T of n points in world coordinates, and their

corresponding 2D projection points [uf v 1]T. The relationship between the 3D
points and 2D points can be expressed by the following equation:

u;

Ai|v§ | =K (RP,+1t),i=1,2,...,n (1)

1

where \; denotes the depth factor of the i-th point.

3.2 The Minimization Problem

When we have the coordinates of 3D points in world coordinates, the coordi-
nates of their corresponding 2D projected points in camera coordinates, and the
camera’s intrinsic matrix, we can leverage the projection relationship between
the 3D points in camera coordinates and the 2D projected points. This allows us
to convert the known coordinates of the 2D projected points into the coordinates
of the 3D points in camera coordinates.By solving this projection relationship,
we can estimate the camera’s pose, which includes its position and orientation in
the world coordinate system. we can leverage the projection relationship between
the 3D points in camera coordinates and the 2D projected points to transform
the known coordinates of the 2D projected points into the coordinates of the 3D
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points in camera coordinates.
MK Y| oS | =RP;+t,i=1,2,...,n (2)

The camera intrinsic matrix K is known.

fz 0 cx
K=10 fycy 3)
0 01

K~ can be obtained by taking the inverse of (3).

1/fr 0 —cx/fx
K= 0 1/fy—cy/fy (4)
0 0 1

When the variables K~! and [u§ vf I]T on the left-hand side of (2) are
known, the resulting vector after multiplication still has a last dimension of 1.
Therefore, the multiplied form can be expressed as:

U; ’I"{ tl
N |vi|l = || P+ |ta| ,i=1,2,....n (5)
1 ’I“g; t3

The left-hand side of (5) represents the coordinates of the 3D point in camera
coordinates.The (5) can be used to obtain \; = rgpi + t3. By substituting \;
into (5), we can obtain the following expression.

wird pi + uits= rip; +

i=1,2,...,n 6
virs pi + uitz= 13 p; + ta (6)
Make the right side of the (6) equal to 0.
T T
T Pi — Uity P+t — uit3=0 19 -
Tgpi—virgprl-tg—uitgzo’l A (7)

To better illustrate the relationship between the unknown variables and the
known point coordinates, express (7) in the form of a Kronecker product and
write the 3 x 3 rotation matrix as vector.

T t

(10—w]®p]) |r2|+1 0 —w;] [t2| =0,i=1,2,...,n (8)
_T3_. _t3_
o ]

([10—v] ®@p]) [r2|+[1 0 —v;] [t2| =0,i=1,2,...,n (9)
_7‘3_ _t3_
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(8) and (9) involve only the unknown variables [r{ 73 rg]T and [t1 to tg]T
while the rest are known variables. Therefore, we can combine the two equations
and explain them in simpler terms.

)

1 tq

10 —u;] o1 10 —u; o

[Ol—vl} ®p; |re —|—[01_v1} ta| =0,i=1,2,...,n (10)
r3 t3

Let’s denote the coefficient matrices of [7",{ rT rﬂ " and [tl ta tg] " as M and

N, respectively. We can denote X as the [T,{ rg rg]T and t as the [tl to t3]T.
Equation (10) can be written as follows:

MX +Nt=0 (11)

In the previous derivations, we have been working with (1), which represents
an ideal case where the equation holds exactly. However, in practical situa-
tions, there will always be some level of error or noise present, which means
that the equation is not strictly equal. In previous PnP algorithms proposed by
researchers, some methods are based on calculations in the ideal case without
considering the presence of errors. In our calculations, we take into account the
existence of errors and represent the error function as:

e= (MX +Nt)" (MX + Nt)

(12)
=X"MT"MX + X"M"Nt+ t"N"MX + t"NTNt

The equation above has X and ¢t as unknowns. We can consider the error
€ as a function of X and ¢. Taking the partial derivative of the equation with
respect to t, gf =2NTMX + 2NTNt. The expression of ¢ in terms of X can
be obtained by setting the derivative to zero.

t= — (NTN)'NTMX (13)
Substituting Eq. (13) into Eq. (12)
e= x7T (MTM - MTN(NTN)_INTM) X (14)

To facilitate representation, letting L = MTM — MTN(NTN)_INTM. (14)
can be represented as
e=XTLX (15)

3.3 Rotation Parameterization

For a rotation matrix R, it must satisfy the orthogonality constraint RRT = I
and the determinant constraint det(R) = 1. There are several parameterization
methods for rotation matrices, such as Euler angles, rotation axis-angle, and
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quaternion. Here, we adopt the representation of rotation matrices using non-
unit quaternion. For regular quaternionqg = [a,b, ¢, d]T, they must satisfy the
constraint ¢7¢ = 1, while non-unit quaternion are unconstrained and can sat-
isfy the constraints of a regular rotation matrix. The representation of rotation
matrices using non-unit quaternion is as follows:

a2+ -2 -2 2bc — 2ad 2bd + 2ac
R=- 2bc +2ad  a® —b*+c2—d? 2cd — 2ab (16)
§ 2bd — 2ac 2cd + 2ab a2 —b% — 2+ 2

In (16), where s = a? +b? + ¢? + d? is a four-dimensional vector of unknowns
without any constraints. Here,X is a nine-dimensional vector, and it can be
observed that each term in is quadratic. We can make the substitution , let-
ting X = [az, ab, ac, ad, b2, be, bd, 2, cd, dQ}T, and perform appropriate row and
column transformations, resulting in a 10 x 10 matrix. By using non-unit quater-
nions, we transform (15) from a constrained solution to an unconstrained one.
(15) can be expressed as follows:

min ¢ = XTLX (17)

a,b,c,d

3.4 Global Optimization Solution

The error € is always positive. When ¢ is minimized, the corresponding solution
X to the PnP problem can be obtained by taking partial derivatives of ¢ with
respect to a, b, ¢, d, resulting in a system of polynomial equations.

%:0,%20,%20,%20 (18)

da b Oc od
Solving the system of polynomial equations can yield all the solutions. When
solving (18), the same method as UPnP [17] is used, resulting in eight solutions,
similar to UPnP. However, we ultimately want to obtain only one globally opti-
mal solution and need to filter the solutions. By substituting the solutions into
(17), it is observed that the values obtained from the first four solutions are
much smaller than those obtained from the last four solutions. When n > 3, the
solution with the minimum reprojection error among the first four solutions can
be selected as the optimal solution. When n = 3, it is noticed that in some cases,
there are two different solutions with reprojection errors close to zero. In such
cases, we return the solution with a reprojection error close to zero, allowing the
user to choose the correct solution based on the actual tracking scenario.

3.5 Root Polishing

To further improve the accuracy, we can optimize the obtained solution using
a first-order Newton method. In this case, we calculate the rotation matrix R,
replace the original 3D points in world coordinates P; with RP;, and recompute
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the matrix L. The solution obtained at this point is close to the identity matrix.

Therefore, we can use the Cayley parameterization ¢ = [01 Co 03]T to represent
the rotation matrix. The Cayley parameterization has singularity when the rota-
tion is 180°, but in this case, the rotation angle is close to zero. We can represent
X as follows:
X = v [1,c1,¢5,¢3,¢1,¢2,¢3,c102,C103 CQC3]T € R'° (19)
1+C%+C%+C§ y C19 2903 9 9 9 ’ )

It is almost trivial and very efficient to compute the 3 x 1 Jacobian J. and
the 3 x 3 Hessian H. of (17) around ¢ = 0. Optimizing R through R «— R—40R is
obtained by calculating the Jacobian matrix and Hessian matrix through JR =

-1
(H:) Je.

4 Experiment Results

In this section, we compare our method, referred to as “RPPnP,” with several
other PnP algorithms using simulated experiments. We compare our method
with the following approaches: EPnP+GN [12] (EPnP when 3D points lie on a
plane), RPnP [13], OPnP [15], UPnP [17], LHM [8] (SP+LHM when 3D points
lie on a plane or near-singular configurations), and DLS [14].

4.1 Simulated Data

Assuming the focal length of the virtual camera is 800, we generate the coor-
dinates of n 3D points in the world coordinate system. These points are then
transformed into the camera coordinate system using randomly generated rota-
tion and translation matrices(Ryqye and Tiqe). Finally, these 3D points are pro-
jected onto a two-dimensional plane to obtain their 2D coordinates. Gaussian
noise is added to the 2D coordinates based on specific experimental requirements.

We use three configurations for selecting 3D points in world coordinates when
evaluating the PnP algorithm:

(1) Ordinary Case: rank(WTW) = 3 and the smallest eigenvalue is not close to
0. The range of 3D points is [-2, 2] x [-2, 2] x [4, 8].

(2) Planar Case: rank(WTW) = 2, the range of 3D points is [-2, 2] x [-2, 2] x
[0, 0].

(3) Quasi-Singular Case:rank(WTW) = 3 and the largest eigenvalue is close to
0. The range of 3D points is [1, 2] x [1, 2] x [4, 8.

The error between the true values (Ryqye and ty.c)and the estimated values
(R and t) of the rotation matrix and translation matrix is calculated as follows:

180
erot(degrees) = cos™! (R}, R) x —
" (20)
True =T
Cirans (%) = M % 100

||Ttrue ||
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(a) The mean error of R, the mean error of t, the median error of R, and the median
error of t when the 3D points are in the ordinary case
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(b) The median error of R and t when 3D points are within the planar case, and the
median error of R and t when 3D points are in the quasi-singular case.

Fig. 1. Experiment results with respect to varying noise levels (n = 10) in case of
ordinary-3D, quasi-singular and planar point configura-tion, shown in (a) and (b)
respectively.

LHM RPnP =——DLS

—— UPnP —— RPPnP EPnP+GN —— OPnP

Retation Eror degross)

(a) The mean error of R, the mean error of t, the median error of R, and the median
error of t when the 3D points are in the ordinary case

== UPnP == RPPnP EPnP(+GN) OPnP (SP+)LHM RPnP =——DLS

Trrstaton Eror ()

(b) The median error of R and t when 3D points are within the planar case, and the
median error of R and t when 3D points are in the quasi-singular case.

Fig. 2. Experiment results with respect to varying point numbers (Gaussian Image
Noise is 2) in case of ordinary-3D, quasi-singular and planar point configuration, shown
in (a) and (b) respectively.
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4.2 The Effect with the Varying Noise

This experiment tested the effects of noise on the accuracy of all methods.We
fixed n = 10 and the noise level added to the 2D point coordinates gradually
increased from 0 to 5 (with an increment of 0.5 for each iteration). Figure 1 shows
the mean and median errors of the rotation and translation matrices correspond-
ing to the 3D points in the ordinary, quasi-singular, and planar cases. As shown
in Fig. 1, as the noise increases, the accuracy of all PnP algorithms decreases, fol-
lowing a roughly linear distribution. Even for n = 10, EPnP+GN and RPnP are
not accurate enough. Due to the presence of local optima, LHM and SP+LHM
have larger mean errors in the general case. RPPnP and UPnP have similar errors
in the planar and quasi-singular cases, but they exhibit slightly lower accuracy
compared to OPnP and LHM. In the ordinary case, RPPnP and OPnP have
similar errors, with a clear advantage in terms of mean error.

4.3 The Effect with the Varying Number of Points

This experiment investigated the performance of all methods with the varying
number of points.We add zero-mean Gaussian noise with fixed deviation 2 pixels
onto the image projections and gradually increasing the number of generated 3D
points from 4 to 20 (increasing by 1 point per iteration). Figure 2 shows the mean
and median errors of the rotation and translation matrices corresponding to the
3D points in the general, quasi-singular, and planar cases. As shown in Fig. 2,
EPnP is sensitive to the change in the number of points and cannot achieve
accurate poses when the number of points is small. LHM has lower accuracy when
there are fewer points, possibly due to local minima. RPnP has relatively stable
results for both small and large numbers of points, but with lower accuracy.
UPnP, as a nonlinear optimization method, achieves high accuracy. RPnP and
UPnP have similar errors in the general, planar, and quasi-singular cases.

In the mentioned experiments, only the median error is reported in the pla-
nar case and quasi-singular case. This is because in special cases, the error can
fluctuate significantly. Additionally, both the PnP problem and its minimization
problem, such as the P3P problem, can be handled by RPPnP. This inevitably
leads to a decrease in robustness in special cases. Moreover, by looking at the
median error, we can observe that RPPnP can achieve high accuracy solutions
in most cases.

4.4 Computational Efficiency

In this experiment, the number of points, n, was gradually increased from 6 to
1006 in increments of 100. Each value of n was tested 500 times, and the average
time was calculated. Figure 3 shows the computational efficiency of different PnP
algorithms, and it is evident that our method has a significant advantage in terms
of computational efficiency. Our method is 10 times faster than OPnP. Both our
method and UPnP use mex files for implementation.
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Fig. 4. The median rotation error and the median translation error with respect to
varying noise levels in the minimal n = 3.

4.5 Comparison with the P3P Solver

We compared RPnP with the P3P [18] method. Figure 4 shows the median errors
of R and t when the noise is increased from 0 to 5. It can be observed that RPnP
and the compared P3P method achieve similar accuracy.

5 Conclusion

In this paper, we propose a non-iterative PnP algorithm that establishes a min-
imization problem based on the relationship between 3D points and their 2D
projections. We parameterize the rotation matrix using non-unit quaternions
and solve the resulting system of polynomial equations composed of the first-
order partial derivatives to obtain the pose. Experimental results demonstrate
that our method maintains high accuracy even with a small number of points
and remains computationally efficient as the number of points increases.
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