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Abstract—In this paper, we consider the uplink of a single decision based on partial information (e.g. only his ownneha
cell network with K™ users simultaneously communicating with a ne| information), and this knowledge can be easily obtained

base station using OFDM modulation overN carriers. In such .y, sing few downlink signalling (e.g. a downlink training
a scenario, users can decide their power allocation based on

three possible Channel State Information (CSI) levels, which are sequence)_. The potential gain of a dece_ntrallzed proce_dure
called complete, partial and statistical. The optimal solutions for therefore lies in the fact that we can get rid of the signgllin
maximizing the average capacity with complete and statistical needed for a user to obtain other users’ channel information
knowledge are known to be the water-filling game and the while a great amount of signalling is needed in a centralized
uniform power allocation respectively. We study the problem in system to get all users’ information. Especially when thennu

the partial knowledge case. We formulate it as a strategy game, b f . hen the ch | idlv ch
where each player (user) selfishly maximizes his own average r ol Users increases or when the channel rapidly changes,

capacity. The information structure that we consider is such that this signalling consumption becomes non-negligible omeve

each player, at each time instant, knows his own channel state, bu unacceptable. A natural framework to model decentralized

does not know the states of other players. We study the existemc schemes where users interact is game theory, which studies

and uniqueness of Nash equilibrium. We find the optimal solution - ¢, mpnetition (as well as cooperation) between independent

for the symmetric case considering two positive channel states,

and we show the optimization problem for any L states. actors. Tools of game theory have already been frequently
used as a central framework for modeling competition and

l. INTRODUCTION coopgration in networking, see for example [6] and refezenc

therein.

The extension of OFDM [1] to allow simultaneous commu- In a fading multiple-access channel context, a game theo-
nication with multiple users is called OFDMA (Orthogonatetic framework has been used in [7]. Users compete witlsrate
Frequency Division Multiple Access) [2]. For this settingas utility and powers as moves in the game, in what the authors
efficient scheduling algorithms to optimize the users’ extist call the water-filing game. They show that the unique Nash
and are based on multi-user diversity schemes [3] (onlysus@quilibrium in this game corresponds to the maximum Sum-
with the best carrier to noise ratio (CNR) conditions acce$ate point of the capacity region [8]. However, their result
the network). This procedure is centralized: the schedulely on the fact that each user has a nearly complete knowledg
(generally the base station) assigns to each mobile thisirrof the system (at least the knowledge of global interferemce
it is allowed to use. It requires an estimation by the schedukhe condition to apply water-filling), and in particular, rfeet
of the N carriers of theK users, and hence an importanthannel state information (CSl) of all users in the cell.sTisi
feedback load. However, the uplink and downlink signalling necessary requirement in order to use the theory of games
used in the estimation do not only consume system resourgith complete information, and an usual assumption in many
but also increase the complexity. Moreover, for high mopili papers in the field, as the authors point out. Nevertheless, i
the channel conditions vary and the algorithm becomes iracearely possible in practice and one can usually only satsfy
rate. To reduce the feedback load, selective multiusersliye best the requirements knowing only its own channel.
algorithms have been introduced: only the users that have @&ower allocation problem has to be reconsidered with the
CNR above a threshold send feedback to the scheduler [4ssumption that one user only knows its own channel. In
Multiple feedback thresholds can be used [5] and are gdperahis paper, we show that power allocation problem can be
found numerically. modelled as a strategic non-cooperative game where each use

A way to avoid the constraints of a centralized proceduanly has partial knowledge and finds power levels maximizing
is to implement a decentralized one. Unlike centralized prbis own utility. We study the existence of Nash equilibria
cedure, few signalling consumption is the main advantage iof such context. We analyze the feasibility and practidghbil
a decentralized scheme. Indeed, centralized schemes-geakapplying decentralized schemes. Our main objective is to
ally require complete information (all channels of all &er design a decentralized power allocation scheme modelled as
whereas in a decentralized one, each user is able to makstrategic game under some reasonable assumptions.



where hg) represents the complex channel gain of the
carrier between uset and BS, and we have\” = |n"|2.
n(@ is a zero mean Gaussian noise with varianée

At the base station, the SINR of uséron carrieri is

therefore: @ )
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The corresponding ergodic capacity of ugeis given by:

Fig. 1. lllustration of the uplink an OFDM system N (@) ()
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The paper is organized in the following form: the system ) ,
model is introduced in section Il. In section I, we preserﬂ1 a game th_eoretlp contex;, the purpose of each user is to
the problem and its solution when complete and statistfa@xImize selfishly its capacity.
information is considered at the transmitter. In section IV
we provide a strategy game model to solve the problem with I1l. BACKGROUND
partial information. Finally, numerical results are pideil in

section V followed by conclusions in section VI. First, we present the existing solutions correspond to the

two scenarios: complete and statistical knowledge at Hrestr
mitter that we previously mentioned, and are also inheyentl
Il. SYSTEM MODEL associated to particular implementation. We show that the
] ) ] complete knowledge scheme requires a centralized (or semi-
~ We consider a flat-fading multiple access channel (MAGjisiributed) implementation whereas the other two (phrtia
in a single cell network, wherés' users are simultaneously,ng statistical) can be implemented in a fully decentrdlize
communicating with a base station using OFDM modulatiof,y For simplicity of presentation, we consider a singlé ce
over N carriers. At each time instant, each carrierof panyork with two users simultaneously communicating with

. . - (i) _ . . . . .

each user{c is characterized by a channel 939‘53 » k = a pase station in a single carrier setting. Each user 1,2
1,...,K, i = 1,:..,N. It. is dlstnbgted according tc;(s?vmechooses a strategy, € R..

(known) distribution function. We will denote b@ € R~

a random variable having this distribution. A. Complete knowledge at Tx

In the context, users should decide how to allocate theirwith complete CSl, the case of a single carrier is studied in
power acros$!me andsubcarriers, baseq on some knowledgethe first part of [7]. Let us denote by (g1, g2) andpa (g1, g2)
and information they may have, which may be completghe strategies of the two users. For a fixed stratedy, g-),

partial or only statistical CSI. More precisely, complet8IC finding the optimal strategy;(gi,g2) for user 1 requires
means that, at each time instant, one user knows his fadiilving the following optimization problem

as well as others’ fadings; partial CSI means that one user

knows only his fading and in the third case, each user onlynaxC; = max  Eg g, {logg (1 + %)}
has a statistical knowledge of all channels. In this paper, w ’;Egl’gz’) E, .. [p1(g1,0)] < P
focus on the case of partial CSI, and we always assume that o 91,92 WIATD 9278 = £

>
users have at least statistical knowledge of the fading aod/k Pi(g1,92) 20 (5)

the power budgets of the other users, which is expressed a§,q similarly for the second user. The solution of the opti-

N { 4 } mization problem is the waterfilling power allocation [9]
g Eg p](;) < P. (1) 9 +

o+ ,
=1 p1(g1,92) = (/\1 - ng(]? 92)92> (6)

L . . (i)
On each carrieri, userk sends the informations, ™ = where(z)* = max{xz,0} and ), is chosen in order to satisfy

Vs, where s\ is the transmitted data such ashe constraint

E {|s§f)|2} = 1. Note that a seM; C {1,...,K} of users o2+ pa(g1,92)92\ T -
can select the same frequency carrierwhich introduces Eg. g2 (/\1 a a0 ) =P @)

interference. As a consequence, the received signal o'raalcarf\l . .
. F e i . ote that the solution (6) depends on the power allocation
1 at the base station is given by: \ X

of the second user, which the first user does not know, and

Y@ = Z hx(:)ﬂ?;(f) +n® (2) reciprocally for the second user. However, given the game
keM, model, each user is able to adjust his strategy adaptivetg to




guess of the strategy of the other user. In [7], the authaaad similarly for the second usgs = P». Since the users do
show that this process converges to a unique equilibriumot have any information about their channels, the best they
and that it is time-sharing (i.e. for a given realization ofan do is always to transmit at the maximal constant power
the fading, the optimal solutiops (g1, g2) andps(g1,92) can they can afford. This results in (time domain) uniform power
not be simultaneously strictly positive). It correspondstie allocation.

maximum Sum-Rate point of the capacity region:

2\ T
pi(g1,92) = (Al - ‘;—1) , Wheng, > %92 IV. DISTRIBUTED POWERALLOCATION GAME

N . 2\ 7T h S A (®) Here, we consider a distributed power allocation scheme
Plgng2) = </\2 - 97) » Whengz = X, 91- with partial knowledge at the transmitter. To be precise, at
with p*(g1,92) = 0 and pt(g1,g2) = 0 in other cases. The each time instant, each user knows the realization of its own
above waterfilling levels\;, \, are obtained by solving the channel and the statistical knowledge of other user’s oblann

system of equations In this casep; can only depend og; andp, on go. Let us
o+ - denote byp:(g1) andpa(g2) the strategies of the two users.
Eg, 95 ()q - ﬁ) g1 = %gz =P For a fixed strategy-(g2), finding the optimal strategy; (g1)

(9) for user 1 requires to solve the following optimization desh

2\ T _
Eg,, ()\2 - L) g2 > gy | = P
g 92 Az maxC; = max E log, (1 + M
. . . . (91) 91,92 2 o2+p2(g2)g2
Thus, an interesting conclusion is that the result of théssel gltgl E,. [pi(g1)] < P
behavior of the users will result in the joint optimizatioh o " pg(lgp)l >910 =1
1\91) =

the global capacity of the channel. (12)

However, in (8), there exists two conditions to indicateraseand similarly for the second user. Note that the terfys) is
Whem?h.they shé)_u_ld trfansmlt po_W_er or noAt; For |rr1]stance, t'ﬂﬁknown to the first user and that its strategy can not depend
water-filling condition for userl is: g1 = 5*g2, Wher€ A o, o particular realization af,. User 1 can only rely on the

assumption of rationality of user 2 to deduce its strategy. F

and )\, are easily to be known by usér (one can find in
(9) thatA; and A only depend on the distribution g and 4 fiyaq strategys (g»), via Lagrangian duality, the solution of
the optimization problem (12) is given by the equation:

g2), but go (the channel realization of user 2) may be hardl
obtained. In practice, for such a scenario with multiplersise

(e.g. uplink of multi-user OFDM), a certain amount of UL/DL 91 _ 1 (13)
signallings are needed to be exchanged between the base P2 102 +pi(g1)g1 + p2(92)92 A1

station and users so that each user can have the im‘ormatior\,\f,here)\1 is chosen in order to satisfy

this condition. However, when the number of users becomes B

large, the amount of corresponding signalling overheadls wi Ey, [p1(g1)] = P1. (14)
dramatically reduce the global throughput and may beco

unacceptable or even unrealistic from the engineerin tpxﬁinrm%te that the solution of (13) depends on the power allonatio
P 9 g of the second user, which the first user does not know, and

view. It is for this reason that we are motivated to invedgga . .
. : ciprocally for the second user. However, given the game
a novel power allocation scheme such that each user is a?ﬁe

to decide and allocate his power without knowing the channe gdel, each user is able to adjust his strategy adaptivety to

states of others, therefore, the UL/DL signalling prevlpusguess qf thg 'strategy of the' other user. . .
. ) For simplicity of presentation, we first consider the scenar
mentioned are not required any more.

of two positive channel states. We then extend it to the case
B. Satistical knowledge at Tx of arbitrary number of positive channel states in the end of

When users have only statistical knowledge of their channéjs section.
as well as of the channels of other users, the strat'egl.eseofg? Two channel states
two usersp; and p, can not depend on the realization o o .
the fading and are necessarily fixed. For a fixed strajegy N order to simplify the game problem, one assumption has
finding the optimal strategy, for user 1 requires solving the Pen used in [10] and [11], where the power levels are assumed

following optimization problem to be di_screte.]c I—I||owever, we introduce a slightly different
assumption as follows,
maxCy = max  Eg, g, [logz (1 + [,ﬂg;gz)] Main assumption: channel states are discrete.
st. pm<P (10) Our main assumption is closely related to the way how
) >0 feedback channel information are signalled. Once estiinate

at the receiver side, channel coefficients are feedbackeo th
E?ansmitter with a given precision. Since these are reptede

on a finite number of bits (e.d.bits), channels coefficients are
mapped on a finite number af states. Wherd = 1, channel

pL =P (11) coefficient is coded on 1 bit and may take two possible values

and similarly for the second user. Since the function
maximize is an increasing function @f, the solution of the
optimization problem (10) is obviously:



(e.g.a; representing “bad” channel values, andrepresenting  2) Nash Equilibrium: It is well known that a Nash equi-
“good” channel values). Wheh = 8, channel coefficient is librium for a game is a set of strategies such that no single
coded ore® bits. Thus, one can always choose an approprigtéayer can improve its utility by deviating. In general, Buc
guantization precision that is sufficient to describe aipaldr a equilibrium does not necessarily exist [15]. In our settin

channel. {p%,p%} is a Nash equilibrium if given any other strategies
Assumption 1 Each carrier's channel gain can be 0 witlp; € P; andps € P,

probability pg, and can also be other two positive valugsand ur (p*, p%) > uy(pr, pl)

as (W.1.0.9. a1 < ag) with probability p; and p, respectively. { us(pt, p5) > ua(pt, p). (18)

We havepg + p1 + p2 = 1. . . . . A
Assumption 2 Both users have the same power constraint First, we investigate the existence of the Nash equilibrium

A PA D _ P if our game model.
define:P = P, = 5. We have Theorem 1 A Nash equilibrium exists in gam& =

p1px(ar) + papr(az) = P, k=1,2 15)  [KAPi}rerc » {urdrex]- , ,
The proof of Theorem 1 can be found in appendix A.
where p;(a1) and py,(az) represents the power that User  second, we investigate the unigqueness of such an equilib-
allocates on his carrier when the channel gaimisand as  riym in our game model.

respectively. Theorem 2 The gamel’ = [IKC, {Px},cxc » {ur}rexc] has a
1) Game Formulation: In this part, we focus on the unique equilibirum. ’ ’
problem of game modeling. We consider a strategic non-proof, From Theorem 1, we know that there exists at least
cooperative game with two players, which completely chagne Nash equilibrium in the game. Lpt = {p?, p;} denote
acterized by three elements as follows, this Nash equilibrium. By definition (18)p* has to satisfy
2 p* = r(p*), wherer(p*) = (r1(p*), r2(p*)), more pricisely,
21 Pibuerc - {ukrexd] it has t(o s)atisfy the(foll)owir(lg Ewo>eqLEati()))ns

« Player setk £ {1,2}, whereK £ |K| = 2.

« Action set:{P;,P,}, whereP; = {p;(a;),p1(az)} and
Po 2 {p2(a1),p2(az)}. Note thatP;, can take any p5 = r2(p}) = max us(pi, p3)
possible value that satisfies power constraint (15). N . P . .

« Payoff (or utility) function set{u, (p3, ps) , us (p1, p3)}, Note thatri(p* ,.) andr,(p*) are equivalent, which are called

where we denote,, p» asp: (a1), pa(a1) for simplifying PlAYerk’s best-r%ponss functiohn. b | ,
the following expressions. Note that, u, are the selfish Now we assume that Nash equilibrium is not unique and

average capacity as shown in (12). By using (15), TartTfrom p” there exists at Ieast_ "?“?Other one, epg. =
pl,py}, and pt # p*. From definition, p' should also

pi =r1(p3) = max u1(p7, p3)
o (19)

define satisfy (19). However, since utility functiom,. is concave and
. 9 aip} differentiable, for a fixed strategy., there is a unique best
w(php2) = prlog, (1 + 02+a1}’2) + strategyp) that satisfiep| = r1(p2); for a fixed strategy;,
© puplog, (14 a{lﬂ;pl ) there is also a unique best that satisfieg, = 71(p1). So
o taips the solution to the equation group (19) is unique and given by

+ pip2logy |1+

a1p} > (16) equation group

02 4-qy LZP1P2 (’)ui —
ot =0 (20)
2 a2 le : Quy — 0
+ p2 1Og2 1 + m . apg
P2

It contradicts to our assumption that # p*, thereforept =
and p*. We proved Theorem 21

us(p1,ps) = p?log, (1 + J;isfpl) + " 3)]c ?/mr_netnc Case: I_n this part, we consider the game with
e s e following assumption, _
+ pipalog, [ 1+ aj2+£2p) + Assumption 3 Both users apply the same power strategy if
i 17) their observations on the channel state(s) are symmetoih B
+ pipalog, [ 1+ aligz_ user do not allocate any power when the carrier’s channal gai
o taz R is 0.
+ 21 1+ “2P7521p2 Note that it is a realistic assumption for many practical
p27082 o2 +ay T=2121 reasons. For example, i
o . ple, in a regular cellular system, the powe

In such a non-cooperative game, each player tries to mad|location policie; embedded in all the mobile devices are
mize its own payoff function, given the other player's st usually designed in 'Fhe same way. This means that they WI“
and regardless of the consequence his strategy’s choice rhB§0Se the same action when they face the same corresponding
have on the other player and thus on the overall performan&g€nario. Therefore, we define
This means that players play selfishly: they do not communi- { play) £ pi(ay) = pa(ay)

cate before play, and have independent objectives. plaz) = p1(az) = pa(az) (21)



Now, due to the same design, both users should haveBased on the assumption 3, we defiiie;) as
n “agreement” on applying the power allocation strategy N
{p(a1),plaz)}. The decision of applying(a1) or p(as) only pla) = pila) = pa(ar), 1=1,..., L
depends on their own channel realization. From (15), we haNgw, let us denote the power strategy set witbhannel states
pip(ar) + p2p(az) = P. And we can rewrite the original asp = {p(a;),...,p(az)}. And we rewrite the optimization

optimization problem (12) as problem (12) as
max C = max p3 log, (1 + #%) + max S S pmpnlog, (1 + #%)
aip(ai) S.t. Lf a :P
+p1p210g, (1 + pplz(l)) + g(:clu_)lg%f g): L
as- P— 017)(@1)
+p1p2log, ( + W + The objective function of this optimization problem is non-
P—pypla;) convex. We propose an Zero Interference Searching (ZIS)
+p3 log, (1 + M) algorithm as follows,
- P2
st pla) < 7 Algorithm 1 Zero interference searching (ZIS)
pla) =0 (22 imialize c=0
In ; ; for {=1to L do
general, the convexity of functiot’;(p(a1)) depends on alp
the relationship between the parametersas, p1, p2, P and ¢’ = prlogy(1+ J155)
o2. However, in the low noise regimeri — 0), the above if ¢’ > c then
optimization problem can be easily solved. We define £=1 e P
) ¢ = prlogy(1+ 25)
Ci(p(@)) = lim Ci(p(ar)) end if
) ) a1p(ar) end for
= p1t+pz+pip2 [108;2 <1 +t o Penan ) T
a2»w " Finally, the output of this algorithm can be shown as
+log, (1 + m)} (p(ar), - ,p(ar)) = (0,...,0,2,0,...,0). Each step

~ (23) insists in searching among the cases that all the energy is
Theorem 3: Function C; (par)) is decreasmg on dedicated to only one best channel state (depends on both
( L) and increasing or(% ) The so- a; and p;), where no interference is allowed. The algorithm

? ai1p2tazp1 aipz2tazp1’ p1 complexit ISO( )
lution of the maximization problemmax C; is given by piexity '

p(ai)
p(a) = { 0, azp1 = a1P2 (24) V. NUMERICAL RESULTS
1 P
0 azp1 < a1pz In this section, the simulation results are given and amsalyz
which gives the best power strategy by using the following parameter sets:
0.2 a > g ai | ax | p1 | p2 | P o2
(p*(a),prag)t = b 7207 =M o setl]| 1 | 1.2]05]05] 1] 05
’ 2ol aypr < arps set2| 1| 3 | 05|05 1|01
& set3[ 1 |10 [05]05] 1] 0.1

The proof of Theorem 3 can be found in appendix B.
Thus, an interesting result is that the choice of the bestepow
strategy depends not only on the channel states but also
the probability that each state happens. In general, thimmapt -
solution will focus all the energy to the channel state treg h o=
better condition but with less probability to appear.

6@

B. More channdl states

In this part, we still assume user indéx = 1,2, but £ : = . ! o : - .
each channel gain hak (L > 2) possible values. We keep
assumption 2 and 3 above, and reclaim assumption 1 as: fig 2. The non-convexity of functiot; (p(a1)) (left: set 1; right: set 2)

Assumption 4: Each carriers channel gain can bewith
probability py, and can also bé& positive valueqay,...,ar} In Fig. 2, we show the behavior of functidry (p(a1)) (22)
(wlo.g. a1 < ... < ar), each happens with probabilityin the symmetric case. In the left figure, we use the paraeter
p1,- .., pr respectively. We hanlL:O =1 from set 1. We find that functiod’; (p(a1)) is obviously not




convex inp(a;), and the solutiorp*(a;) that maximizesC}
is comprised betweefi and 0.1. In the right figure, we use
the parameters from set 2. In this setting, funct{@nshows
the behavior of decreasing and increasing (not strictlywern
and we have*(a1) = 0. It is consistent with the result of (24)
in the case ofiop; > aqpo.

« For the case of partial knowledge, the NE is given by
equations (20). In the low noise regime, the optimal
operation point of the symmetric case is given by (25).
However, in general, if the convexity condition does
not hold, since the objective function is differentiable,
one can always obtain the best strategy by applying the

following two steps:
— Find all the solutions satisfying‘r’(i

—w =0.

1 \_ﬁ — Compare these solutions toget’lﬁglr)with two borders
p(a1) = 0 andp(aq) El, the one that maximizes
Cy(p(a1)) is the best strategy*(ay).

In this simulation, with our parameter settings, the best

strategy ig*(a1) = 0 within the range of SNR (0-30dB).

For the case of statistical knowledge, the best strategy is

UPA given by (11).

From Fig. 4, the curves with complete knowledge at Tx
provides the capacity upper bound while the curves with
statistical knowledge at Tx provides the capacity lowerrzbu
In the case of partial knowledge, the average capacity gain
of the optimal operation point in the symmetric case is much
higher than Nash equilibrium. In fact, they do not have the
same slope. Moreover, we find that the efficiency of Nash
equilibrium depends on the relationship between two channe
statesa; anda,. The efficiency becomes lower/higher when
the values of two channel states are close/far.

L JE—ry)
e e )
1 )/
‘
I

Fig. 3. lllustration of Nash equilibrium (left: set 2; rightet 3)

Average capacity of both users

15
SNR(dB)

15
SNR(dB)

gle%fs.e?\z/?e:%ghetcseptag)lty comparison among three differentimétion levels VI, CONCLUSION

In the case of uncertain topology when only local
In Fig. 3, we show the Nash equilibrium (NE) given by (20)information is available, we have provided a power allawati

In the left figure, we use the parameters from set 2; in thé rigtrategy, which depends only on the number of channel states

figure, we use the parameters from set 3. As expected, thef§s strategy was shown to outperform classical uniform

always exists a unique NE for both cases, and it is symmetrigwer allocation scheme and was not far from the complete

i.e. the NE for set 2 and set 3 are (0.6,0.6) and (0.5,0.8)5] in the low SNR regime. Moreover, from a game theoretic

respectively. It is also interesting to note that when thee& yjew, we have shown the existence and uniqueness of Nash

of a; anda, are relatively close (set 2), the NE is close to thgquilibrium. Extension is being studied for the case of MIMO
uniform power allocation, which is (1,1) in this case; wheRnd correlated equilibrium.

a1 andas are relatively far (set 3), the NE slightly goes away
from (1,1).

In Fig. 4, we compare the average capacity by using
the parameters from set 2 and set 3 (except the value ofz proof of Theorem 1
c?) obtained in the three different information level cases |4y order to prove Theorem 1, we introduce Theorem 4,
considering: complete, partial and statistical knowledgéhe \yhich is obtained from [12]-[15].
transmitter side. The SNR is defined as the ratio between therhegrem 4 A Nash equilibrium exists in gam& =
power constraint” and the noise variance®. K. APk} eerc » {ur}pex] if the following two conditions are

« For the case of complete knowledge, recall (9), we hasgtisfied, for allk = 1, ..., K:

2 )] 1) P, is a nonempty, convex, and compact subset of some

1

a + as Euclidean spac&’.
and the results of waterfilling in (8) gives the best power 2) ui(P) is continuous inP and quasi-concave ;.
strategy (for set 2 and 3)

From (15), we knowp; (a1),pa(a;i) € [0, pﬁl], condition 1
is obviously true. For condition 2, first we prove thaf is
a concave function P, then we show that any concave
function is quasi-concave.

Let g; (p} (a1)),i = 1,...,4 be the expressions that inside
four log functions in (16). It is easy to see that eagh.) Vi

APPENDIX

1 _
AAA1A23{4P+02<

2
pilar,a1) = p3lar,a1) = A — &
pi(az, a2) = p3(az, az) = p3(a1,az) = pi(az, a1) =

pi(ala a2
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Theorem 1. We can confirm the existence of Nash equilibrium

in our game modédll

B. Proof of Theorem 3.

FunctionC} (p(a;)) is continuous and differentiable. From
its first derivative

9Ci(p(ar)) _ aia2p1p5 P .
Ip(ar) In 2[a1pgp(a1)+a2(15—p1p(a1))] (26)
1 _ 1
az(P—pip(a1))  aipzp(ar)

We find that it is decreasing o(r[) %) and increasing

? a1p2tazpr

on (ﬂ 3). Then we compare’; (0) and Cy(L)

ai1pz2tazp1’ p1
wheno? — 0

Ci(0) = Jim {p% + p3 + p1p2log, (1 + %)}
k) = im i i (14328
(27)

From (27), we find that wherz > 4., Cy(0) > Ci(£);
when 4t > 2 (L) > Cy(0). Sincear,az,p1,p: are
positive, we have (24), therefore (2%).



