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ABSTRACT

In this paper, we investigate random walk based routing in
wireless sensor networks (WSN) that contains sink nodes
independently distributed at random. Our goal is to quan-
tify the effectiveness of such techniques based on the deriva-
tion of closed-form expressions. In particular, we focus on
the global delay taken for the random walk to deliver data
packets from sensor to sink nodes and study its statistics
through closed-form derivations. At low concentration of
sink nodes, we analytically establish an approximate for-
mula that provides the cumulative distribution function of
the global delay. We also perform a series of simulations
to validate the analytical results. These simulation studies
clearly agree with the analytical results provided that the
concentration of sink nodes remains small. The main re-
sult of this paper is that the performance of data gathering
based on random walks in randomized deployment can be
significantly enhanced if the concentration of sink nodes is
well tuned.
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1. INTRODUCTION

One challenging problem in wireless sensor networks is
related to the routing of packets towards the intended des-
tination. This is mainly due to the limited capabilities of
the devices that compose WSN: limited amount of storage,
processing power, communication bandwidth, and energy re-
sources [1]. Traditional routing algorithms, developed usu-
ally for small size networks and/or more powerful nodes, be-
come prohibitively complex in terms of both communication
and computational complexity [2,3]. Indeed, due to the large
number of sensor nodes that often composes WSN, it may
be not possible to build and maintain a global addressing
scheme for the deployment of a large number of sensor nodes
as the overhead of ID maintenance is high. Furthermore, the
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lack of reliability in WSN makes the routing problem even
harder because the information sent within the network can
be then lost and any previously established route can break
down due to node or communication failures.

One common technique for overcoming such problems con-
sists in the use of randomization to route packets in a WSN.
More specifically, this approach consists in forwarding pack-
ets at random. Indeed, making appropriate decisions to for-
ward packets depends readily on the amount of state infor-
mation a node holds (e.g., pointers to parent in a spanning
tree, routing tables, etc.). So, to deal with the limited capa-
bilities encountered in WSN, one option consists in reducing
the dependence of the routing protocol on state information
by constructing a data forwarding scheme without recurring
to topology-control mechanisms, thereby solving the routing
problem strictly locally. The idea of choosing forwarding
nodes at random can be therefore applied in this context.
As it is most likely that a route will consist of multiple wire-
less hops, and by identifying packets with particles and the
network with the medium in which particles move, the re-
sulting routing scheme induces a random walk on the graph
of the WSN.

The issue we analyze in this paper can be seen as a nat-
ural extension to our previous works [7,11] where we have
studied random walk based routing in the special case of
pre-determined deployment of sensor and sink nodes over
square lattices. Motivated by the insight gained by such a
configuration, we tackle now a more interesting and complex
scenario. Indeed, in this paper we consider again square lat-
tices but we assume that sensor and sink nodes are indepen-
dently distributed at random. Such a random deployment
can have several applications to real WSN, in particular,
for agricultural applications and environmental monitoring
like forest fire detection applications where the position of
sink nodes need not be engineered or pre-determined [17].
Another example also arises in target tracking applications,
where several hosts or sink nodes are randomly deployed
inside the observed region to achieve a higher degree of cov-
erage for tracking a specific event.

To put this network configuration into a simple mathe-
matical model, the extensive literature on random walk the-
ory suggests to draw a parallel between the sought routing
scheme and the Rosenstock model [14,15]. This model is a
member of a class of models that have received much interest
in statistical physics literature, and that by their simple de-
scription but complicated nature have become a challenge to
theoreticians. The Rosenstock model, for instance, serves to
describe many physical processes in which absorption and
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emission occur, such as the context of photosynthesis and
charges transport in an anisotropic molecular crystal. This
model consists of a random walk on a d-dimensional infinite
lattice with irreversible traps, i.e., a walker encountering a
trap is killed there. Each site of the lattice can be in either
of two different states: with probability c it is a trap and
with probability 1 — ¢ it is a non-trapping point.

Many authors have studied various properties of this ran-
dom trap model. Some quantities on which interest has cen-
tered are: the probability for the walker to survive a given
number of steps and/or the average number of steps made
until trapping. In spite of its conceptual clarity and sim-
plicity, this model often defies exact mathematical analysis.
So far, only few rigorous results have been obtained, except
in one dimension where it has a complete solution. On the
other hand, several approximative methods have been de-
veloped. With a few exceptions, the results obtained are
valid for values of ¢ that are either small or close to unity.
An extensive discussion of many aspects of this problem has
been given by in [5].

In this respect, our proposed routing scheme with ran-
domly distributed sink nodes is obviously akin to the Rosen-
stock model in the sense that sink nodes can be modeled as
irreversible traps. Therefore, to some extent, the analysis of
this scheme relies closely on the theoretical tools developed
in existing works devoted to the Rosenstock model. How-
ever, the key assumption that makes our model different
from the Rosenstock model is the starting position of the
random walk (only at trap-free sites, namely sensor nodes)
and the periodic boundary conditions of the square lattice
(the network graph) on which the random walk takes place.

Accordingly, the main goal of this paper is to evaluate
the performance of such a routing scheme. In particular, we
investigate the time delay required for a packet issued from a
randomly chosen sensor node to be gathered at a sink node.
The first step towards this objective is to make use of a
simple consideration, which has been known for a long time
in random walk theory. It involves the number of distinct
nodes visited in the first n hops of the walk. As will be shown
in next sections, a matter of particular convenience in the
description of the envisioned routing scheme is that some of
its properties are easily expressed in terms of properties of
the random walk in the absence of sink nodes (traps). This
is an important simplification.

The remainder of this paper is divided as follows. In Sec-
tion 2, we describe the network model, give some theoreti-
cal elements of random walk theory, and formulate the pro-
posed routing scheme. Section 3 is devoted to the study
of the mean distinct nodes visited through generating func-
tion techniques. In particular, we derive an approximation
formula for this quantity. In Sections 4, we investigate the
performance of the random walk based routing in terms of
delay properties. In Section 5, we resort to extensive sim-
ulations to validate the analytical study. We conclude this
paper in Section 6 by a summary of main results and future
perspective.

2. RANDOM WALK MODELING

2.1 Network Description

Let ¥ be a finite square lattice of size N x N with 4-
nearest neighbor connectivity, where each site r is labeled
with (r1,72): 71 and r2 are nonnegative integers such that
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Figure 1: Randomized deployment of nodes over
torus lattice . The dark- filled circles are sink nodes
while light-filled ones are sensor nodes.

0 <ri,72 < N —1. To deal with boundary effects, we equip
¥ with periodic boundary conditions, which corresponds to
connecting the opposite ends of ¥. The resulting structure
is then equivalent to a torus lattice. Moreover, we suppose
that a set of sensor and sink nodes are independently scat-
tered at random over ¥. We denote by ¢ the concentration
of sink nodes, or equivalently the probability that a site is
a sink node. We are concerned here with a particular rout-
ing scheme based on an unbiased random walk defined as
follows. Whenever a packet is generated at a given sen-
sor node, it performs a random motion until reaching the
first encountered sink node, where it is trapped. At this
moment, we consider that the data gathering process has
occurred with success, and then we no longer care about the
outcome of the walk. With 4-nearest neighbor connectivity,
hops onto any nearest neighbor are permitted and equally
probable with transition probability i. The resulting struc-
ture is depicted in Figure 1. Now, the fundamental question
that arises can be summarized in a single question, namely
“how long does it take for a packet generated at a randomly
chosen sensor node to be gathered by the first encountered
sink node?”.

2.2 Déefinitions

We define, for n > 1, P, (¥, S) the probability of being at
node § after n hops, given that the packet has been issued at
node ¥. We also define F, (T, S) the probability of arriving at
node § for the first time on the nth hop, given that the walk
started at node ¥. We shall refer to these probabilities as
the node occupation probability and the first-passage proba-
bility respectively. By convention we have Py(F,S) = dzz and
Fy(r,8) = 0. We make use in this paper of the generating
function formalism [10] to deal with a sequence {cn }nen by
capturing all these coefficients into a formal infinite series de-
fined as C(z) = > 7, cn 2" where the complex variable z is
small enough to ensure the convergence of this series. C(z)
is called the generating function associated with {c, }nen.

In the following, we denote the generating functions asso-
ciated with { P, (¥, §) }rnen and {F, (¥, §) }nen as P(F, §|z) and
F(7,8|z) respectively. Hereafter we present two well-known
classical relations extensively used in random walk theory,
and upon which the theoretical results derived in this paper
rely.



LEMMA 1. P(F,§|z) satisfies the normalization condition

S P(F§]2) = — (1)

£ 1—z
se¥

PROOF. As long as there is no possibility that the packet
is removed from ¥ at any time n (this is so for the walks
considered here), P, (T, S) is a distribution over the nodes of
T at fixed n and ¥, which leads to ) . . Px(¥,8) = 1, for all
n > 0. By taking the generating functions of both sides of
this relation, (1) follows. [

LEMMA 2. F(¥,§|z) and P(¥,8|z) are related to each
other according to the relation
P(¥,8]z) — 0w

P(8,8]2)

PrROOF. The proof is based on the law of total probability
and is given in [8]. [

F(F§|2) = F§€T. (2)

2.3 Froblem Formulation and Characteriza-
ion

Assume now that a packet is initially generated at a ran-
domly chosen sensor node and then performs a random walk
motion until reaching a sink node. To facilitate the charac-
terization of this random walk, let us introduce Bf\, (n,c) to
be the probability that the packet survives for at least n hops
without having encountered a sink node. In random walk
theory, this probability is sometimes called the survival prob-
ability. Our interest in the survival probability stems from
the fact that it is a key quantity from which most of the
performance properties of the proposed routing scheme can
be derived. In what follows, we show that this probability
can be exactly related to the probability distribution of the
number of distinct nodes visited in an n-hop random walk
taking place on torus lattice ¥ devoid of sink nodes, i.e.,
considering all lattice sites are sensor nodes. This induced
random walk is deemed perfect, in the sense that all lattice
sites become topologically equivalent. Before determining
the survival probability, let us first specify some quantities
and relations for the induced perfect random walk that will
be needed in our later analysis.

Let us write Pl(¥,8) and FJ(F,8) for the node occupa-
tion and first-passage probabilities on the nth hop of the in-
duced perfect random walk respectively, and P1(¥,§]|2) and
F1(¥,8| 2) for their associated generating functions. We in-
troduce also random variable S]T\, n» the number of distinct
nodes visited in the first n hops of the induced perfect ran-
dom walk. For a particular realization of the random walk,
since a visited virgin node carries a probability c to be a sink
node or equivalently a probability 1 — ¢ to be a sensor node,
one has a probability (1 — c)sz\’ ! that encountering a sink
node has not occurred up to the nth hop. This is valid as
long as the starting position of the random walk is a sensor
node. By averaging over all the realizations of the random
walk, the survival probability can be then written as

n+1

Bh(n,c) =Y Pr{Sk, =s}(1-0¢°""
sz;: ‘ (3)

—E((1-o)ShY).

This formula is a very important and basic relation in the
sense that the survival probability ﬁf\,(n, ¢) can be exactly
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determined once the probability distribution function of the
random variable S;r\,m is known. Moreover, depending only

on n, ¢, and the distribution probability function of S;fv’n,
the obtained expression of the survival probability involves
only the properties of the random walk in the absence of sink
nodes, that is, the induced perfect random walk. This is an
important simplification. However, the probability distribu-
tion function of SITV » has been known only in special cases
and there is no corﬁplete general solution. In particular, it
has been known in one dimension, but the only available
information is the first and second moments in two dimen-
sional infinite lattices, as well as the fact that it tends to
Gaussian distribution as the dimensionality tends to infin-
ity [5].

3. NUMBER OFDISTINCT NODESVISITED

In this section, we shall focus our attention primarily on
random variable S;r\,’n, the set of distinct nodes visited by
a random walker (a packet) on torus lattice ¥ free of sink
nodes. By convention, the starting event is counted as a visit
to the starting node, so that we have Sy, = 1, and S;V,n
is non-decreasing and constrained to satisfy the inequality
1< S}L\,’n < n + 1. These two relations have the obviously
necessary property that when n = 0, the survival probabil-
ity given by (3) is equal to 1, which is consistent with our
assumption that only sensor nodes generate packets. In the
mathematical literature, the random variable S}L\,‘n is some-
times misleadingly called the range of the random walk [16].

It is relatively easy to analyze the first moment of the
number of distinct nodes visited in an n-step random walk
taking place on infinite lattices, which are homogeneous in
the usual sense that all sites are topologically equivalent. A
statistic from which the mean value of number of distinct
nodes visited can be deduced was first introduced in [13].
However, it is much harder to analyze the variance and the
asymptotic probability distribution. Bounds on the variance
were first exhibited by Dvoretzky and Erdés in [6], but a
full analysis of the problem did not appear until two decades
later, in a series of papers by Jain, Pruitt, and Orey [9], some
of which also address the limiting probability distribution.
A full analysis of this problem can be found in [8].

In our case where packets perform random walks on a
finite lattice with periodic boundary conditions, and with
multiple randomly distributed sink nodes, we give an origi-
nal elementary analysis of the mean value of random variable
SIT\,’H, denoted by E(S}L\,An). In Subsection 3.1, we develop
a general theoretical framework to facilitate the analysis of
E(S]T\,yn). In Subsection 3.2, we then provide an approxima-

tion formula for E(S}L\,’n) that holds for low concentration of
sink nodes. This our main contribution in this paper, from
which are derived all subsequent results.

3.1 Generating Function Analysisof E(s,,,)

Suppose that at time n = 0 a packet is generated at a
given sensor node ¥. We propose now to estimate the gener-
ating function associated with {E(S]T\,n) }nen, the sequence
of the mean number of distinct nodes visited by the packet
in the first n hops of the walk. To facilitate this estimation,
we introduce an auxiliary random variable A}L\, n» defined to
be the number of virgin nodes visited on the nth hop, so that
A}LV’O =1, and for n > 1, A;rvin takes the values 0 and 1. Let

us denote by E(ALn) the expectation of random variable



AJr . Let us also write S ~(z) and Al N(=) for the generat-

ing functlons associated with sequences {E( Non) tnen and

{E( N n)}nEN respectively.

THEOREM 1. S]T\,(z) and A;,(z) are related to each other
according to the formula
Al (2)
(1-2)

PrOOF. By definition, we have clearly for all n > 0

sh(z) =

(4)

Sha- oAk, ®
j=0
By taking expected values of both sides of (5), we have

Z E(AL,). (6)

E(S}.0)

Multiplying both sides of (6) by z" and summing over all
n > 0 leads to

Shz)=3_#" Y B(AL,) =D E(aL,) &
n:Ol ]::o j=0 AT (Z) n=J (7)
T~ Z%E(M“) el

which is the assertion of Theorem 1. [

One can observe in passing that random variables A§, j are
not independent. This is what makes the determination of
the probability distribution of S;r\,’n difficult. It remains now
to express generating function A;V(z) in terms of the node
occupation probability generating function of the induced
perfect random walk, that is, P'(¥,§]z). We can therefore
deduce the related expression for generating function S}L\,(z)
later via Theorem 1.

THEOREM 2. Generating function Aj\,(z) can be expressed
as
1

T -2P

where P1(0,0 | z) is the node occupation probability generat-
ing function of the induced perfect random walk that starts
and ends at the origin.

PRrROOF. Since random variable A}f\,n takes the values 0

and 1, we have
E(AL,) =Pr{a}, =1} (9)
Using the law of total probability leads to

=1} =) Fl(¥3),

S£F

Pr{AJ}\,yn for n > 0, (10)

while E(AL ;) = 1. We multiply both sides of (10) by 2"
and we sum over all n > 0, finding that

Al(z) =1+ F'(¥5]2). (11)
SAT
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‘We can use now Lemma 2 to eliminate the first-passage prob-
ability generating function F'(F,§]|z) in favor of the node
occupation generating function PT(F §|z). We obtain

For a the induced perfect random walk one can note that
PY(8,8]2z) = P'(0,0|z) (due to homogeneity property),

thus
PT(O 012) ZP (7,8 2)

=1 Pi(&
+PT(0 02 {Z

Al(2) =14 o

— P(o, O|z)}
(13)

Using the normalization condition stated by Lemma 1, The-
orem 2 follows. [

By substituting for A, (z) from (8) into (4), we obtain the
expression of generating function S;r\,(z) in terms of the node
occupation probability generating function of the induced
perfect random walk which starts and ends at the origin.
Thus, we obtain the following corollary.

COROLLARY 1. Generating function SL(Z) can be expressed
as
1

Sn(@) = (1—2)2P1(0,0]2)

(14)

Remark: It remains now to explicitly express PT(0,0] z).
This was carried out in our previous works [7,11] where,
based on the homogeneity property of the induced perfect
random walk, a complete analysis of PT(0,0 | z) is provided.
In this paper, we only give the explicit expression of PT(0,0] z)
as follows:

;
P'(0,0]2) = NQZl z/\f (15)

where \f(m) = 2 (cos(Zm1)+cos( %
ture function of the Walk 8].

Zmsz)) called the struc-

3.2 Approximation of theMean Number of Dis-
tinct Nodes

The previous analysis allows us to directly handle gener-
ating function S}, (z) rather than sequence {E( Non) dnen.

Once SJTV (2) is explicitly determined, all the coefficients E (S;{,n)
can be then theoretically recovered. However, this is not a
simple matter since Corollary 1 only enables us to express
Sl (2) as a function of PT(0,0]2). It may still be possible
to extract an approximation formula for coefficients E(S}L\,n)
at large n using a powerful technique which we shall refer
here as the Method of Darbouz [12]. This method enables
one to deduce the asymptotic behavior of the coefficients in
a power series from the behavior of the power series in the
neighborhood of a singular point.

Method of Darboux. Let f(z) be the generating func-
tion associated with sequence {fn}nen. Assume that p is the
distance from the origin of the nearest singularity of f(z)
and suppose that we can find a “comparison” function g(z)
having the following properties:

(2) g(2) is holomorphic in 0 < |z] < p.




Cover ratio

n

Figure 2: Cover ratio as a function of the number of
hops normalized to N for different network sizes.

(#) f(2) — g(2) is continuous in 0 < |z| < p.
(#i2) The coefficients gn in the power series expansion g(z) =
Z gn 2" have known asymptotic behavior.

n=0

Then, between the coefficients f, and g, holds the relation

fa=gn+o(p™") as (16)

We can now apply the Method of Darboux to derive the
following result.

n — o0.

REesurr 1. E(S}Lvn) has the following asymptotic behav-
10T aS N — 00
E(S\,,)
N2

+o(1)

(17)
where on (1) is an N-dependent series defined by (31) in
Appendiz A.

3 ]—(n+1>

= [H N2(3pn(1) +1) — 1

PROOF. See Appendix B. []

Note that at large time n, E(S) ,,) tends to N?, which is
consistent with the idea that at long-time the random walk
tends to cover the entire network. The main question that
arises now is at which rate nodes are visited? To answer
this question, let us study the time evolution of the ratio
between the mean number of distinct nodes visited and the
total number of nodes, that is, E(S),.)/N?. We call this
quantity the cover ratio. To find an identical description
of this quantity for different network sizes, it is convenient
to rescale the time step n to the variable m = n/N. The
reason for this variable rescaling is the fact that N is the
characteristic distance in terms of number of hops between
the two furthest-apart nodes in torus lattice ¥. It is also the
time during which the entire network is covered by flooding.

Many key features can be drawn from Figure 2, where
the cover ratio is plotted against the scaling variable n for
N =10, 15, and 20. First, note that the cover ratio grows
initially with a high rate, but after a crossover value the
growth is almost sublinear. The early time slope means that
the random walker initially escapes its starting position and
diffuses around the network covering new territories. After
the first few hops, revisitation of the same locations starts
and becomes more emphasized by the finite-size effect of
the torus lattice. This results in the sublinear growth of the
cover ratio. Looking more closely, we find that, for N = 10,
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40% of the nodes are visited during the first 85 hops, whereas
during the next 300 hops only 50% are newly explored. Sec-
ond, notice that the larger the network size, the slower the
cover ratio. Third, compared to flooding, random walks are
slower in respect to the same covered space. For example, for
N = 10, we find that to cover 90% of the network, random
walks are nearly 30 times slower than flooding. However, the
higher coverage speed of flooding is achieved at the expense
of a large overhead in terms of the number of packets.

4. PERFORMANCE ANALYSISOF THE
GLOBAL DELAY

In this section, we investigate the performance of the en-
visioned routing scheme in terms of delay properties. We
deal primarily with the global behavior that emerges when
an event of interest is detected by a randomly chosen sensor
node in torus lattice ¥ containing sink nodes at concentra-
tion c¢. This event should be then reported to one of the
sink nodes through random walks. In particular, we study
the delay time in number of hops experienced by the packet
that bears that event to be trapped by the first encountered
sink node. This delay time is referred to as the global delay
and is denoted by Df\,(c). This quantity is a discrete ran-
dom variable taking nonnegative integer values. Since the
survival probability Bf\,(n, ¢) introduced in Subsection 2.3 is
the probability that the packet has not been trapped after
a random walk of n hops, we obtain in terms of probability

notation
Pr{D% (c) > n} = 8% (n,c), n > 0.

Therefore, if we denote by Ff\,(n7 ¢) the cumulative distri-
bution function of the global delay, we can then write

FL(n,¢) = Pr{D} (¢c) <n} =1 — Pr{D% (¢) > n}
=1- B?\] (n’ C).

Recall that according to (3), the survival probability B]i\,(n7

(18)

depends on S;rv’n, the number of distinct nodes visited in the
first n hops. However, the probability distribution of ran-
dom variable S]T\,’n is not tractable and the only information
available is about the approximation of its mean value, pre-
viously evaluated in Section 3. Since in WSN the number
of sensor nodes usually exceeds largely that of sink nodes,
we suppose in what follows that sink nodes are deployed on
torus lattice ¥ at low concentration. Thus, we can write
¢ < 1. Under this condition, we obtain the following result.

RESULT 2. At large n, F};\, (n,c) can be approzimately ex-
pressed as

Fo(n,c) = %(2%(;){1—

~(n+1)
[1+N2(3¢N(i)+1)—1} ' }7c(l+c)
(19)

PrOOF. From (3), at low concentration of sink nodes, we
can expand Bf\,(n, c) as

B]iv(n, c) = E((l — C)S}anfl)

2
=1 c(B(Sk, — 1)+ FE((Sh, ~ DSk, —2) +--.

o
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Figure 3: PMF of the global delay for N = 10 and
c=1%.

If we truncate this series at the second order term, we find
that the survival probability Bf\,(n, ¢) can be approximately
related to the first and second moments of S]Tvyn as

By (n,c) ~1—c(B(Sk, — 1))

2 ) (20)
+ 5 (B(S"y.0) — 3E(S} ) +2).
Unfortunately, this requires calculation of E(ST?\;,”) which
requires a much more sophisticated approach than that taken
here. As E(S T?V,n) is involved only in the second order term,
we can neglect it while keeping the other coefficients, so that
(20) becomes

Bh(ne) = 14c(l+0)—5(2+3)ESL,). (1)

_c

2
Substituting E(S}L\,vn) from (17) into (21) and then 8 (n, ¢)
into (18), Result 2 follows. [

Discussion. By determining the cumulative distribution
function, the global delay is now completely characterized.
Therefore, the extraction of useful performance properties
is straightforward. In particular, this enables us to infer
the probability mass function of the global delay, the mean
value, and the dispersion. The probability mass function of
the global delay can be then derived as

Pr{Dk(c) = n} = Fi(n,¢) — Fi(n —1,¢).

In Figure 3, we draw this probability mass function as a
function of n for a torus lattice of size 10 x 10 and a single
sink node (¢ = 1%). The obtained curve suggests that the
global delay may follow an exponential probability distribu-
tion. Computing the mean value and the standard deviation
of the global delay for this configuration, we find respectively
E(D} (c)) = 168.47 and SD (D} (c)) = 166.43 leading to a
coefficient of variation very close to unity. This property can
be also verified for other values of N provided that a single
sink node is randomly deployed. Therefore, this property is
a good evidence for a nearly exponential distribution. Weiss
and den Hollander have also obtained this exponential be-
havior but for long-time regime using completely different
arguments [4].

More interestingly than in case of the pre-determined de-
ployment studied in our previous works [7,11], where only
we have evaluated the central tendency and the dispersion
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Figure 4: CDF of the global delay for different con-
centrations. N = 10.

properties of the global delay, the analytical derivation of
the cumulative distribution function enables us to calculate
with accuracy the percentile the global delay is below a given
threshold for a given concentration of sink nodes. Once
again, for a torus lattice of size 10 x 10 and a single sink
node, we find that there is 63% chance that the global delay
is below its mean value. For the 95th percentile, we find a
global delay of 485 hops. This is 97 times less efficient than
when the shortest path routing is used. However, for this
configuration, we can identify a scenario where the use of
random walks achieves similar results to the shortest path
routing. We reproduce the same scenario proposed in [7,11]
where random walks are used to query each sensor node in
order to update some information. Assume that we want
to find the minimum temperature in the network. Using
random walks, just one packet would be reasonably suffi-
cient to scan the whole network. This is attributed to the
high cover ratio achieved by random walks. For example,
for the 95th percentile value obtained above, the cover ratio
is about 95%. To produce this cover ratio, the shortest path
routing would require nearly 500 hops, which is comparable
to the performance of the random walk (485 hops).

What is the impact of introducing more sink nodes on the
global delay at fixed network size, or equivalently what is
the impact of increasing the concentration of sink nodes?
For answering this question, let us plot the cumulative dis-
tribution function as a function of the number of hops for
different concentrations of sink nodes, ¢ = 1%, ¢ = 2%,
and ¢ = 4% respectively. We set here N = 10. This is
illustrated in Figure 4. As it can be observed in this fig-
ure, larger concentrations on sink nodes yield a significant
lower global delay. More specifically, we observe a large re-
duction in both the mean global delay and the dispersion.
Intuitively, this can be explained by the fact that the higher
number of sink nodes at fixed N, the more likely for a packet
to be trapped soon. For example, increasing the concentra-
tion by two orders of magnitude (from ¢ = 1% to ¢ = 2% or
from ¢ = 2% to ¢ = 4%) leads to a nearly 50% decrease in
the mean global delay. A heuristic reason for this behavior
is that by doubling the number of sink nodes, sink-free re-
gions become twice smaller, thereby reducing the number of
hops to be trapped by half.

5. NUMERICAL RESULT S

We perform in this section a series of simulations to vali-
date the obtained analytical results and to assess the accu-
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Figure 5: Histogram Hi(n, s). Frequency of the num-
ber of distinct nodes visited in the first 100 hops for
a torus lattice of size 10 x 10.

racy of the two approximate formulas derived for the cover
ratio achieved by the packet in the first n hops given by
(17), and the cumulative distribution function of the global
delay given by (19). The simulations are performed using
functional programming supported by MATHEMATICA [18].

5.1 Methodology

We use two procedures for simulations. The first one aims
at evaluating the mean number of distinct nodes visited. It
consists in calculating the probability mass function of SIT\, >
the distinct nodes visited by the packet in the first n hoﬁ)s.
Based on (3), we can also calculate the survival probabil-
ity or equivalently the cumulative distribution function of
the global delay. The second procedure consists in directly
calculating the global delay for different realizations.

Procedure 1. In this procedure, all the sites of the torus
lattice are equivalent, i.e., no trap sites (sink nodes). So, at
the beginning of the experiment, we fix the torus lattice size,
for example N = 10. We should also fix nmqz, the maximum
length (in number of hops) of the generated random walk in
order to terminate the process. The random walker starts at
the origin. One has to simply record the number of distinct
sites visited after n hops for each n in the range [1, Nmax].
Upon repeating the same procedure many times, Ns, we
construct a histogram Hi (n, s) of the number of distinct sites
visited after n hops for 1 < s <n+ 1 (see Figure 5). Then,
when Hi(n,s) is divided by the number of realizations, we
obtain an approximation of the probability Pr{S}L\,,n = s}.
The mean number of distinct nodes visited in the first n
hops of the walk can be approximately expressed as

E(Sh,) _ 1 (R

N Pr{s}, =s}
N2 N2 ; N,
1 n+1 (22)

= —— Zs Hi(n,s).
MN? port

We can also calculate the cumulative distribution function
of the global delay based on (3), that is,

Fi(n,¢) =1—-8L(n,¢)

nl 23
_ %ZHl(n,s)(l—c)S_l. (23)
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Figure 6: Histogram H(n). Frequency of walks that
last exactly n hops before trapping, for a torus lat-
tice of size 10 x 10 with a concentration of sink nodes
c=1%.

Procedure 2. This procedure serves only to directly calcu-
late the cumulative distribution function of the global. To
this end, we randomly choose a percentage c of the network
nodes and designate them as sink nodes. A random walker
(a packet) is placed on a random sensor node and performs
a random walk until it meets a sink node. In this procedure,
we do not need to fix the maximum length of the generated
random walk. However, this random walk terminates when-
ever the walker steps on a sink node. In this procedure, the
time (number of hops) to trapping is recorded. We repeat
the same procedure for independent random walkers and dif-
ferent networks, and we construct a histogram Ha(n) of the
number of random walks that last exactly n hops before the
first encounter of a sink node (see Figure 6). Then, the cu-
mulative distribution function of the global delay is simply
given by

Ft (n) = % S Ha(s). (24)

5.2 Resultsand Discusson

We present here the results of simulations for a torus lat-
tice of size 10 x 10. For the first procedure, we fix nmaz =
1000 hops. For the second procedure, we run a series of
simulations for different concentrations of sink nodes. To
establish accurate simulation results, we perform multiple
independent replications of each experiment: we set Ny =
30000.

To obtain insight into how often distinct nodes are vis-
ited during the walk, we present in Figure 5 one example
of histogram Hi(n,s). We set here n = 100 and plot the
frequency with which a given number of distinct nodes vis-
ited in the first 100 hops occurs during simulations. The key
feature of this plot is the fact that small values of the num-
ber of distinct nodes are more likely than moderate or large
values. A closer inspection of this plot indicates also that
the maximum number of distinct nodes visited in the first
100 hops of the walk does not exceed the value of 39. For a
torus lattice of size 10 x 10, this corresponds to a cover ratio
of 39%. This can be explained by the fact that at early time,
the random walker initially escapes its starting position and
diffuses around the torus lattice covering quickly new terri-
tories. However, after this initial phase, revisitation of the
same locations becomes important, and hence discovering



new virgin locations slows down.

In Figure 6, we present one example of histogram Hz(n)
for a torus lattice of size 10 x 10 and a concentration of sink
nodes ¢ = 1%. This histogram corresponds to the number
of random walks that last exactly n hops before the first
encounter of a sink node. The key observation from this
plot is the fact that the histogram has the same form of
the analytical curve of the probability mass function of the
global delay depicted in Figure 3.

Let us now focus on the fundamental question raised at the
beginning of this section, as to what extent the two approxi-
mate analytical formulas derived for the cover ratio and the
cumulative distribution function of the global delay given
respectively by (17) and (19) sound accurate. The plot de-
scribed in Figure 7, where both the empirical cover ratio and
the analytical one are plotted as a function of the rescaled
variable n = n/N, shows a good adequation between the an-
alytical study and the simulation results. Indeed, note from
Figure 7 that the empirical curve reasonably coincides with
the analytical one at small and large values of . For moder-
ate values of n, the empirical curve deviates a little from the
theoretical curves. However, one can observe that for a fixed
value of the rescaled variable 7, the analytical study slightly
overestimates the cover ratio as compared with simulation
results. We find that the maximum relative error resulting
from the use of the approximate formula of the cover ratio
given by (17) is about 7.4%.

As regards the global delay, we compare in Figures 8 its
analytical cumulative distribution function based on the ap-
proximate formula stated by Result 2 and the empirical ones
obtained by a series of simulations based on the above pro-
cedures. Inspection of this figure provides many key fea-
tures. First, observe that the empirical curves obtained by
the two procedures closely coincide with each other, which
confirms the reliability of our simulations. Second, observe
that the empirical curves coincides with the theoretical ones
at small and moderate values of n. For large values of n, the
empirical curves deviates from the theoretical curves. This
deviation becomes pronounced when the concentration of
sink nodes passes from ¢ = 1% to ¢ = 5%. This behavior is
due to the fact that when we established the proof of Result
2, we have neglected the second order term involved in the
asymptotic expansion of the survival delay. This is valid as
long as ¢ remains small and at small and moderate value of
n. Finally, we can conclude that the numerical evaluation
of the cumulative distribution function of the global delay
gives good agreement with analytical results as long as the
concentration of sink nodes remains relatively small.

6. SUMMARY

In this paper, we investigated a random walk based rout-
ing scheme in a wireless sensor network where sink nodes are
independently distributed at random with a concentration c.
When a packet is generated from a randomly chosen sensor
node, it performs an unbiased random motion until reaching
a sink node where it is trapped. The primary objective was
to analytically evaluate the cumulative distribution function
of the global delay, which is the time experienced by a packet
to be trapped at a sink node. At low concentration of sink
nodes, which often characterizes many WSN application, we
derived an approximate expression for the cumulative distri-
bution function of the global delay. We have also performed
a series of simulations based on two different procedures to
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Figure 7: Comparison between the simulation re-
sults and the analytical study. Cover ratio as a func-
tion of the number of hops normalized to N for a
torus lattice of size 10 x 10.

FLe, nalytical ‘ e i
= L Brocdaie S
5] Y Procedure 2
To. y
=
2
2 o.
oD
)
£ 0.
)
P
°o
e O
o)
©) . . . .4
0 200 400 600 800
Number of hops, n
(a) c=1%
E 1.6
<
To.
3
Q
S o.
o0
)
< 0.
=)
o
°o
e O
@)
®) . . R
0 50 100 150
Number of hops, n
(b) ¢ =4%
E 1.
<
To.
<
)
S o.
ah
o
< 0.
=)
o
°o
e O
[@)]
O

0 20 40 60 80 100 120 140
Number of hops, n

(c) c=5%

Figure 8: Comparison between the analytical and
empirical CDF of the global delay for a torus lattice
of size N = 10 and different concentrations of sink
nodes.

validate the analytical results concerning the cover ration
and the global delay. These numerical studies clearly agree
with the analytical results provided that the concentration of
sink nodes remains small and for short and moderate times

There are many lines along which this work could proceed



further. One consists in extending the basic model consid-
ered in this paper to more realistic models, such as random
geometric graphs. Although this is certainly a necessary
step, we have chosen to investigate square lattices with pe-
riodic boundary conditions for the simple reason that the
main ideas we wanted to explore could be derived through
closed-form derivations allowing us to have a deep insight.
Those random graphs, although certainly much more inter-
esting, are not amenable to a completely analytical solution
and we must resort to simulation methods. So now that we
have a good understanding about square lattice networks,
it does make sense to consider more general and interesting
cases.

APPENDI X
A. ASYMPTOTIC EXPANSION OF P(0,0]2)
ASZ -1~

Before calculating the asymptotic expansion of P(0,0 | z)
as z — 17, we propose first to simplify the expression of
P(0,0] z) given by (15) and to study its singularity at z = 1.
By factorizing the denominator of the summand and using
the addition theorems of trigonometric functions, we obtain

P(Ovolz):% > D {#S(%ml)

1
X 25
1 — cm, (2) cos(ZEmy) } (25)
N-1
1 1
= Nz Tz 2z % Smy (2)
N2 m;g{l—icos(%ml) 1 }
where functions ¢, (z) and Sm, (z) are defined as
z
m = - 26
em (2) 2 — zcos(ZEmy) (26a)

N-1

Sm(z) = Y : (26D)

— m, (2) cos(%mz)'

mo=0

Before studying the singularity of P(0,0|z) at z = 1, we
propose to simplify Sy, (z). The first step is to see from
(26a) that 0 < |em, (2)] < 1 for 0 < z < 1. Using the ex-
ponential representation of trigonometric functions, Sm, (2)
can be written as

N-1

2
87"1 (Z) = 7‘: Z { J2x
e

(@) oo L — am, (2)

;2T
eszz

1
X 3 1
N2 — apy (2)
where am, () is the smaller root of the equation

2 2

 ma(2)

X+1=0

whose discriminant is positive for 0 < z < 1. Thus, we find

o, (2) = 1-Vi—cn(2) W (27)

Now, using partial fraction decomposition, we can write
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Sm, (2) as

Sml(z) = (1 _C?nl(z)>7% i { L 7.21\77\-

mo=0 1- Qmy (Z)e

4+ Gm (2) ¢ Kme }

1 — am, (2) e N ™2
Noting that |am, (2)| < 1, it is then possible to expand each

sum involved in Sy, (z) by using successively the expansion
1/(1 —z) =332, 2" and the identity

N 2an_ [ N for n=0,£N,£2N, -
¢ 1 0 otherwise.

which can be derived by remarking that the vectors ¢l mn
form an orthogonal basis over the set of N-dimensional com-
plex vectors. Therefore, we obtain

N o 1—5—04%1 (2)

(1 an@)F 1ok

By substituting (28) into (25), we find

Sy (2) = (28)

1= 1
P(0,0|z2) = —= T
0019 ng_o{ (1— Zcos(ZEm1)) (1 — 2, (2))2

1+ ab, (2) .
1—af, ()

(29)

Note that the summand involved in (29) is holomorphic over
0< z<1forall 0<m; <N —1. However, it diverges
at z = 1 if and only if m; = 0. Thus, the singularity of
P(0,0|z) at z = 1 comes only from the first term of the
sum given by (29). It is convenient therefore to separate out
the singular and non-singular parts of P(F,0]z) as follows

1 1+ o (2)
T X N
N1-2)z l-a5(2)

P(0,0]z) = +on(z)  (30)

where

N

1 1
QON(Z) =N { 1
Nm21 (1 — %cos(%‘ml))(l—c?nl(z))2

1+af\,il(z)}

1—af, (2)

—

1)

is holomorphic at z = 1. The first term involved in (30)
corresponds to the term mi = 0 in (29), and the second
term, that is ¢ (S, z), corresponds to the sum over the range
1<m; <N-1

To obtain the zero-order asymptotic expansion of P(0,0 | z)
as z — 17, let us successively expand the first term of
P(0,0]2) involved in (30) and then function pn(z) close
to z = 1. Hence, we find

1 N N?(1+3pn(1)) -1

P0.012) =~ a3 3N2

+ o(1).
(32)



B. PROOF OF RESULT 1

The proof is obtained by applying the Method of Dar-
boux to function f(z) = Si(z). We start by calculating
the asymptotic expansion of P(0,0]z) as z — 17, which is
given by (32) in Appendix A. Substituting P'(0,0]z) from
(32) into (14), as z — 1~ we obtain

Stz = L 3N?
w() 1—2X3+(N2(1+3w(1))—1)(1—z)

+o(1).

(33)
Then, we can deduce that S}, (z) is singular at z = 1. Let us
now show that S (z) is holomorphic for |z| < 1. First, recall
by definition PT(0,0]z) is convergent for |z| < 1. Second,
from (15), we have

P'(0,0]2) = (34)

1 1

N2 Z 1—zAf(m)’
meT
where AT(mm) is the structure function of the induced perfect
random walk. From (15), it is easy to show that [AT(m)| < 1.
Therefore, from (34), PT(0,0|z) can have no zeros inside
|z2| < 1. Thus, we conclude that Si (z) is holomorphic in
0 < |z|] < 1 and z = 1 is the only singularity on |z| =
1. So that p = 1. It remains now to find a comparison
function g(z) satisfying the properties stated in the Method
of Darboux. Let us set

L 3N? _
1—2z" g4 (N2(1+3¢N(1)) - 1)(1—2)

9(z) = (35)

Clearly, g(z) is holomorphic in 0 < |z| < p. In addition,
from (33), we have

f(z) —g(z) =o(1)  as

so f(z) — g(z) is continuous in 0 < |z| < p. Finally, the
last step is to expand g(z) in terms of power series close to
z =0, and then by applying relation (16), Result 1 follows.

217, (36)

C. REFERENCES

[1] I. F. Akyildiz, W. Su, Y. Sankarasubramaniam, and
E. Cayirci. Wireless sensor networks: a survey.
Comput. Netw., 38(4):393-422, 2002.

[2] S. Basagni, M. Conti, S. Giordano, and
I. Stojmenovic. Mobile ad hoc networking, pages
275-300. Wiley-IEEE Press, 2004.

[3] J. Broch, D. A. Maltz, D. B. Johnson, Y. Hu, and
J. Jetcheva. A performance comparison of multi-hop
wireless ad hoc network routing protocols. In In Proc.
Mobicom, pages 85-97, 1998.

[4] W. T. F. den Hollander and P. W. Kasteleyn. Random
walks on lattices with randomly distributed traps I.
The average number of steps until trapping. Jounal of
Statistical Physics, 37(3-4), 1984.

[5]) W. T. F. den Hollander and G. H. Weiss. Aspects of
trapping in statistical physics. Jounal of the Society
for Industrial and Applied Mathematics, 1994.

[6] A. Dvoretzky and P. Erdos. Some problems on
random walk in space. In Proc. of the Second Berkeley
Symposium on Mathematical Statistis and Probability,
1951.

[7] G. Froc, I. Mabrouki, and X. Lagrange. Design and
performance of wireless data gathering networks based

Digital Object Identifier: 10.4108/ICST.VALUETOOLS2009.7814
http://dx.doi.org/10.4108/ICST.VALUETOOLS2009.7814

[9]
[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

on unicast random walk routing. IEEE/ACM
Transactions on Networking, accepted for publication,
2008.

B. D. Hughes. Random walks and random
environments, volume 1. Oxford University Press, New
York, 1995.

N. Jain and S. Orey. On the range of random walk.
Israel Journal of Mathematics, 6, 1968.

S. K. Lando. Lectures on generating functions.
American Mathematical Society, USA, 2003.

I. Mabrouki, G. Froc, and X. Lagrange. On the data
delivery delay taken by random walks in wireless
sensor networks. In Proc. of the 2008 Fifth
International Conference on Quantitative Fvaluation
of Systems, pages 17-26. IEEE Computer Society,
2008.

F. Olver. Asymptotics and Special Functions, pages
309-312. Academic Press, New York, 1974.

G. Pdlya. Sur la promenade au hasard dans un réseau
de rues. Actualités Scientifiques et Industrielles, 734,
1938.

H. B. Rosenstock. Random walks with spontaneous
emission. Jounal of the Society for Industrial and
Applied Mathematics, 9(2):169-188, 1961.

H. B. Rosenstock. Luminescent emission from an
organic solid with traps. Physical Review,
187(3):1166-1168, Nov 1969.

F. Spitzer. Principles of random walks.
Springer—Verlag, New York, 2nd edition, 1976.

Z. Vincze, R. Vida, and A. Vidacs. Deploying multiple
sinks in multi-hop wireless sensor networks. In Proc.
of the IEEE International Conference on Pervasive
Services (ICPS’07), pages 55-63, 2007.

S. Wolfram. The Mathematica Book. Cambridge
University Press, New York, 4th edition, 1999.





