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Abstract— We present a non-cooperative game-theoreticap-
proach for the distributed resource allocation problemin the
context of multiple transmitters communicating with multiple
receivers through parallel independent &ding channds, which is
closely related with small-cell multi-u ser orthogonal frequency
division multiplexing (OFDM) networks, eg., Wi-Fi hotspots.
We assumethat all the transmitters are rational, selfish, and
each one carries the objective ofmaximizing its own transmit
rate, subject to its power constraint. In such a game-heoretic
study, the central questionis whether a Nash equilibrium (NE)
exists, and if so, whether the network operatesefficiently at the
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is “waterfilling” [7], [8], [9]. The multi-user verson of this
problem is a nornrconvex optimization problenthat may have
multiple locd optimal points [10], [11], [12]. To solve the
multi-userproblemin a centralizedvay, it requires a scheduler
to alocak the reurces which is similar to the multi-user
waterfilling problem [13] in multiple accesshannel (MAC).
This approachrequires a central computing resource with
perfect knowledge of the dannel state information (CSIT),
involving feedbackand oerhead commurication whose load

NE. We show, for independent fading channels, there almost Scalslinealy with the numker of transmitters andreceversin

surely exists a unique NE. Finally we present the behavior
of average network perbrmance at the NEthrough numerical
results, and we canpare the optimal centralized approach with
our decentralized approach.

|. INTRODUCTION

Consider a scenard tha multiple transmitters simultane-
ously sending informationto their recevers throughseveral in-
dependert channes or resources. Inthis paperwe will use the
example of smell-cell OFDM networks [1]. In suc a wireless
network, we assumetha multiple accesgoints (AP serve
asmell area(e.g., airports, restaurantsmilitary bases, haotels,
hospitak, libraries supemarlets, etc.), simultaneously com
muricating to several mobile terminas (MTs) using OFDM
overanumberof dedicatedsub-dannels. An N-carrier OFDM
systen [2] using a ¢yclic prefix or zero-paddig [3], [4] to
prevent inter-block interference is equivalent in the frequeny
doman to NV flat fading parallel tranmisson sub-tannels. In
this sceario, eachAP facesa problem of how to distribue the
total available power amongthese N downlink sub-channels
(subcariers or clustes of subcarriers), i.e., shoutl it alocate
its total power to a single sub-dannel, spreadthe power over
all the sub-tannels, or chocse sone subse of sub-channels
on which to transnit? Hee, we shdl emphagze that a similar
power allocation problemcan be mnsidered for the uplink
transmssbn where MTs arethe transmittes who decidetheir
transmit power strategies.

When this resource allocation posblem is consideredcen-
trally to maximizethe total achievable rate (correspondng to
Shanon capacity [5] when single user detectoris applied)
for the small-cell OFDM network, it is an oftenstudied opti-
mization problem.Given otherusers strategies, the problem
of how to maximize asingle use’s sum-rateover all the sub-
channelss a conex optimization problem[6], whos solution
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the network. To reduce the feedba& load, sekective multi-user
diversty algorithmshave beenintroducedin [14]. In contad
to centalized retworks, we study in this paper distributed
commurication solutions that require no centralized contol,
reducing the overheadaswell as the needfor a knowledgeabk
powerful scheluler to alocatenetwork resources

Now if eath AP independentlyallocaies the total power to
maximize its own total achievable rate, considering all other
users transmgsionsas noise, this problem can be studied
as a distributed non-cooperatt game[15 wherethe selfish
playersare the APswho “play” the game by choacsing ther
transmit power levels across sub-channelSlote that a selfish
player may notactas a good neighboto each other [16]and
in fad he doesnot care aboutny other player’s performance
neither the wholenetwork performance atll. Nash equili b-
ria[17], which we will formally definein Section Il butwhich
are, informally, the best mutual strategies a rational player
can playassiming that other players are alsorational (using
their own beststrategiesgiventheir information), areimportant
to study in sucha distributed non-cooperat game because
they represent thenatural outcomesin competitve games It is
worth to mentionthat two spedal caseof this game have been
studied in [18] and[10]. In [18], the &istence and uniquess
of NE were establishal for the two-player case In [10], the so
called symmeric waterfilling gamewas studiedthey assime,
for a setof subcarriersandrecavers,the cannel gainsfrom
al transmittersare the sane). They show that there rist an
infinite number (a continuum)f NE in thegame However, up
to now it is still not clearhow to charaderize the equilibrium
sd in the cas of genera independentfading channés with
multiple players. Thegoal of this paper is thereforeto address
this fundamenal problem.

The paper is organized in the following form: the problem
formulationis introducedin sectonl. In section Ill, we study
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the existenceof NE and we characterizeéhe NE set. We
shown in sectionlV the optimal centralizedapproachFinally,
somenumericalresultsare providedin sectionV followed by
conclusionsn sectionVI.

Il. SYSTEM MODEL

A. Communicatiormodel

Considera parallelGaussiarchannelqin particulay OFDM
systemwith M APs simultaneouslgendingnformationto N

MTs over N sub-channelsAssumethat eachsub-channel is

pre-assignedo a differentMT by a schedulerthereforeeach
MT detectsthe signalsonly onthe assignedgub-channelWe
also assumethat the channeltave block fading so that the
channelfading coeficients are constanturing the period d
eachtransmission blockWithin a giventransmission blocKet
G € RY XN (positive real M x N matrix) be the channegain

o The strategy set: {Py, ..
playerm is

.,’Pan}, where the stratgy of

N

n=1

o The utility or payoff functionset: {uy,...,un}, with
U (Pm, P—m) = R, expressedin (2), where p_,,
denoteghe power vectorof length (M — 1) N consisting
of elementsof p other than the m!* element,i.e.,

pfm = [p{/ . '7p%717p%+1a . '7PE]T'

[11. NASH EQUILIBRIUM
In sucha non-cooperatie setting,each playem acts self-
ishly, aiming to maximizeits own payoff, given othemplayes’
stratgjies and regardlessof the impact of its stratgy may

matrix whose(m, n) entryis g,,,», the magnitude-squared of ;)56 ‘o otherplayersand thus on the overall performance.

the fading channelgain onthe downlink channelfrom AP m
to MT n. We assumehat G is a random M x N matrix
with i.i.d. continuousentries(meaningthat eachentry g, ,
is independentjdentically and continuously distributeddue
to independenfading channels. Assumingthat signalsfrom
other APs are treatedas noise, the signal tointerferenceplus
noiseratio (SINR) of the signalfrom AP m to MT n is

gm,npm,n
0'2 + quém gj,npj,n
wherep,, , > 0 representshe power transmitted bythe m®"
AP on the n** sub-channelFor the sale of simplicity, we
assumethat thevarianceof white Gaussian noise? is the
samefor eachsub-channeh. The maximumachiezable sum-
ratefor AP m is given by[7]
N

Ym,n = (1)

Ry =Y log(1+%mn), ¥Ym )
n=1
EachAP m hasthe power constraint
N —
me,n S Pm-, Vm (3)
n=1

for P, >0, Vm.

B. Game model

Here,we considethe previously mentioned modelsanon-
cooperatre stratgic game. In this game, the goal of each
AP (player) m is to chooseits own power vector p,, =
[Pm.a---pm.n]T (Subject toits total power constraint(3))
to maximize the sum-rate R,,,. Let the long pawver vector
p=[pl,... ,pMT denotethe outcomeof the gamein terms
of transmission peer levels of all the M playerson N sub-
channels.We can completely describehis non-cooperatie
OFDM game as

g = [ M, {Pm}me/\/[ 7{Um}m€/v1 ] 4)
wherethe element®f the game are
o Theplayer set M ={1,...,M};
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The processof suchselfish behaors usually resultsin Nash
equilibrium, which represent& commonsolution conceptfor
non-cooperatie gametheoreticproblems[17].

Definition 3.1: A power vector p* is said to be a Nash
equilibriumif for everym € M,

*

Um (p:nv pfm) = Um (pm’ptm)
for all p,, € Py,..

(6)

From abow, it is clear that a NE simply representsa
particular“steady” statefor a system,in the sensethat, once
reachedno playerhasany motvation to unilaterally deiate
from it. In many casesNashequilibriarepresent theesultof
learningandevolution of all playersin a system.Thereforeg it
becomedundamentallyimportant to prediceind charactede
such point(s) fronthe system design perspeatiof wireless
networks. In the rest context of this paper we will focuson
characteringsuch point(s)in the power stratgly space.The
following questionsvill be addressed ori® one:1. DoesNE
exist in our game?2. Doesthere &ist a unique or multiple
NE points?3. How doesthe network behae atNE?

It is known that in generalNE point doesnot necessary
exist. Therefore, our first interest turnsto investicate the
existence and uniquenes$ NE in our game.

Lemma 3.2: ANashequilibrium existan OFDM gameg.

Proof: SinceP,, is conwx, closed,and boundedor each

m; U, (Pm,P—m) 1S continuousin both p,,, andp_,,; and
U (Pm, P—m) IS CONC&E in p,, for any setp_,,, at least
one Nashequilibrium pointexists for G [19], [20]. ]
Onee eistenceis establishedit is natural toconsiderthe
characterization ofthe equilibrium set. Ideally, we would
preferthereto be aunique equilibrium but unfortunatelythis
is not truefor many gameproblems[20]. A specific casef
our gameg, namelysymmetriovaterfilling games studiedin
[10], wherethe authors she infinite numberof NE existing
underthe assumption oéqualcrosstalkchannelcoeficients.
This impliesthat in generabur gameg doesnot have unique
equilibrium point.Neverthelessye will shav in thefollowing



context that there gists a single NEalmostsurelyfor random
channelgain matrix G with i.i.d. continuousentries.

For any playerm, given all other players’stratgiesp_,,,
the best-esponseower stratgy p,,, can befound bysolving
the following optimization problem,

MaX U (Pm,P-m)

s.t. me,n < Pm

n

Pmn > 0

()

which is a conex optimization, since the objective function
is concae in p,, andthe constrainset isconwex. Therefore,
the Karush-Kihn-Tucker (KKT) condition ofthe optimization
is suficientand necessaripr the optimality [6]. To derive the
KKT conditions,we form the Lagrangianfor each playern,

N
gm.npm n
Ly (P,A) =) log |1+ —
" ; 0%+ Zj;ém 9jnPj.n

N N
- >\m <Z pm,n - Pm) + Z Vm,npm,n~

n=1 n=1

The correspondind<KT conditionsare

Im,n

y - )\m + Vmm = 07 vn (8)
02 + Zj\il 9jinPjn
N
n=1

VmmnPm,n = 07 VTL, (lo)

where\,, > 0, Vm andv,, , > 0, Vm Vn aredual variables
associatedvith the constraintof limited powver and positve
power, respectiely. The solution to this problem is well-
known asthe waterfillingalgorithm[7], [8], [9]

+
1 U2 + i+m YjnlFjin
Pmmn = ()\ - ZJ# 9i.nbs > s Vn (11)

gm,.n
where ( = max{0,2} and ), satisfies

< 1 o’ + Zj;ém 9jnDjn

)\'ﬂl

x)t
N +
> ) =P, (12
n=1
Lemma 3.3:The following conditions are suficient and
necessanyfor the Nashequilibriumin OFDM gameg.

Im,n

Immn

- )"m + VUmn = 0, VYm Vn 13

02 + Zgjvil gj,npjm ’ ( )
N

Arm (Z Prn — Pm> =0, Vm (14)
n=1

VmnPmn =0, ¥Ym ¥n.  (15)

Proof: For a certainindex m, the single player KKT
conditions (8)-(10) are necessaryand sufiicient for the beg
response conditiorwith index m in (6). Therefore,as a
collection ofsingleplayerKKT conditionsfrom index 1 to M,
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(13)-(15)arenecessanandsuficient for all the bestresponse
conditionsin (6). ]
From (13), it is easyto obsere \,, > 0. Thenfrom (14),

we have

N

Zprn,n = P’rrm vm (16)

n=1
Note that (16) has an intuitive meaning:each playerat NE
must dedicateits total available power on all carriers,due to
their “selfish instinct”. However, it is still difficult to find the
analyticalsolution for (13)-(15), sincethe solutionform (11)
and(12) constructa system ofnonlinearequationsTheideato
simplify this problemis thereforeto considerlinear equations
instead ofnonlinearones,we thenintroduce anothetemma,
asfollows

Lemma 3.4: Br any realization of channel matrix G €
RN there existunique valuesof the Lagrange dual vari-
ables A and v for any Nash equilibrium of the game G.
Furthermoe, there is a unique vectos = [sy, ..., s,]7 sut
that any vectorp correspondingo a Nashequilibrium of the
gamesatisfies

M
Z gm,npm,n é Sn, vn
m=1

The proof can befound in AppendixA.

Now, let Z be the following (M + N) by M N matrix

7

Iy Iy Iy

T T

gj{ Oy 0%1

7= | Om ng o Oy
T AT

Ov Oy -+ g]]\}

(M+N)xMN

whereg,, is then!” column of G, I,; is the M by M identity
matrix, and 05, is zero \ector of length M. Let ¢ be the
following vector of length M + N
= = = T
Cc = [Pl Pg...P]u S1 SQ...SN]
Then,(16) and(17) can be writterin theform of linear matrix
equation

Zp =c. (18)

Definethe following sets:
X 2 {(m,n): v, =0},
N & {n: 3m suchthat (m,n) € X}.

From (15), if anindex (m,n) ¢ X we musthave p,, ,, = 0.
Without lossof generality we assumehat N = {1,..., N}
for N < N. Let Z bethe M + N by M N matrix formed
from the first M + N rows and first M N columnsof Z, p
is formed from the first M N elementsof p, andc¢ is formed
from the first M + N elementsof c, then any NE solution
must satisfy

Zp = ¢. (19)



Let Z bethe M+JST by |X| (the sizeof X) matrix formed
from the columnsof Z that correspondo the element®f X'.
Similarly, let p be the vectorof length|X| with the valuesof
Pm,n With (m,n) € X (andin the sameorderasthey werein
p)- Thenany NE solution mustsatisfy

Zp = é. (20)

Lemma 3.5: Br any realization ofrandom &annelmatrix
G Wit[l i.i.d. continuousentries,if MN > M + N, |X| <
M + N with probability 1.

Proof: Whenv,, , =0, from (8) we have

Am = Gmndn =0, Y(m,n) € X (21)
1

whered,, £ 745~ From Lemma 3.4, we know that all the
Nashequilibria mﬁstsatisfy (21), with the same),,, andd,,.
In (21), the numberof independent lineaequationsis ||,
while the numberof unknavn parameterss M + N (since
the restof d,, n ¢ N is known to bed, = ). It is
well known that thesolutionto the system oflinear equatiors
is the emptyset, if the numberof independenequationsis
largerthanthe numberof variables[21]. Sinceg,,, ,, is chosen
randomly from a continuousdistribution, it is obvious that,
with probability 1, the equationgn (21) areindependenfrom
each othertherefore,we musthave |X| < M + N. [ ]

Lenma 3.6:

1) If MN > M + N and |X| < M + N, rank(Z) = |X|
with probability 1.

2) If MN < M + N, rank(Z) = M N with probability 1.

Proof: We only give the proof forcasel) MN > M+N,
case2) MN < M+ N can beprovedin a similar way. Matrix
Z can betransformednto a 2 x 2 block matricesby applying
some elementargolumnandrow operationsasfollows,

Zcolu_’r}nn|: I, A ] column { I, 0, x¢,
Be xr Ceyxe, Be xr Ceyxe,
ﬂ{ IT p-rxgg }
051><T C§1><§2

wherer = min{M,N}, &, = M+ N —7> 7, & = |X|—7.
Cis a & x & matrix, where eachcolumn containsone or
two random \ariables,and eachrow containsat leastone
random \ariable. Again we cantransformC in row echelon
form, denotedas C,. Note that therank of C, is & with
probability 1, since eachleading coeficient of a row is a
random \ariableor the linearcombination oftwo continuousy
distributed random hariables. So, with probability 0, any
leading coeficient tales the value of 0. Therefore,we have
rank(Z) = 7 + & = |X| with probability 1. [

Theoem3.7: For anyrealization ofrandom tiannelmatrix
G with i.i.d. continuousentries, the OFDM game G has
exactlyone Nashequilibrium.

Proof: If MN > M+ N, we have from Lemma3.6that,

with probability 1,rank(Z) = |X|. Any NE mustsatisfy(20),
assumethat two differentpower stratgiesp andp’ are both
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solutionsto (20). Then Z (p —
theorem[21], sincethe rank o
its columns,this implies p — p’
be eactly one NE.

If MN < M + N, we have from Lemma 3.6 that, with
probability 1, thereis at mostone solutionto (19). Since any
NE must satisfy (19) and we know that thereis at leastone
NE solution,so the NE mustbe unique. [ |

) = 0. By the rank-nullity
is equal tothe numberof

N
fZ
= 0, which meangheremust

IV. PARETO OPTIMALITY

To measurehe inefficiency of Nashequilibrium, we con-
siderin this sectionthe Pareto boundaryor the total network
rate. The total network rate maximization problemcan be
formulatedas

M
Hgix Z U (P)

m=1

St > Pmm <P, m=1,...,M (22)

Pm.n > 0

which unfortunatelyis a difficult problem,sincethe objective
function in non-conex in p. However, a relaxation ofthis
optimization problem(see in [12]) can be considereds
a geometric programming problen{22], therefore,can be
transformedinto a conex optimization problem.A low
complity algorithm was proposedin [12] to solwe the
dual problem by updating duatariablesthrougha gradient
descent.Note that this approachenableus to find a tight
lower-boundfor the Pareto boundaryhat is suficient for the
performancemeasuremenpresentedn the next section.

V. NUMERICAL EVALUATION

In this part, numericalresultsare providedto demonstrate
the network performance at thainique Nashequilibrium
(outcomeof decentralized netarks). To be precise,we are
interestedin comparing the “averge total network rate”
(averageover the distribution of fading channelgains, and
we will usethe short term“total network rate” to represent it)
instead ofthe instantaneousne.We denoteby (M, N) this

pm,ngm,m

total network rate,
1+
< o? +Zj;émpj,ngj7">:|

M N
u(M,N) =Eg [Z > log

m=1n=1
As abasisfor comparisa, the Pareto-maximuntotal network
rate will also beprovided and consideredas a upper bound
for the decentralizedsettings.Parametersare selectedas the
numberof transmitterds M € [1, 25]; the numberof recevers
N takes seeral representate valuesas 5,10 and 15; the
power constraintof eachAP is P,, = 1, Vm; the variance
of additive white Gaussian noisis set toc? = 0.1 and 1,
respectiely.

Fig. 1 and Fig. 2 shaw the total network rate for o2 = 0.1

and 1, respectrely. As expected,the cunes of centralized




—%— N=15 (centralized)
—4A—— N=15 (decentralized)
—&— N=10 (centralized)
—— N=10 (decentralized)
—6— N=5 (centralized) .
N=5 (decentralized) | %

Total netowrk rate (bps/Hz)

a i i i
0 5 10 15 20 25
M - Total number of transmitters

Fig. 1. Total network rate, centralized vsdecentralizedg? = 0.1

—%— N=15 (centralized)
45| —#4— N=15 (decentralized) T
—+&— N=10 (centralized) Y
40| —*— N=10 (decentralized)
—=&— N=5 (centralized)
35 N=5 (decentralized)
g
3 30F a
Q 1]
=2
© o5l
g 25
X<
o
20
£
c
g 15F
o
2
10
5l
o i i i i
0 5 10 15 20 25

M - Total number of transmitters

Fig. 2. Total network rate, centralized vsdecentralizedg? = 1

networks always outperform the decentralized onesMore
preciously for a fixed numberof recevers N, asthe num-
ber of transmitters M increases,the performanceloss of
decentralized netarks (comparedto centralized netarks)
becomesmore and more apparernthis phenomenorcan be
easily understoods:whenthere are a greatnumberof selfish
players,the hostile competitioriurnsthe multi-usercomnuni-
cation systeminto an interference-limitedervironment,where
interferencebeagins to dominatethe performance diciency

In Fig. 1 and Fig. 2, we alsofind that thetotal network
rate of centralized netark is an increasingfunction of M
(for a fixed walue of N), and the total network rates of
decentralized netarks correspondingto Nash equilibrium
shav an increasingslope before diminishing and reaching
conwergence.For sometypical valuesof N, i.e., N = 5,10
and 15, in Fig. 1, when o2 = 0.1 the total network rate
of decentralized netarks are maximized approximatelyat
M = 4,9,14, respectiely; in Fig. 2, when ¢2 = 1 the
total network rate of decentralized neterks are maximized
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approximatelyat M = 6,11, 16, respectiely. It simply shavs

thatdifferentnoisevariance(in generalkchannelcondition)has
a different impacton the decentralized neterk performance.
This obseration is fundamentallyimportant for improving

the enegy efficieney in such a multi-user decentralized
network: for a given aea (given the numberof receiversN

and the curent channel condition), there existsan optimal
choice for the number of transmitters(denoted asM*) to

be put in the network.Roughly saying:when M > A*, the

network is overloadeddueto theincreaseof competition oer

limited spectrumresourceswhen M < M*, the network is

operatedat an unsatuated state,sincethe spectrumresources
arenot fully exploited.

V1. CONCLUSIONS AND FUTURE WORKS

In this paperwe describedthe scenario ofmultiple trans-
mitters communicatingwith multiple recevers throughinde-
pendentparallel sub-channelss a stratgic non-cooperatie
game. Each transmitteris modeledas a player in the game
who decides,in a distributed way, the stratgyy of how to
allocateits total power throughthesesub-channeldiVe studied
the eistence and uniquenessf Nash equilibrium which
represents naturaloutcomeof the game.For any realization
of a random channel matrix with i.i.d. continuousentries,
we proved that there rists almost surely a uniqgue Nash
equilibrium. This result isa fundamentalstepto understand
the resource allocatioronflictsin a decentralizedsmall-cell
multi-userOFDM network, and moreoer, it offers the possi-
bility to predict thenetwork performanceutcomesFinally, in
our simulationsresultswe shov how the arerageperformance
of the decentralized netark behaes, and we comparedit
with the centralized neterk. Future works shallfocuson the
scalinganalysisof the decentralized netark performance

APPENDIX

A. Proof of Lemma 3.4
Proof: Considera Nashequilibrium p € RY~*! (non-
negative realvectorof length M N), from Lemma3.3,we have
the following equation

p(p)+rv—A=0

where
91,1
02+Ejpj,lgj.1 V11 )\1
91,2 ’ )\
o2+)0pj195 V1,2 2
¢ (p) = : = = .
Yar.y VM,N Am

02+Z]‘pj,Ngy,N
Now, assumethat there rist two different Nash equilibria,
e.g..p’,p! (p’ # p!), thefollowing equation musalso hold

[(pl—po)T(po—pl)T] {zgg?;}r{ﬁ:;\?] =0 (23)

oT

B vy



from where wehave
a8 = (P —=p°)" ¢ () + (»° - p")" 4(p)

N M g
Z Z (pin,n _p%z,n) ot

2 Mo
n=1m=1 o°+ Zj:l P n9in

N M
+ Z Z (p'(r)n,n - p71n,n)

n=1m=1

Im,n
M
o2 + Zj:l p},ngj,n
M
p}n,n) [Zj:lngL (pg),n - pjl,n):|

M gm n p’rn ,n

>y

M
n=1m=1 (U2+23 1pJ nY97, ”L) (02+Zj:1pjl',n j,’n)

2
[Z;jvil 9jn (p.?,n - p}n)i|

M
(02 + ZJ 1p7 n9j, n) (02 + Zj=1 p},ngj}n)

and

any _ (pl - pO)T (1/0 - )\0) + (po - pl)T (Vl o )\1)
N

M
Z Z [(p}mn _p?n,n)( m n )‘O )]

n=1m=1
N M

3 [P0

n=1m=1

- p'}n,n)(y'rln n /\:n):l

N

M

m=1 n=1

(A =A%)

N
0
E Pmon
n=1
Py =P =0

N M
N 7=
>

n=1m=1

1 1 0
(pm,nl/m,n + pm,nl/m,n)

2

o

From above, we find that (23) holds if and onlyif the two
equalitiesare satisfied:a”3 = 0 and o~ = 0, which are
equialent tothe following two equationsfrespectiely:

M M
Z 9771,7Lp9n,n - Z gm,npyln,n = 0’ vn (24)
m=1 m=1

Pm.nVmm = pm,nygm,n = 0, VmVn (25)

First, from equation(24) one caneasily find that thevalue
of s, (=, 9m,nPm,n) 1S Uniquefor any Nashequilibrium
point. Secondfrom equation(16) we know thatfor any player
m there must be a (positive) power allocated ona certain
sub-channel’, e.g.,p}, ,, > 0, and we have two important
obsenations:

1) Using (15), we have p), .vp, ., =0= 1), ., =0,
2) Using (25), we have p)), , v}, . =0 = I/m o =0.
Then (13) yields
Im,n’
Moo=, ==Y 26
m m o2 + St ) m ( )
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which shaws that thedual variable A is uniquefor any Nash
equilibrium. Furthermorepy using(26) into (13), we derive

D

m,n m

gm,n _ 1 o gm,n _ Vl
02+ sp S ™
which confirms that thedual variablev is also uniquefor any
Nashequilibrium.

Finally, we concludehatboth Lagrangedualvariable and
v are unique for any Nashequilibrium in our gameg. This

completeshe proof. [ ]

Ym Vn
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