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Abstract— We present a non-cooperative game-theoreticap-
proach for the distributed resource allocation problem in the
context of mult iple transmitt ers communicating with mult iple
receivers through parallel independent fading channels, which is
closely related with small-cell multi-u ser orthogonal frequency
division mult iplexing (OFDM) networks, e.g., Wi-Fi hotspots.
We assumethat all the transmitt ers are rational, selfish, and
each one carries the objective ofmaximizing its own transmit
rate, subject to its power constraint. In such a game-theoretic
study, the central question is whether a Nash equilibrium (NE)
exists, and if so, whether the network operatesefficiently at the
NE. We show, for independent fading channels, there almost
surely exists a unique NE. Finally we present the behavior
of average network performance at the NE through numerical
results, and we compare the optimal centralized approach with
our decentralized approach.

I. I NTRODUCTION

Consider a scenario that multiple transmitters simultane-
ously sending informationto their receivers throughseveral in-
dependent channels or resources. In this paperwe will use the
example of small -cell OFDM networks [1]. In such a wireless
network, we assumethat multiple accesspoints (APs) serve
a small area(e.g., airports, restaurants,military bases, hotels,
hospitals, libraries, supermarkets, etc.), simultaneously com-
municating to several mobile terminals (MTs) using OFDM
overanumberof dedicatedsub-channels. An N -carrier OFDM
system [2] using a cyclic prefix or zero-padding [3], [4] to
prevent inter-block interference is equivalent in the frequency
domain to N flat fading parallel transmission sub-channels. In
this scenario, eachAP facesa problem of how to distribute the
total available power amongtheseN downlink sub-channels
(subcarriers or clusters of subcarriers), i.e., should it allocate
its total power to a single sub-channel, spreadthe power over
all the sub-channels, or choose some subset of sub-channels
on which to transmit? Here, we shall emphasize that a similar
power allocation problemcan be considered for the uplink
transmission where MTs arethe transmitters who decidetheir
transmit power strategies.

When this resource allocation problem is consideredcen-
trally to maximizethe total achievable rate (corresponding to
Shannon capacity [5] when single user detector is applied)
for the small-cell OFDM network, it is an oftenstudied opti-
mization problem.Given otherusers’ strategies, the problem
of how to maximize asingle user’s sum-rateover all the sub-
channelsis a convex optimization problem[6], whose solution

is “waterfilling” [7], [8], [9]. The multi-user version of this
problem is a non-convex optimization problemthat may have
multiple local optimal points [10], [11], [12]. To solve the
multi-userproblem in a centralizedway, it requires ascheduler
to allocate the resources, which is similar to the multi -user
waterfilling problem [13] in multiple accesschannel (MAC).
This approachrequires a central computing resource with
perfect knowledge of the channel state information (CSIT),
involving feedbackand overheadcommunication whose load
scales linearly with thenumber of transmitters andreceivers in
thenetwork. To reduce the feedback load,selective multi-user
diversity algorithmshave beenintroduced in [14]. In contrast
to centralized networks, we study in this paper distributed
communication solutions that require no centralized control,
reducing theoverheadaswell as the needfor a knowledgeable
powerful scheduler to allocatenetwork resources.

Now if each AP independentlyallocates the total power to
maximize its own total achievable rate, considering all other
users’ transmissionsas noise, this problem can bestudied
as a distributed non-cooperative game[15] wherethe selfish
playersare the APswho “play” the game by choosing their
transmit power levels across sub-channels.Note that a selfish
playermay notactas a good neighborto each other [16],and
in fact he doesnot care aboutany other player’s performance
neither the wholenetwork performance atall. Nash equili b-
ria [17], which we will formally definein Section III butwhich
are, informally, the best mutual strategies a rational player
can playassuming that other players are alsorational (using
their own beststrategiesgiventheir information), areimportant
to study in sucha distributed non-cooperative gamebecause
they represent thenatural outcomesin competitive games. It is
worth to mentionthat two special casesof this gamehave been
studied in [18] and[10]. In [18], the existence and uniqueness
of NE were established for the two-player case. In [10], theso
called symmetric waterfilli ng gamewas studied(they assume,
for a setof subcarriersand receivers, the channel gains from
all transmittersare the same). They show that there exist an
infinite number (a continuum)of NE in thegame. However,up
to now it is still not clearhow to characterize the equilibrium
set in the case of general independentfading channels with
multiple players. Thegoal of this paper is thereforeto address
this fundamental problem.

The paper is organized in the following form: the problem
formulationis introducedin section II. In section III, we study
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the existence of NE and we characterizethe NE set. We
shown in sectionIV theoptimalcentralizedapproach.Finally,
somenumericalresultsareprovidedin sectionV followed by
conclusionsin sectionVI.

II . SYSTEM MODEL

A. Communicationmodel

Considera parallelGaussianchannels(in particular, OFDM
system)with M APs simultaneouslysendinginformationto N
MTs over N sub-channels.Assumethat eachsub-channel is
pre-assignedto a different MT by a scheduler, therefore,each
MT detectsthe signalsonly on the assignedsub-channel.We
also assumethat the channelshave block fading so that the
channelfading coefficients are constantduring the period of
eachtransmission block.Within agiventransmission block, let
G ∈ R

M×N
++ (positive realM×N matrix) bethe channelgain

matrix whose(m,n) entry is gm,n, the magnitude-squared of
the fadingchannelgain onthe downlink channelfrom AP m
to MT n. We assumethat G is a randomM × N matrix
with i.i.d. continuousentries(meaningthat eachentry gm,n

is independent,identically and continuously distributed) due
to independentfading channels.Assumingthat signalsfrom
otherAPs are treatedasnoise,the signal tointerferenceplus
noiseratio (SINR) of the signal from AP m to MT n is

γm,n =
gm,npm,n

σ2 +
∑

j 6=m gj,npj,n

(1)

wherepm,n ≥ 0 representsthe power transmitted bythe mth

AP on the nth sub-channel.For the sake of simplicity, we
assumethat thevarianceof white Gaussian noiseσ2 is the
samefor eachsub-channeln. The maximumachievablesum-
rate for AP m is given by [7]

Rm =
N∑

n=1

log (1 + γm,n) , ∀m (2)

EachAP m hasthe power constraint

N∑

n=1

pm,n ≤ P̄m, ∀m (3)

for P̄m > 0, ∀m.

B. Game model

Here,we considerthepreviously mentioned modelasanon-
cooperative strategic game. In this game, the goal of each
AP (player) m is to chooseits own power vector pm =
[pm,1 . . . pm,N ]T (subject to its total power constraint (3))
to maximize the sum-rateRm. Let the long power vector
p =

[
pT

1 , . . . ,pT
M

]T
denotetheoutcomeof thegamein terms

of transmission power levels of all the M playerson N sub-
channels.We can completely describethis non-cooperative
OFDM game as

G ,
[
M, {Pm}m∈M , {um}m∈M

]
(4)

wherethe elementsof the game are
• Theplayer set:M = {1, . . . ,M};

• The strategy set: {P1, . . . ,PM}, where the strategy of
playerm is

Pm =

{

pm : pm,n ≥ 0,∀n,

N∑

n=1

pm,n ≤ P̄m

}

; (5)

• The utility or payoff functionset: {u1, . . . , uM}, with
um (pm,p−m) = Rm expressedin (2), where p−m

denotesthe power vectorof length(M − 1)N consisting
of elementsof p other than the mth element, i.e.,
p−m = [pT

1 , . . . ,pT
m−1,p

T
m+1, . . . ,p

T
M ]T .

III . NASH EQUILIBRIUM

In sucha non-cooperative setting,each playerm acts self-
ishly, aiming to maximizeits own payoff,given otherplayers’
strategies and regardlessof the impact of its strategy may
have on otherplayersand thus on the overall performance.
The processof suchselfish behaviors usually resultsin Nash
equilibrium,which representsa commonsolutionconceptfor
non-cooperative gametheoreticproblems[17].

Definition 3.1: A power vector p? is said to be a Nash
equilibrium if for everym ∈ M,

um

(
p?

m,p?
−m

)
≥ um

(
pm,p?

−m

)
(6)

for all pm ∈ Pm.

From above, it is clear that a NE simply representsa
particular“steady” statefor a system,in the sensethat, once
reached,no playerhasany motivation to unilaterally deviate
from it. In manycases,Nashequilibria represent theresultof
learningandevolution of all playersin a system.Therefore, it
becomesfundamentallyimportant to predictand characterize
such point(s) fromthe system design perspective of wireless
networks. In the rest context of this paper, we will focus on
characteringsuch point(s)in the power strategy space.The
following questionswill be addressed oneby one:1. DoesNE
exist in our game?2. Does there exist a uniqueor multiple
NE points?3. How doesthe network behave atNE?

It is known that in generalNE point doesnot necessary
exist. Therefore, our first interest turnsto investigate the
existence and uniquenessof NE in our game.

Lemma 3.2: ANashequilibrium existsin OFDM gameG.

Proof: SincePm is convex, closed,and boundedfor each
m; um (pm,p−m) is continuousin both pm and p−m; and
um (pm,p−m) is concave in pm for any set p−m, at least
one Nashequilibrium pointexists for G [19], [20].

Once existenceis established,it is natural toconsiderthe
characterization ofthe equilibrium set. Ideally, we would
preferthereto be aunique equilibrium,but unfortunatelythis
is not truefor many gameproblems[20]. A specific caseof
our gameG, namelysymmetricwaterfilling gameis studiedin
[10], wherethe authors show infinite numberof NE existing
underthe assumption ofequalcrosstalkchannelcoefficients.
This implies that in generalour gameG doesnot have unique
equilibrium point.Nevertheless,we will show in thefollowing
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context that there existsa single NEalmostsurelyfor random
channelgain matrixG with i.i.d. continuousentries.

For any playerm, given all other players’ strategiesp−m,
the best-responsepower strategy pm can befound bysolving
the following optimization problem,

max
pm

um (pm,p−m)

s.t.
∑

n

pm,n ≤ P̄m (7)

pm,n ≥ 0

which is a convex optimization,since the objective function
is concave in pm andthe constraintset isconvex. Therefore,
the Karush-Kuhn-Tucker (KKT) condition oftheoptimization
is sufficient and necessaryfor theoptimality [6]. To derive the
KKT conditions,we form the Lagrangianfor each playerm,

Lm (p, λ) =

N∑

n=1

log

(

1 +
gm,npm,n

σ2 +
∑

j 6=m gj,npj,n

)

− λm

(
N∑

n=1

pm,n − P̄m

)

+

N∑

n=1

νm,npm,n.

The correspondingKKT conditionsare
gm,n

σ2 +
∑M

j=1 gj,npj,n

− λm + νm,n = 0, ∀n (8)

λm

(
N∑

n=1

pm,n − P̄m

)

= 0 (9)

νm,npm,n = 0, ∀n, (10)

whereλm ≥ 0, ∀m andνm,n ≥ 0, ∀m ∀n aredual variables
associatedwith the constraintsof limited power and positive
power, respectively. The solution to this problem is well-
known as the waterfillingalgorithm[7], [8], [9]

pm,n =

(

1

λm

−
σ2 +

∑

j 6=m gj,npj,n

gm,n

)+

, ∀n (11)

where(x)+ = max{0, x} andλm satisfies

N∑

n=1

(

1

λm

−
σ2 +

∑

j 6=m gj,npj,n

gm,n

)+

= P̄m. (12)

Lemma 3.3:The following conditions are sufficient and
necessaryfor the Nashequilibrium in OFDM gameG.

gm,n

σ2 +
∑M

j=1 gj,npj,n

− λm + νm,n = 0, ∀m ∀n (13)

λm

(
N∑

n=1

pm,n − P̄m

)

= 0, ∀m (14)

νm,npm,n = 0, ∀m ∀n. (15)

Proof: For a certainindex m, the single player KKT
conditions(8)-(10) are necessaryand sufficient for the best
response conditionwith index m in (6). Therefore, as a
collection ofsingleplayerKKT conditionsfrom index 1 to M ,

(13)-(15)arenecessaryandsufficient for all the bestresponse
conditionsin (6).

From (13), it is easyto observe λm > 0. Then from (14),
we have

N∑

n=1

pm,n = P̄m, ∀m (16)

Note that (16) has an intuitive meaning:each playerat NE
must dedicateits total available power on all carriers,due to
their “selfish instinct”. However, it is still difficult to find the
analyticalsolution for (13)-(15),sincethe solution form (11)
and(12)constructasystem ofnonlinearequations.Theideato
simplify this problemis thereforeto considerlinear equations
instead ofnonlinearones,we then introduce anotherlemma,
as follows

Lemma 3.4: For any realization of channel matrix G ∈
R

M×N
++ , there existunique valuesof the Lagrange dual vari-

ables λ and ν for any Nash equilibrium of the game G.
Furthermore, there is a unique vectors = [s1, . . . , sn]T such
that any vectorp correspondingto a Nashequilibrium of the
gamesatisfies

M∑

m=1

gm,npm,n , sn, ∀n. (17)

The proof can befound in AppendixA.
Now, let Z be the following (M + N) by MN matrix

Z =










IM IM · · · IM

gT
1 0T

M · · · 0T
M

0T
M gT

2 · · · 0T
M

...
...

. ..
...

0T
M 0T

M · · · gT
N










(M+N)×MN

wheregn is thenth column ofG, IM is theM by M identity
matrix, and 0M is zero vector of length M . Let c be the
following vectorof lengthM + N

c =
[
P̄1 P̄2 . . . P̄M s1 s2 . . . sN

]T

Then,(16) and(17) can be writtenin theform of linear matrix
equation

Zp = c. (18)

Define the following sets:

X , {(m,n) : νm,n = 0},

N , {n : ∃m suchthat (m,n) ∈ X}.

From (15), if an index (m,n) /∈ X we must have pm,n = 0.
Without lossof generality, we assumethat N = {1, . . . , Ñ}
for Ñ ≤ N . Let Z̃ be the M + Ñ by MÑ matrix formed
from the first M + Ñ rows and first MÑ columnsof Z, p̃

is formedfrom the first MÑ elementsof p, and c̃ is formed
from the first M + Ñ elementsof c, then any NE solution
mustsatisfy

Z̃p̃ = c̃. (19)
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Let Ẑ be the M + Ñ by |X | (the sizeof X ) matrix formed
from the columnsof Z̃ that correspondto the elementsof X .
Similarly, let p̂ be the vectorof length |X | with the valuesof
pm,n with (m,n) ∈ X (andin the sameorderasthey werein
p). Thenany NE solution mustsatisfy

Ẑp̂ = c̃. (20)

Lemma 3.5: For any realization ofrandom channelmatrix
G with i.i.d. continuousentries, if MÑ > M + Ñ , |X | ≤
M + Ñ with probability 1.

Proof: Whenνm,n = 0 , from (8) we have

λm − gm,ndn = 0, ∀(m,n) ∈ X (21)

wheredn , 1
σ2+sn

. From Lemma 3.4, we know that all the
Nashequilibria must satisfy (21), with the sameλm anddn.
In (21), the numberof independent linearequationsis |X |,
while the numberof unknown parametersis M + Ñ (since
the rest of dn, n /∈ N is known to be dn = 1

σ2 ). It is
well known that thesolutionto the system oflinear equations
is the emptyset, if the numberof independentequationsis
larger thanthenumberof variables[21]. Sincegm,n is chosen
randomly from a continuousdistribution, it is obvious that,
with probability1, the equationsin (21) areindependentfrom
each other, therefore,we musthave |X | ≤ M + Ñ .

Lemma 3.6:

1) If MÑ > M + Ñ and |X | ≤ M + Ñ , rank(Ẑ) = |X |
with probability 1.

2) If MÑ ≤ M + Ñ , rank(Z̃) = MÑ with probability 1.

Proof: Weonly give theproof forcase1) MÑ > M+Ñ ,
case2) MÑ ≤ M +Ñ can beprovedin a similar way. Matrix
Ẑ can betransformedinto a 2×2 block matrices,by applying
some elementarycolumnandrow operations,as follows,

Ẑ
column
−→

[
Iτ Aτ×ξ2

Bξ1×τ Cξ1×ξ2

]

column
−→

[
Iτ 0τ×ξ2

Bξ1×τ Ĉξ1×ξ2

]

row
−→

[
Iτ 0τ×ξ2

0ξ1×τ Ĉξ1×ξ2

]

whereτ = min{M, Ñ}, ξ1 = M + Ñ − τ ≥ τ, ξ2 = |X |− τ .
Ĉ is a ξ1 × ξ2 matrix, where eachcolumn containsone or
two random variables,and each row containsat leastone
random variable.Again we cantransformĈ in row echelon
form, denotedas Ĉr. Note that the rank of Ĉr is ξ2 with
probability 1, since eachleading coefficient of a row is a
random variableor thelinearcombination oftwo continuously
distributed random variables. So, with probability 0, any
leading coefficient takes the value of 0. Therefore,we have
rank(Ẑ) = τ + ξ2 = |X | with probability 1.

Theorem3.7: For any realization ofrandom channelmatrix
G with i.i.d. continuousentries, the OFDM game G has
exactlyoneNashequilibrium.

Proof: If MÑ > M +Ñ , we have from Lemma3.6 that,
with probability 1,rank(Ẑ) = |X |. Any NE mustsatisfy(20);
assumethat two differentpower strategies p̂ and p̂′ areboth

solutionsto (20). Then Ẑ (p̂ − p̂′) = 0. By the rank-nullity
theorem[21], sincethe rank of Ẑ is equal tothe numberof
its columns,this implies p̂− p̂′ = 0, which meanstheremust
be exactly one NE.

If MÑ ≤ M + Ñ , we have from Lemma 3.6 that, with
probability 1, thereis at mostonesolutionto (19). Since any
NE must satisfy (19) and we know that thereis at leastone
NE solution,so the NEmustbe unique.

IV. PARETO OPTIMALITY

To measurethe inefficiency of Nashequilibrium, we con-
sider in this sectionthe Pareto boundaryfor the total network
rate. The total network rate maximization problemcan be
formulatedas

max
pm

M∑

m=1

um (p)

s.t.
∑

m

pm,n ≤ P̄m, m = 1, . . . ,M (22)

pm,n ≥ 0

which unfortunatelyis a difficult problem,sincethe objective
function in non-convex in p. However, a relaxation of this
optimization problem(see in [12]) can be consideredas
a geometric programming problem[22], therefore,can be
transformed into a convex optimization problem.A low
complexity algorithm was proposed in [12] to solve the
dual problem by updating dualvariablesthrough a gradient
descent.Note that this approachenableus to find a tight
lower-bound for the Pareto boundarythat is sufficient for the
performancemeasurementpresentedin the next section.

V. NUMERICAL EVA LUATION

In this part, numericalresultsare providedto demonstrate
the network performance at theunique Nashequilibrium
(outcomeof decentralized networks). To be precise,we are
interested in comparing the “average total network rate”
(averageover the distribution of fading channelgains, and
we will usetheshort term“total network rate” to represent it)
instead ofthe instantaneousone.We denoteby ū(M,N) this
total network rate,

ū(M,N) = EG

[
M∑

m=1

N∑

n=1

log

(

1 +
pm,ngm,n

σ2 +
∑

j 6=m pj,ngj,n

)]

As a basisfor comparison, thePareto-maximumtotal network
rate will also beprovided and consideredas a upper bound
for the decentralizedsettings.Parametersare selectedas: the
numberof transmittersis M ∈ [1, 25]; thenumberof receivers
N takes several representative values as 5, 10 and 15; the
power constraintof eachAP is P̄m = 1, ∀m; the variance
of additive white Gaussian noiseis set toσ2 = 0.1 and 1,
respectively.

Fig. 1 andFig. 2 show the total network rate for σ2 = 0.1
and 1, respectively. As expected,the curves of centralized

Digital Object Identifier: 10.4108/ICST.VALUETOOLS2009.7900 
http://dx.doi.org/10.4108/ICST.VALUETOOLS2009.7900 



0 5 10 15 20 25
0

10

20

30

40

50

60

70

80

90

M − Total number of transmitters

T
ot

al
 n

et
ow

rk
 r

at
e 

(b
ps

/H
z)

 

 
N=15 (centralized)
N=15 (decentralized)
N=10 (centralized)
N=10 (decentralized)
N=5 (centralized)
N=5 (decentralized)

Fig. 1. Total network rate,centralized vs. decentralized,σ2
= 0.1

0 5 10 15 20 25
0

5

10

15

20

25

30

35

40

45

M − Total number of transmitters

T
ot

al
 n

et
w

or
k 

ra
te

 (
bp

s/
H

z)

 

 
N=15 (centralized)
N=15 (decentralized)
N=10 (centralized)
N=10 (decentralized)
N=5 (centralized)
N=5 (decentralized)

Fig. 2. Total network rate,centralized vs. decentralized,σ2
= 1

networks always outperform the decentralized ones.More
preciously, for a fixed numberof receivers N , as the num-
ber of transmittersM increases,the performanceloss of
decentralized networks (comparedto centralized networks)
becomesmore and more apparent.This phenomenoncan be
easily understoodas:whenthere are a greatnumberof selfish
players,thehostile competitionturns the multi-usercommuni-
cation systeminto an interference-limitedenvironment,where
interferencebegins to dominatethe performance efficiency.

In Fig. 1 and Fig. 2, we alsofind that thetotal network
rate of centralized network is an increasingfunction of M
(for a fixed value of N ), and the total network rates of
decentralized networks correspondingto Nash equilibrium
show an increasingslope before diminishing and reaching
convergence.For sometypical valuesof N , i.e., N = 5, 10
and 15, in Fig. 1, when σ2 = 0.1 the total network rate
of decentralized networks are maximized approximatelyat
M = 4, 9, 14, respectively; in Fig. 2, when σ2 = 1 the
total network rate of decentralized networks are maximized

approximatelyat M = 6, 11, 16, respectively. It simply shows
thatdifferentnoisevariance(in generalchannelcondition)has
a different impacton the decentralized network performance.
This observation is fundamentallyimportant for improving
the energy efficiency in such a multi-user decentralized
network: for a given area (given the numberof receiversN
and the current channel condition), there existsan optimal
choice for the number of transmitters(denoted asM?) to
be put in the network.Roughly saying:when M > M?, the
network is overloadeddueto the increaseof competition over
limited spectrumresources;when M < M?, the network is
operatedat an unsaturatedstate,sincethe spectrumresources
arenot fully exploited.

VI . CONCLUSIONS AND FUTURE WORKS

In this paperwe describedthe scenario ofmultiple trans-
mitters communicatingwith multiple receivers throughinde-
pendentparallel sub-channelsas a strategic non-cooperative
game.Each transmitteris modeledas a player in the game
who decides,in a distributed way, the strategy of how to
allocateits total power throughthesesub-channels.We studied
the existence and uniquenessof Nash equilibrium which
representsa naturaloutcomeof the game.For any realization
of a random channelmatrix with i.i.d. continuousentries,
we proved that there exists almost surely a unique Nash
equilibrium. This result is a fundamentalstep to understand
the resource allocationconflicts in a decentralizedsmall-cell
multi-userOFDM network, and moreover, it offers the possi-
bility to predict thenetwork performanceoutcomes.Finally, in
our simulationsresults,we show how the averageperformance
of the decentralized network behaves, and we comparedit
with the centralized network. Future works shallfocuson the
scalinganalysisof the decentralized network performance.

APPENDIX

A. Proof of Lemma 3.4
Proof: Considera Nashequilibrium p ∈ R

MN×1
+ (non-

negative realvectorof lengthMN ), from Lemma3.3,wehave
the following equation

φ (p) + ν − λ = 0

where

φ (p) =









g1,1

σ2+
∑

j
pj,1gj,1

g1,2

σ2+
∑

j
pj,1gj,1

...
gM,N

σ2+
∑

j
pj,N gj,N









ν =








ν1,1

ν1,2

...
νM,N








λ =








λ1

λ2

...
λM








Now, assumethat there exist two different Nash equilibria,
e.g.,p0,p1 (p0 6= p1), the following equation mustalso hold

[
(
p1 − p0

)T (
p0 − p1

)T
]

︸ ︷︷ ︸

αT








[
φ
(
p0
)

φ
(
p1
)

]

︸ ︷︷ ︸

β

+

[
ν0 − λ0

ν1 − λ1

]

︸ ︷︷ ︸

γ








= 0 (23)
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from where wehave

αT β =
(
p1 − p0

)T
φ
(
p0
)

+
(
p0 − p1

)T
φ(p1)

=

N∑

n=1

M∑

m=1

[

(
p1

m,n − p0
m,n

) gm,n

σ2 +
∑M

j=1 p0
j,ngj,n

]

+

N∑

n=1

M∑

m=1

[

(
p0

m,n − p1
m,n

) gm,n

σ2 +
∑M

j=1 p1
j,ngj,n

]

=
N∑

n=1

M∑

m=1

gm,n

(
p0

m,n − p1
m,n

)[∑M
j=1gj,n

(
p0

j,n − p1
j,n

)]

(

σ2+
∑M

j=1 p0
j,ngj,n

)(

σ2+
∑M

j=1 p1
j,ngj,n

)

=
N∑

n=1

[
∑M

j=1 gj,n

(
p0

j,n − p1
j,n

)]2

(

σ2 +
∑M

j=1 p0
j,ngj,n

)(

σ2 +
∑M

j=1 p1
j,ngj,n

)

≥ 0

and

αT γ =
(
p1 − p0

)T (
ν0 − λ0

)
+ (p0 − p1)T

(
ν1 − λ1

)

=
N∑

n=1

M∑

m=1

[
(p1

m,n − p0
m,n)(ν0

m,n − λ0
m)
]

+

N∑

n=1

M∑

m=1

[
(p0

m,n − p1
m,n)(ν1

m,n − λ1
m)
]

=

M∑

m=1









(
N∑

n=1

p1
m,n −

N∑

n=1

p0
m,n

)

︸ ︷︷ ︸

P̄m−P̄m=0

(λ1
m − λ0

m)









+

N∑

n=1

M∑

m=1

(
p0

m,nν1
m,n + p1

m,nν0
m,n

)

=
N∑

n=1

M∑

m=1

(
p0

m,nν1
m,n + p1

m,nν0
m,n

)

≥ 0

From above, we find that (23) holds if and only if the two
equalitiesare satisfied:αT β = 0 and αT γ = 0, which are
equivalent tothe following two equations,respectively:

M∑

m=1

gm,np0
m,n −

M∑

m=1

gm,np1
m,n = 0, ∀n (24)

p0
m,nν1

m,n = p1
m,nν0

m,n = 0, ∀m ∀n (25)

First, from equation(24) one caneasily find that thevalue
of sn (=

∑

m gm,npm,n) is uniquefor any Nashequilibrium
point.Second,from equation(16) we know thatfor any player
m there must be a (positive) power allocated ona certain
sub-channeln′, e.g.,p0

m,n′ > 0, and we have two important
observations:

1) Using (15), we have p0
m,n′ν0

m,n′ = 0 ⇒ ν0
m,n′ = 0.

2) Using (25), we have p0
m,n′ν1

m,n′ = 0 ⇒ ν1
m,n′ = 0.

Then(13) yields

λ0
m = λ1

m = −
gm,n′

σ2 + sn′

, ∀m (26)

which shows that thedual variableλ is uniquefor any Nash
equilibrium. Furthermore,by using(26) into (13), we derive

ν0
m,n = λ0

m −
gm,n

σ2 + sn

= λ1
m −

gm,n

σ2 + sn

= ν1
m,n, ∀m ∀n

which confirms that thedual variableν is also uniquefor any
Nashequilibrium.

Finally, we concludethatbothLagrangedualvariableλ and
ν are uniquefor any Nashequilibrium in our gameG. This
completesthe proof.
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