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Abstract. We introduce and characterize new stability notions in bar-
gaining games over networks. Similar results were already known for net-
works induced by simple graphs, and for bargaining games whose under-
lying combinatorial optimization problems are packing-type. Our results
are threefold. First, we study bargaining games whose underlying combi-
natorial optimization problems are covering-type. Second, we extend the
study of stability notions when the networks are induced by hypergraphs,
and we further extend the results to fully weighted instances where the
objects that are negotiated have non-uniform value among the agents.
Third, we introduce and characterize new stability notions that are nat-
urally derived by polyhedral combinatorics and duality theory for Linear
Programming. Interestingly, these new stability notions admit intuitive
interpretations touching on socially-aware agents. Overall, our contribu-
tions are meant to identify natural and desirable bargaining outcomes as
well as to characterize powerful positions in bargaining networks.

Keywords: Bargaining + Stable outcomes - Hypergraphs -
Linear Programming

1 Introduction

Consider a set of agents, each of them demanding to receive a certain amount of
service which can be offered by a number of available service providers. Choosing
a specific service provider incurs some publicly known cost and serves a specific
subset of the agents, possibly incurring different satisfaction to each of them.
How would agents negotiate the cost distribution among them so as to agree
on a global solution satisfying the demands of every player? Are there specific
outcomes in which the cost of the services is fully covered by the agents, as well
as agents’ payment contributions are considered “fair”? We model this question
as a General Covering Bargaining Game, and we characterize the existence of
natural “fair” (or stable) outcomes. Our results are extensions to known stability
notions for “Packing-Type Bargaining Games” in which the underlying graphs
are simple, and agents treat all services (contracts) uniformly. Our findings fur-
ther allow us to introduce and characterize new natural and relaxed notions of
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stability (fair outcomes), whose interpretation is associated with socially-aware
agents.

1.1 Related Work

Bargaining in networks has been studied extensively and for a long time, both in
economics (as cooperative games) and sociology (as network exchange theory).
The focus in economics has been the study of resource distributions (e.g. for two-
sided markets [27,28]), while in sociology the objective has been to understand
the behaviour of agents who interact aiming to form relations of mutual benefit.
For example, consider a primitive model, in which two players negotiate as to
how to share the profit, say of 1, of a commonly required service. Given that each
of them has outside option o and 3, the so-called Nash bargaining solution [25]
introduces the notion of a “fair” outcome in which each player receives her
outside option and the surplus 1 — « — (3 is divided evenly between the players.

As in the example above, the study of bargaining games entails the refinement
of solution concepts with respect to notions of “fairness”. Two such key notions
are that of stability and balance. At a high level, an outcome is stable if the
utility of every agent is at least as good as her outside option, i.e. the best
utility an agent could have by deviating from a current agreement, say with
another player, and by forming a new agreement. Balanced solutions were first
introduced in [11,27], and are a generalization of the Nash bargaining solution
to networks. Interestingly, balanced solutions have been shown to agree with
experimental results [30], however the focus of the current work is only on stable
outcomes.

The framework of network bargaining games that we use in this work was first
introduced by Kleinberg and Tardos in [22]. Their focus was a basic packing-type
problem (matching), in which each agent could form up to one contract with a
neighbour over a network (induced by a simple graph). Among others, Kleinberg
and Tardos showed that such games have balanced solutions whenever they have
stable solutions, and that (as we do in this work) the existence of stable solution
is characterized by the integrality of a basic linear program relaxation for the
associated combinatorial optimization problem (i.e. if a linear program has no
discrepancy when compared to the exact but primitive integer program for the
problem). Later, Bateni et al. [2] extended the work of [22] to bipartite (still
simple) graphs in which some agents can engage in more than one contracts.
Moreover, they showed that stable outcomes correspond to allocations in the
core of the underlying coalition game, exhibiting this was a link between network
bargaining (in matching and assignment games, previously studied in [8,12,13,
18,28]) and cooperative game theory. More recently, Farczadi et al. [15] extended
the results of the Kleinberg-Tardos model for networks with agents with general
capacities, see also [19]. Relevant to our work is also [16] which considered again
packing-type (matching) problems in which agents can bargain over a network
from distance.

Variations of bargaining games have been studied extensively over the last
decade. In [21] authors studied network bargaining games with general capacities.
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Local dynamics in network bargaining games have been considered in [1,5,14]. [6]
and [7] considered packing-type bargaining games with no capacity constraints,
but with agents’ utilities being nonlinear. [3] considered a local dynamical model
of a one-sided exchange network (market) with transferable utilities and studied
the dynamics of bargaining in such a market. In [9], the authors introduced
alternative models for network bargaining based on instances with no stable
outcomes, and in which players are both the negotiators and the negotiated
objects. Finally, when bargaining instances do not admit stable solutions, the
problem of minimally modifying the graph so as to inject stability was studied
in [4,20].

1.2 Our Contributions and Paper Organization

In this paper we follow the techniques and further generalize part of the work of
[2,15,22]. The common underlying bargaining games in these results pertained
to a specific packing-type problem (matching), defined over simple graphs (play-
ers interactions were only binary), and where the subject of bargaining had a
uniform value for all agents (contracts were worth the same to all agents). In
contrast, we study covering-type games, where agents are competing to receive
services, and we provide, as in the previous papers, a characterization of the
existence of stable solutions. Our model is more general, in that we allow that
services are of non-uniform value, i.e. the same service may provide different
satisfaction to each agent. More importantly, our bargaining games are defined
over networks induced by hypergraphs, i.e. services (or contracts in the previ-
ous packing-type problems) are not binary relations. As a consequence, we also
introduce natural families of relazed notions of stability based on cutting planes
for the linear program formulations of the underlying combinatorial optimization
problems. Interestingly, these new notions of stability admit an intuitive inter-
pretation pertaining to socially-aware agents. Our findings also find applications
to bargaining games whose combinatorial optimization problems do not admit
IP formulations where constraints are associated only with agents. In particular,
our relaxed stability notions apply also when not all vertices of a network are
agents, rather they are present only to facilitate agreements. Notable, none of
the previously known results were able to address stability in such networks.

In Sect.2 we introduce the general covering-type problems we study in this
work. In Sect.2.1 we provide the game-theoretic perspective of these problems
and we define the standard notions of feasibility and stability in bargaining out-
comes. Then in Sect. 2.2 we give the combinatorial perspective of the covering-
type problems, as well as we review the tools from Linear Programming that are
used extensively in our work. Section 3 is devoted to the characterization of the
existence of stable solutions. In particular, one of our main contributions, The-
orem 1 is proven in Sects. 3.1 and 3.2. Then, in Sect. 4 we study relaxed notions
of stability. In Sect. 4.1 we introduce the key concept of critical constraints upon
which we will rely to relax stability. Section4.2 introduces new notions of sta-
bility, and finally in Sect. 4.3 we provide a characterization of their existence, as
well as we give a natural interpretation for them.
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2 Covering-Type Problems in Hypergraphs; Bargaining
Games vs Combinatorial Optimization

The purpose of this section is to formally introduce bargaining games in hyper-
graphs and their counterparts, combinatorial optimization problems. Common
to both is the underlying input, which formally speaking consists of a hyper-
graph H = (V,E), where e C V for each e € E. Set V will be called the
set of agents (or players), and E will be referred to as the set of services.
Q4+ below denotes the set of positive rational numbers. We consider functions
d:V—Qiy,c: E— Qiy,p: VXE— Qpy. Foreachi € Vie € E we will
commonly write d;, c., p; e, instead of d(3), c(e), p(%, €), respectively. Moreover, d;
will be called the demand of agent 7, ¢, will be called the cost of service e, and
pi.e will be called the satisfaction of agent ¢ for service e. Whenever i € e € E
we will say that service e covers i. For each ¢ € V we denote by T; the set
of services covering i, i.e. T; = {e € E : i € e}. Altogether, we will refer to
the tuple B = (H = (V, E),d, ¢, p) as a covering-type problem. In order to avoid
degenerate cases, the silent assumption in all covering-type problems is that for
each 1 € V, ZGGT;, pi.e > di. In other words, all services are enough to meet all
players’ demands.

Next we view covering-type problems B under two different lenses, one game-
theoretic and one combinatorial. At a high level, the game-theoretic problem will
attempt to understand B from the perspective of selfish and rational players, set
V', who are willing to cover (part of) the expenses for choosing enough many
services (set E) so as to cover their needs/demands (values d;,i € V). The
combinatorial lens will view B from the perspective of a central authority who
is attempting to choose the least expensive set of contracts so as to satisfy all
demands. Later on, we bridge the two perspectives by identifying polyhedral
combinatorial properties of the combinatorial problem that characterize when
“stable” solutions to the game-theoretic bargaining problem exist.

2.1 Cost Sharing in Bargaining Games over Networks

The purpose of this section is to introduce covering-type bargaining games in
networks induced by hypergraphs, along with their solution concepts. Formally,
a general covering bargaining game (or simply, bargaining game) is given by
covering-type problem B = (H = (V, E),d, ¢, p).

Bargaining game B corresponds to a set of players V', each of them ¢ looking
to be serviced by services that provide at least d; satisfaction (in the uniform
case, where all satisfactions are 1, d; is the number of services requested). Natu-
rally, the set of agents, together with services induce a hypergraph H, in which
hyperedges e C V' are identified by the subset of players they serve. Given that
service e incurs cost ¢, > 0, we would like to understand the bargaining dynam-
ics in the induced network, when it comes to choosing a collection of services and
paying for them. The underlying assumption, as in any game-theoretic problem,
is that agents are selfish and rational. In our case, agents cannot compromise
on the number of the services each receives (indicated by their demands). As
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all agents will need to naturally cover the entire cost of the chosen services,
each agent would like to minimize her contribution toward purchasing (choos-
ing) any of the services. In this direction, we introduce the notion of a bargaining
outcome, which will be central in identifying the bargaining dynamics.

Definition 1 (Bargaining Feasible Outcome). A bargaining feasible out-
come (or simply an outcome) of bargaining game B is a tuple F =
(AC E,{P,.}icveer), with P, . € Ry, satisfying the following properties:

— (Demand Satisfaction) For every i € V., Y cp 4 pie > di.
~ (Cost Recovery) For everye € A, Y,y Pie = ce.

Bargaining feasible outcome F of bargaining game B specifies exactly a subset
A of the services that are chosen to meet the demands of all players. Intuitively,
every player ¢ needs to contribute some non-negative payments P;. for each
chosen service, and these payments should cover its cost. Note that we allow
positive contributions P; . for players i even when they are not covered by a
service e (this will become relevant when we will introduce relaxed notions of
stability).

Given outcome F of a bargaining game, we partition the set of agents in two
disjoint sets; the set V, of oversaturated agents i for which ZeeTmA Pie > di,
and the set of tight agents V \ V. Note that for each tight agent i, and by the
definition of feasible outcomes, we have ZegTimA Pie = d;, i.e. agent i meets
her demand exactly, while oversaturated agents receive strictly more service
satisfaction than their demands.

As our goal is to identify “desirable” outcomes as well as the powerful posi-
tions in a bargaining network, the notion of feasible outcomes can be refined as
follows.

Definition 2 (Stable Outcome). A bargaining feasible outcome F of bar-
gaining game B is called stable if the following properties are satisfied:

~ (Greed) P; . > 0, implies that agent i is tight, service e is chosen and i € e,
i.e. i€V \Viandi€ee A

~ (Envy-Free) For every f = {i1,...,41} € A, and for every e; € ANT;,,j =
1,...,1,

1
S Pl p L <o (1)
j=1 pij,ej

Stable outcomes are meant to propose a refinement of feasible outcomes that
are desirable by the agents (meaning that a bargaining process may converge
to such an outcome) by requiring fair payments. Indeed, an agent should never
pay for a service that does not serve her, or a service that is not chosen. Every
service e € E can be thought as a potential coalition among e C V' who choose
to pay for service e € A, and hence f ¢ A can be thought as coalitions that
are not formed. A positive payment may be required only by tight agents, as
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otherwise an oversaturated agent might feel in a powerful negotiation power
when a solution is proposed that oversatisfies her demands. Finally, for any
unformed coalition f ¢ A (i.e. a service not in the solution), and every agent
i € f consider the maximum payment P, ., that ¢ makes over all services in
A. For the sake of the argument, assume that satisfaction rates are uniform.
If it happened that Zief P;., > cf, then each of the agents ¢ would like to
leave coalition e; so that all of them form coalition f, effectively sharing the
cost ¢y and reducing their previous maximum payments. The reader may think
of the latter requirement as the standard stability notion of coalition games
with transferable payoffs. Now, if the satisfaction rates are not uniform, as it is
the case in our model, then the same argument holds for normalized payments
Pi;.f + Pije;/pije;- The latest expression is interesting in its own right, as it
provides a form of satisfaction conversion between services f, e; using the relative
payment per unit of satisfaction of player i; for service e;. Finally, it is important
to notice that expression (1) can be used to introduce (and hence generalize
existing) notions of agents’ outside options for our covering-type games.

2.2 The Underlying Covering-Type Combinatorial Optimization
Problem

Now we turn our attention to the underlying combinatorial perspective of a
covering-type problem B = (H = (V, E),d, ¢, p). We interpret B as a combinato-
rial optimization problem, in which a central authority is trying to find a feasible
collection of services A C F so as to satisfy all demands d; of each agent . More-
over, among the set of feasible collection of services, one would like to identify
the least costly, i.e. to minimize the sum of costs ¢, for services e € A.

Combinatorial problem B admits a natural formulation as an Integer Pro-
gram (IP). We introduce an indicator, 0-1, variable z. for every e € F which is
thought as 1 if and only if e is chosen in a feasible solution. Requiring that each
agent ¢ receives at least as many services as her demand d; (with respect to her
satisfactions) and minimizing the overall induced cost, we obtain the following
exact formulation of B.

min Z Ce Te (Fre(B))
ecE
s.t. Z PieTe > dj, VieV
eeT;
—x > —1,
x > 0,
x € ZIP!

In what follows, we refer to this formulation as F;p. Given as input B, we
denote by optFrp(B) its optimal value (note that the IP is feasible and bounded
with rational coefficients, and hence it always admits and optimal solution).
Next we overview some standard tools from combinatorial optimization that will
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be useful later on. First we introduce the so-called linear program (LP) relax-
ation of the IP above, which is obtained by dropping the integrality condition
x € ZIFl. We will denote the resulting LP by Frp. Given input covering-type
problem B, we denote by optFy,p(B) its optimal solution (the LP is feasible and
bounded, hence it always attains an optimal solution). By definition, and for
every covering-type problem B, we have that optFrp(B) < optFrp(B). In par-
ticular, the ratio %}fég is known as the integrality gap of Frp on input B
and measures the discrepancy between F1p and Frp for the same instance. The
notion of the so-called integrality gap of the LP relaxation measures the worst
case discrepancy between an IP and its LP relaxation, over all instances;

nf optFrp(B)
B 0ptF[P(B) ’

It follows that the integrality gap of Frp on input B is at most 1, and it is equal
to 1 if and only if there exists an integral optimal solution to Frp with input B.
Similarly, the integrality gap of Fpp is 1 if and only if Fyp admits an integral
optimal solution for every input B5.

Ezample 1 (Vertex Cover). In VERTEX-COVER one is given a simple graph
G = (W, Ey). Feasible solutions are subsets of the vertices S C Vj with the
property that for every edge e = {4, j}, at least one of the endpoints i, j lies in S
(the chosen subset of the vertices is called a vertex cover). Let H denote the line
graph of G. Then, Vertez-Cover is the covering-type problem B = (H,d,c, p),
where d. = 1 for all e € Ey, ¢; = 1 for all ¢ € Vp, and p.; = 1 for all i € Vj
and e € Ey. Note that the set of agents are the edges Ey and the set of vertices
Vo forms the set of services. Each agent e = {4, ;j} needs at least one service
chosen among i, j. The LP relaxation of the exact IP formulation of the problem
reads as

min Z x; (2)
ieVy

st z+ax; >1, V{i,j} € Eo
0<x<1.

It is well known that the integrality gap of the above LP is 1 if G is bipartite,
while in general the integrality gap can be as small as 1/2.

3 Characterization of Stable Outcomes in Hypergraphs

In this section we characterize the existence of stable solutions of general bar-
gaining games B. Note that our result is an extension of known results when the
underlying network of B is a simple graph, and hence every service can poten-
tially serve exactly two agents. The extension to hypergraphs will be essential
when we will introduce natural relaxed notions of stability in Sect. 4.
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Theorem 1. Bargaining game B admits a stable outcome if and only if the
integrality gap of Frp(B) is 1.

We comment throughout the exposition of our proof how one needs to
extend/modify existing arguments (for simple graphs) to obtain our results for
hypergraphs and for non-uniform satisfactions and demands. However, the key
ingredient to establishing Theorem 1 is actually the introduction of a proper def-
inition of stability, which is also tailored to the notion of over-saturation. In fact,
our generalized/modified notions of stability and over-saturation simplify to the
already studied notions of stability and over-saturation when all demands and
satisfactions are 1 and all contracts are of size exactly 2. More specifically, our
main goal was to establish a characterization of the existence of stable solutions
for our generalized bargaining instances based on the integrality of natural LP
relaxations. As such, the new proposed notion of stability (the one of Theo-
rem 1) was derived mechanically, as it is tailored to the integrality of a certain
LP. Whether the associated notions of over-saturation that one needs to con-
sider is practical or not is outside the scope of this paper, nevertheless it is not
difficult to argue, at a high level, why it is natural.

It is important to note that Theorem 1 is tailored to the exact formulation
Frp. Indeed, Theorem 1 characterizes the existence of stable solutions to the
bargaining when the set of feasible solutions to the combinatorial optimization
problem can be described by one linear constraint associated with each agent,
i.e. when Fyp is an exact formulation to the covering-type problem. In partic-
ular, if the set of feasible solutions to the combinatorial optimization problem
requires additional constraints in order to be determined, or if “redundant con-
straints” are added to the IP formulation (not necessarily redundant for the
LP relaxation), then Theorem 1 does not apply. In other words, the existence of
“natural” solution concepts (that of stable solutions as per Definition 2) to bar-
gaining games are derived mechanically by structural properties in polyhedral
combinatorics, at least in special cases.

Ezxample 2. Consider the bargaining game induced by VERTEX-COVER of Exam-
ple 1, for some input graph G = (Vp, Ep). If G is bipartite, then the bargaining
game admits a stable outcome. On the other hand, consider the simple graph

Go = <{17 2, 3}7 {{la 2}’ {27 3}’ {1’ 3}}) :

Setting x1 = x9 = w3 = 1/2 is feasible to LP (2), hence the optimal value to the
LP is at most 3/2. At the same time, no less than 2 services among {1, 2, 3}
need to be chosen in any solution to the covering-type problem (independently
of its cost). The integrality gap of the LP is not 1, hence, according to Theorem 1
the bargaining game admits no stable solution.

The driving force behind proving Theorem 1 is duality theory and com-
plementary slackness conditions. First we propose the dual linear program of
Frp(B), where B= (H = (V, E),d, ¢, p), which reads as follows;
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max Zdi Yi — Z Ue (FEP(B))

eV eeFE

s.t. Zpi,eyi — Ue < Ce, Vee F
ice
y,u>0,

We denote by opt F2,(B) the optimal solution to the above LP.

Now consider a primal dual pair of feasible solutions X, (¥, @) to Frp(B) and
FP,(B), respectively. Since Fy,p(B) admits an optimal solution for every B such
a pair always exists (by strong duality), and they are each optimal to the primal
and dual LPs if and only if the so-called complementary slackness conditions
hold true;

(Z PieTe — di) ;i =0,VieV (3)

ecT;
(Zo—1)@. =0, Ve e E (4)

<Z pi,egi — Ue — Cg) Te = 0, Veec F (5)

i€e

3.1 Integrality from Stability

In this section we prove the “only if” claim of Theorem 1, that is we prove the
statement below, whose proof follows closely known arguments for simple graphs
(one needs to only normalize payments with respect to satisfaction rates).

Lemma 1. If bargaining game B admits a stable outcome then the integrality
gap of Frp(B) is 1.

So, fix some bargaining game B = (H = (V, E),d,c,p) and a stable (and
feasible) outcome F = (A C E,{P; c}icv,ecr). We prove Lemma 1 by finding an
optimal solution to Frp(B) which is also integral.

We define the following primal-dual pair X, (y,u) of feasible solutions (as we
will shortly prove) to Fp(B) and FP,(B), respectively.

_ l,ifee A
xe'_{O,ifegA (6)
_ max{i: eeﬂﬂA},ifiistight
= o (7
0, if ¢ is oversaturated
and > 'f N
_ ice Pise Yi — Ce, L € €
e '—{0, ifed A (8)

Lemma 2. x,(y,1) are feasible to Fyp(B) and FP,(B), respectively.
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Proof. F = (A C E,{P;c}icveck) is a feasible outcome of the bargaining game
B. As such, by Definition 1 we have d; < ZeeTmA Pie = ZeETi PieZe. Given
also that 0 < x < 1, we see that X is feasible to Fp,p(B).

Now we show that (y,a) is feasible to FP(B). First we argue that y,u
are non-negative vectors. First, y follows by the non-negativity of payments
P, . (see Definition1) and the fact that service satisfactions are strictly pos-
itive. Second, let e € FE arbitrary. If e ¢ A we have 4, > 0 by construc-
tion. Otherwise, consider some service e € A. For every i € e, denote by

fi = arg max{  felin A} Then,
Ue = E Pi,e Yi — Ce = E pi,e —Ce 2> E Pi,e —c. =0,
- ; pi, fi Pi.e
1€e 1€e ice

where the last equality follows from Definition 1 (Cost Recovery).

It remains to prove that for all e € E we have Zi:een Pieli — Ue < co. We
examine two cases. If e € A, then note that by construction (see (7) and (8)),
the constraint is satisfied tightly. Otherwise, if e € A, we rely on that the feasible
outcome is stable, and indeed we have

(7

(1)
Z pi,egi_ﬂe @ Z pi,eyz S Z pzefeTﬂA{P,f} S Ce.-

ire€T; ire€T; ire€T; pi
O

By Lemma 2, it follows that if %, (y, ) satisfy complementary slackness con-
ditions, then Z is optimal to Fpp(B). Since also Z is integral, that would imply
that the integrality gap of F,p(B) is 1. Therefore, Lemma 1 follows by the lemma
below.

Lemma 3. x,(y,u) satisfy complementary slackness conditions (3), (4), (5).

Proof. First we examine (3) for an arbitrary agent 4. If ¢ is oversaturated, then
by (7) we have g; = 0. If 7 is tight, then by the definition of tight agents, we
have d; = ZeeTmA Pie = ZeeTi Pi.eTe, as wanted.

Second, we study (4) for arbitrary e € E. If e € A, then by (6) we have
Ze = 1, while if e & A, then by (8) we have @, = 0. In any case, condition (4) is
satisfied.

Third, we examine (5) for an arbitrary e € A. If e & A, then by (6) we have
T, = 0 and the condition is satisfied. Otherwise, e € A. But then, note that
by (8), 4. was chosen so as to make constraint ), . pic¥i — Ue < C. tight,
independently of the valuations of §; for agents i € e. O

3.2 Stability from Integrality
In this section we prove the “if” claim of Theorem 1, that is we prove that

Lemma 4. If for some covering-type problem B the integrality gap of Frp(B)
s 1, then the underlying bargaining game B admits a stable outcome.
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For a fixed covering-type problem B, consider an optimal integral solution X
to FLp(B). Next we propose an outcome to the bargaining game B, and subse-
quently we show it is feasible (as per Definition 1) and stable (as per Definition 2).
For this, we set

A={eeFE:z,=1}. (9)

Notice that by construction, x is feasible to Frp(B), and hence for each i € V we
have ZeeTmA Pie = Zeen PieZe > d;, hence each agent meets her demand as
per the (partial) requirement of feasible outcomes. In other words, A is a feasible
solution to the covering-type problem B.

In order to propose payments for players, we need a couple of observations.
These arguments (Lemma 2 and in particular Lemma5 below) require a much
more delicate treatment than in the case of simple graphs with uniform demands
and satisfactions.

Observation 2. For each e € A, there is at least one agent i € A that is tight.

Proof. Since x is optimal to Frp(B), it is also optimal to Fyp(B), hence A is an
optimal solution to the covering-type problem B. For the sake of contradiction,
assume that there is some eg € A for which

Z PieTe > di7

ecT;

for all ¢ € eg. Recall that for all e € E we have p;. > 0 and ¢, > 0. As a
result, there exists a small enough € > 0 so that by updating Z., « Z., — €,
vector T remains feasible and has cost strictly less than Zee 4 Ce = optFp(B),
a contradiction to the optimality of x. O

Next we recall that since X is optimal to FP(B) and by strong duality,
FP,(B) admits an optimal solution, call it (¥, @), and in particular, the primal-
dual pair of feasible solutions satisfy complementary slackness conditions (3),

(4), (5).

Lemma 5. Given (y,u), and for every e € A, there exists a distribution

{Ai,e}iee Satisfying
Pie gz - )\i,eﬂe 2 O,VZ € e, (10)

and whose support lies only within the tight agents of e.

Proof. Consider arbitrary e € A (and hence Z. = 1). In what follows we con-
struct non-negative {\; ¢ }ice with

D Nie=1 (11)
i€e

Xie=0,VicenV, (12)

satisfying (10).
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Since T, = 1, by complementary slackness condition (5), we know that

Zpi,egi — Ue = Ce, (13)

i€e

where ¢, > 0. Recall that by Observation 2, service e contains at least one tight
agent. Hence, if 4, = 0 we put all weight to that agent and we are done.

In what follows, we assume u, > 0, and denote by e, the set of agents within
e that are oversaturated (i.e. not tight), and note that e\ e, # 0 (by Observa-
tion2). For all ¢ € e, we set A\;. = 0, as required by (12). By complementary
slackness condition (3) we conclude that 3; = 0 whenever ¢ € e,. Hence, for all
oversaturated agents i, we have that (10) is satisfied tightly. Moreover, (13) can

be rewritten as
Z (pi,egi - )\i,eae) = Ce,
i€e\ex

for arbitrary \;. satisfying (11). It remains to prove that {A;.};cc\e, can be
indeed chosen to be non-negative so as to also satisfy p; . 9; — Ai % > 0, for all
1E€e)\ e

To that end, notice that since ¢, > 0 and by (13), we have Ziee\e* PieYi >
e > 0. Then, set B
Pi,eYi

)\i,e = —
Zjea\e* Pj,eYj

But then,

_ _ _ U _
Pie Yi — Nijelle = Pie Yi [ 1 — - — | > pie yi =0,
Zjee\e* Pj.eYi

where the last inequality follows by dual feasibility and that p; . > 0. O

Now, for any fixed collection of distributions {{\; ¢ }ice }eca as per Lemma 5,
we define payments

(14)

p . | Pie Ui — Aielle,ife€ Aandice
“e 0, otherwise

Altogether, (9) and (14) above determine outcome F = (A C E, {P; c}icvecE)-
The following two lemmata verify that F is a feasible and stable, implying
Lemmad4.

Lemma 6. Outcome F = (AC E, {Pic}icviecr) is feasible (as per Defini-
tion1).

Proof. Set A C E, as defined in (9) was already shown to satisfy Demand Sat-
isfaction. Now, Lemmab implies, first, that all payments P; . are indeed non-
negative. In order to show that they also satisfy Cost Recovery, consider arbitrary
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e € A, and not that by construction, only tight agents within e may have positive
payments. Therefore, we have

ZP'L e = Z Pz e — Z (pi,e Yi — Ai,eue) (Leména R Z Pie Yi — Ue-

eV i€e\Vi i€e\Vi ice\Vi
(15)
By complementary slackness condition (3), oversaturated agents 7 in e have
g; = 0, and hence (15) further equals,

Zpi,e gz — Ue = Ce

i€e
where the last equality is due to dual feasibility and complementary slackness
condition (5), since T, = 1. O

Lemma 7. Outcome F = (A C E,{P, c}icv.ecE) is stable (as per Definition 2).

Proof. First we observe that by the definition of the payments (14), P; . = 0 if
i Zeorif e A. Now consider some e € A and some oversaturated agent i € e.
By Lemma5 we have A\; . = 0, and by complementary slackness condition (3)
we have g; = 0. Hence, by (14) we obtain P; . = 0, overall concluding property
Greed.

Now we verify that F is also Envy-Free. For this, consider arbitrary f =
{i1,..., i1} ¢ A, and arbitrary e; € ANT;, for j =1,...,1. We have

Pil p Pil p Pje, (by Greed)
jer Pies JEAVs Pies
Pj, _ _
= > ey 1= Ny (by (14))
jerw. Pie
D Pis b (Njejs e, > 0)
JENV
D pigl—uy (y = 0,sincef ¢ A andby (4))
JES\Vx
= pis¥ — Ty (7; = 0 for j € Vi, by (3))
jef
<cy. ((y,0) feasibleto FPn(B))
0

4 Stability Notions Based on Socially-Aware Agents

4.1 Ciritical Constraints

Consider a covering-type problem B = (H = (V,E),d,c,p), along with the
underlying bargaining game. The following definition is the starting point toward
deriving a new notion of stability.
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Definition 3 (Critical Constraint). Let RC E,t € Q1 ando: R+— Q4.
Triplet (R,t,0) is called a critical constraint for B if for every A C E satisfying
demand satisfaction (as per Definition 1), we have

Z oo > t.

e€ANR

A critical constraint for B models a property that any feasible solution to a
bargaining game satisfies, at least when it comes to demand satisfaction. In the
combinatorial optimization world, (R, ¢, o) corresponds exactly to the redundant

constraint
Z Oee > t. (16)
eeER

of Frp(B), i.e. a constraint that is derivable by the remaining constraints of the
integer program. In other words, it is a constraint that is always satisfied by
any integral solution to the IP formulation, and that, on one hand, it can be
syntactically derived by the demands’ requirements in the integral lattice, but
which, on the other hand, might be independent of the demands’ requirements
in the realm of LPs (when variables assume non-integral values). Indeed, con-
straint (16) might not be redundant for the relaxation Frp(B) (i.e. it might be a
cutting-plane). Even more, the integrality of Fyp(B) could be less than 1, while
the addition of constraint (16) could result in a Linear Program with integrality

gap 1.

Ezample 3. Continuing from Example2, consider graph Gp. It was already
observed that any solution to the covering-type problem chooses at least 2 ser-
vices among {1,2,3}. In particular, ({1,2,3},2,1) is a critical constraint for the
bargaining game. Constraint x; + x2 + x3 > 2 is a redundant constraint for the
IP formulation of the problem, nevertheless, the addition of the constraint to
the LP relaxation improves the integrality gap from 3/4 to 1.

For a covering-type problem B, fix now a family of k£ critical constraints
R = {(Ri, t;, a(i)) }ie[k]' The following is a linear program relaxation to Fyp(B)

min Z Ce Te (FLp(B,R))

eckE

s.t. Z PieTe > dj, VieV
ecT;

> oWa >y, Vi=1,....k
EERJ'
0<x<1

As discussed earlier, the already established characterization of stable out-
comes is tailored to the syntactic formulation of the covering-type problem as
Integer Program Fyp(B). Specific to the formulation is that feasible collections
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of services are determined by a number of constraints associated exactly with
each of the agents. It seems a fortunate coincidence that a natural property of IP
formulations of combinatorial optimization problems matches an intuitive notion
of fair (stable) outcomes in bargaining games. At the same time, the bargaining
game of Example 3 admits no stable solution, even though its structure is simple,
and none of the agents seems to be in an advantageous position in the network. It
is reasonable to assume that agents would prefer to compromise so as to be able
to arrive at a (new-type of) stable solution, rather than not agreeing at all. Put
it differently, F,p(B, R) might have integrality gap 1, when F,p(B) does not. At
the same time our findings (as well as all previously known results) pertaining
to the existence of stable solutions do not apply to formulation Frp(B,R), since
it involves constraints that are not associated with agents. In the next section
we investigate new relaxed notions of stability that are captured exactly by the
integrality of Frp(B,R).

On the practical side, these new notions of stability admit an interpreta-
tion according to which agents would prefer to compromise as otherwise no
“fair /stable” bargaining outcome would be agreed among the players. Criti-
cal constraints describe exactly necessary conditions of feasible solutions to the
combinatorial optimization problem. When such critical constraints are iden-
tified by the players, they may choose to relax their bargaining power (based
on their contribution in the critical constraints) for the sake of arriving at a
fair /stable bargaining outcome. This notion of fair/stable outcome is explored
in the next section, and is it derived by polyhedral mechanics (same way our
extended notion of stability was derived in the previous sections).

Lastly, an orthogonal question to consider, which is outside the scope of this
paper, is how these critical constraints are identified. Since these constraints are
exactly valid constraints for the integral hull of linear programs, an answer is
given by numerous techniques proposed by well-known combinatorial optimiza-
tion methods, including generic cutting planes methods, e.g. Gomory-Chvatal
cuts [10,17] (see also [26]).

4.2 Stability Based on Critical Constraints

Our main contribution in this section is the introduction of a relaxed, still natural
and intuitive, notion of stability that can be characterized by the integrality of
linear programs. Notably, we still study outcomes F = (A C E,{P; ¢ }icv,ecE)
of a bargaining game B = (H = (V, E),d, ¢, p). More specifically, we will again
propose a refinement of feasible outcomes (as per Definition 1), i.e. the notion
of feasibility stays invariant. The new refinement, i.e. new notion of stability, is
associated with a family of k critical constraints R = {(Ri, ti, U(i)) }ie[k] for B,
which will be provably a relaxed notion of the stability of Definition 2. In what
follows, and for the j-th critical constraint, we denote by V(R;) the set of agents
that are served by some service in Rj, i.e. V(R;) = Ucer,e.

Definition 4 (R-stable Outcome). Given a bargaining game B = (H =

(V,E),d,c,p) consider family of critical constraints R = {(Ri,ti,a(i))}ie[k].
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A feasible outcome F = (A C E,{P, c}ievecr) is called R-stable if there exist
non-negative szd, PZ J such that
omrte Rl
JE[K]

satisfying:

— (Individual Greed) Piizd > 0, implies that agent i is tight, i € e, and service
e is chosen.

~ (Collective Greed) Zej > 0, implies that demand t; of the j-th critical con-
straint is satisfied tzghtly, e € R; and i € V(R;).

— (Collective Envy-Free) For every f ¢ A, suppose that f contains {i1,..., i}
of the agents, as well as critical constraints {j1,...,Jjm} are serviced by f,

i.e. f € Ry, t=1,...,m. Then, for alle; € ANT;, and for all e; € AN Ry,

! m (Jt
pijv 1nd Rj,
Z Pije; Fifes Z (42 Z Psei < ¢y (17)
j=1 7€ t—=1 Oe; SGV(R”)

R-stable outcomes admit an intuitive and natural interpretation. Indeed, con-
sider outcome (A C E,{P; . }icv.ccr). Each agent, as per the feasibility require-
ment, is still expected to make some contribution for each service e € A, and
the cost of the chosen services is covered by the agents. Now each agent has
a relaxed notion of stability which is associated with the critical constraints.
In particular, the payment of each agent i for ¢ € A has two components, the
individual contribution and the collective contribution.

More specifically, critical constraints R identify coalitions V(R;), j =
1,...,m of agents. Members within each coalition V(rj) are guaranteed to meet
demand t; with respect to satisfaction function o@), for every collection of ser-
vices batlsfymg agents’ demands (due to the deﬁnltlon of critical constraints).
As such, soczally aware agents in V(R;) are asked to make some collective con-
tribution P, ] for being members of the coalition.

On top of that, each agent makes another individual contribution Pmd which
can be thought as the only contribution agent would make in a stable outcome.
Still, a notion of fairness is required for both types of payments to be appealing
to the agents. As before, no agent should have a positive individual payment
for a service e that is either not chosen in the solution or if agent is not served
by e. Similarly, each agent ¢ will have a positive collective contribution toward
coalition R; only if ¢ € V((R;) (i.e. only if ¢ lies within a service required by R;)
and only when coalition R; is satisfied tightly with respect to demand ¢; and
satisfaction o(7).

Lastly, agents V' and coalitions V(R;) can be thought as individual players. In
particular, coalition V(R;) can be thought to make payment ZSGV( R, )PR’ for
each e € E. A natural notion of fairness then requires that each of these players
makes no payment which is more than her outside option in a naturally defined
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“augmented” bargaining game. At a high level, each of the agents or coalitions
could deviate from the current proposed selection of services, if that would result
to a smaller payment, either for the agents or the coalitions. The fact that
coalition-payments are distributed, in our definition of R-stability, arbitrarily
among a carefully chosen collection of agents is a natural consequence of the
definition of critical constraints. This is explored in detail in the next section.

4.3 R-Stability from (-Stability

In this section we justify how R-stability is derived naturally from the notion of
stability of Definition 2. First, it is not difficult to see that ()-stable outcomes as
per Definition 4 are exactly the stable outcomes of Definition 2. Next we argue
that R-stability can be derived naturally from @-stability for a carefully defined
bargaining game.

Indeed, consider a bargaining game B = (H,d, ¢, p), where H = (V, E),V =
{1,2,...,n}, along with a family of k critical constraints R = { (Ri7 t;, O'(i)) }ie[k]'
We introduce the R-augmented bargaining game B’ = (H' = (V' E'),d’,, p’).
At a high level B’ contains one auxiliary new agent n+j for every critical constraint
R, j=1,...,k. The set of services is updated so that each service contains also
all of the critical constraint-players it serves. The new services have the same cost
as the services in B. Finally, the demands of the new players and their satisfactions
are given by t; and 0¥, respectively.

Formally, the R-augmented bargaining game B’ is defined as: V' := VU{n+
1,...,n+k}; E contains all e’ C V' obtained from e € F ase’ :=eU{n+j:e€
R for some j € [k]}; d; = d; wheneveri € V, and d;,,; =t; forall j =1,... k;
¢, =c. for all e € E (recall the two games have the same number of services);
P er = pi,e Whenever i € V, and pf ., = o for all j =1,..., k. Note that by
contruction, there is a bijection between E and E’, and so for each e € FE we
denote below by ¢’ € E’ the corresponding edge in the R-augmented bargaining
game B’.

Since Frp(B,R) is a relaxation to the exact formulation Fyp(B), the follow-
ing is immediate from Theorem 1.

Corollary 1. R-augmented bargaining game B’ admits an ()-stable (stable) out-
come if and only if the integrality gap of Frp(B,R) is 1.

Notably, we were able to obtain Corollary1l only because Theorem 1
accounted for bargaining games over networks induced by hypergraphs (the
augmented bargaining game involves services that are hyperedges even if the
underlying graph of the original bargaining game is simple). We use the same
property to obtain the main contribution of this section which reads as follows.

Theorem 3. Let R be a family of critical constraints for the bargaining game B,
and let B' be the associated R-augmented bargaining game. Then, B admits an
R-stable (and feasible) solution iff B' admits an O-stable (and feasible) solution.
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We prove Theorem 3 in Lemmata 8, 9 below.

Lemma 8. If B admits an R-stable (and feasible) solution then B’ admits an
(J-stable (and feasible) solution.

Proof. Consider an R-stable (and feasible) solution ]-" (ACE,{P,c}icvecE)
for B. By Definition 4, there exist non-negative Pz”(fd, P " such that P; . = Pi’;’éd—i—
Yjem Pre-

Now we define the outcome for B’. First recall that there is a bijection
between E and E’, and in particular services €’ in E are obtained from services
in E containing (as edges) all critical constraints they serve. We set A’ = A.
For each i € V (set of original players), we set P, = Pf,zd. For each crit-
ical constraint j € [k], we set P ;. = } oy (g, Piif. Next we prove that
F' = (A’ C F, {Pi/,e/}ieVQe’eE') is feasible and (-stable for the R-augmented
game B’.

Indeed, A satisfies Demand Satisfaction for B. At the same time, we know
that any collection of services with this property also satisfies any critical con-
straint (see Definition 3). Hence, A’ satisfies Demand Satisfaction for 5’.

Now consider ¢/ € A’ (and hence e € A). We verify Cost Recovery for B'.
Indeed,

DL SNES SFINES SRS o) DN

eV’ eV JE[k] 2% jE[k] i€V (R;)

By the definition of R-stability, P,/ = 0, whenever i ¢ V(R;). Hence, expression
above equals

)OI R EEH I SERe

eV VE eV

as wanted (where the last equality is due to Cost recovery of B). This concludes
that outcome F' is feasible for B'.

Now we show that F’ is (-stable for B’. First we verify property Greed.
Consider @ € V' and ¢ € E’ such that P/, > 0. We consider two cases. If
i €V, then Pffeld > 0. But then, Individual Greed for F implies that agent i is
tight and i € e as wanted. If i € V' \ V, then i = n + j for some j € [k] and

P! el = ZteV(R )Pt e' > 0. Since all payments are non-negative, there exists

t € V(R;) such that Pt J > 0. Due to Collective Greed, critical constraint must
be satisfied tightly, and ¢’ € R; (in other words, €’ serves player j), as wanted.

Finally, we verify Envy—Free. Consider some f’ ¢ A’. Suppose that f’ contains
original agents U C V and critical constraints W C [k]. For each ¢ € U, consider
e; € A" N T, and for each j € W consider e; € A" N R;. Taking into consider-
ation the definition of B’ (and the satisfaction rates of players corresponding to
critical constraints), we have
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o)
S = SR 5 T
o)

icr Piel co P
Pi, Pif znd f
- 7 ,€i k eJ
iev P jEW JGJ kEV(R;)

which is at most ¢; (due to that F satisfies the Collective Envy-Free property),
as wanted. O

Lemma 9. If B’ admits a stable (and feasible) solution then B admits an R-
stable (and feasible) solution.

Proof. Consider outcome F' = (A’ C F/, {P{,e/}ieV’,e’eE’) for bargaining game
B’, which is feasible and stable.

For each critical constraint j € [k], we consider an arbitrary distribution
{7' }ZGV(R ) over agents in V(R;), i.e. 3 ey (g, T( D = 1, with all T(j) > 0. For
completeness, we also set T(J ) = 0 whenever i & R;. Next we define outcome
F =(ACE,{P, }icvecr) for bargaining game B as follows; A = A’, and for
every i € V and e € F, we set Pf}’;d = P; ., and for each critical constraint j € [K]

we set Pi}_ij = T( ) p so that

n+j,e’
Plle/"" ZT(])P/+jE,
JE[K]

Next we show that F is feasible and R-stable.

First note that A’ by definition satisfies all agents’ demands in B’ (even the
demands of the critical constraints), hence A satisfies demand satisfaction for
B. Next we study Cost Recovery, so we consider some arbitrary e € A (hence
e’ € A"). We have

S P =Y €/+ZT(J)P1+J9/

eV 9%

_E : } : } : (4)

- i,e’ + n+j,e’ Ti
1% JE[kK] eV
§ : / 2 : /

- PZ e’ + Pn+] e’
i€V JE[K]

:Ce

where the last equality is due to that F’ satisfies Cost recovery for B'.

In what follows we show that F is R-stable. First we study Individual Greed.
Consider i € V,e € E so that P/7? > 0. But then, P/, >0 in B, and since F’
is stable, we conclude that i € e and ¢ is satisfied tightly. as wanted.

Next we study Collective Greed. Consider i € V,e € E,j € [k;] so that

P > 0. But then, T(j)P/ » > 0 in B’. Recall that distribution {7' } has

1,e n-+j,e
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its support within V(R;), hence i € V(R;). Moreover, P, ; ., > 0 implies that
e’ € AN R; and critical constraint R; has its demand satlsﬁed tightly, since F’
is stable. Hence F satisfies Collectlve Greed.

Finally, we show that F is Collective Envy-Free. Indeed, consider f ¢ A
(hence f' ¢ A’). Suppose that f contains {ij,...,i;} of the agents, as well
as critical constraints {ji,...,jm} are serviced by f. Consider also arbitrary
ej € ANT;; and e; € AN Ry, (hence €}, e; € A’). Then,

m (Jt

l
Pi;f —in
; ?;Pij’gj Z (h) Z Ps et

t=1 Oe; s€V(R;,)

l i f m (Jt)
_ 15, (3¢) D!
I RN D DR L
=1 =1 Te: seV(Rjt)
,0 f m (]t
— 55 (4¢)
sze ot X P
el s€V(R;,)

Recalling that {’Ts(j ")}s is a distribution over s € V(R;,), the last expression is
less than ¢y, since F' is Envy-Free for B’'. O

Corollary 1 together with Theorem 3 characterize the existence of R-stable
outcomes.

Corollary 2. Bargaining game B admits an R-stable outcome if and only if the
integrality gap of FrLp(B,R) is 1.

We conclude this section by demonstrating an application of our findings
pertaining to R-stable outcomes.

Example 4. Consider the covering-type problem of Examplel, and fix graph
G = (Vo, Ep). A number of cutting planes are known for the problem, including
the so-called odd-cycle constraints; for every odd cycle C' C V', and for every
vertex cover A of G, we have |A N C| > (|C| + 1)/2. Effectively, cutting planes
Yicc Ti = (|C[+1)/2, for all odd cycle C' C V can be added to formulation (2).
Moreover each odd cycle C is a critical constraint. The specific graph of bar-
gaining game of Example2 did not admit a stable solution. However, together
with the odd-cycle (critical) constraint R = ({1,2,3},2,1), and as explained in
Example 3, the new LP relaxation has integrality gap 1. Hence it admits an R-
stable solution, in which each socially-aware agent not only makes an individual
payment, but also contributes towards covering the cost of the global solution as
a member of a coalition (the odd cycle) which always receives at least 2 services.

5 Discussion and Open Problems

We studied covering-type problems and their underlying bargaining games over
networks. Our work generalized previously known results in two directions. First,
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our networks are induced by hypergraphs, and hence bargaining is associated
with generic subsets of players (not only of size 2). Second, we assumed non-
uniformity for the “value” of the objects to be bargained over, in contrast to
previous results in which all objects were worth the same to all agents. These
generalizations allowed us to further extend previous results by introducing and
characterizing new and relaxed notions of stability based on combinatorial prop-
erties of the underlying optimization problems, which admit intuitive interpre-
tations based on socially-aware players.

Our work is a just starting point toward introducing natural notions of sta-
bility based on properties of the underlying combinatorial optimization prob-
lems. Indeed, we introduced intuitive notions of stability based on linear pro-
grams strengthened by constraints valid for the integral hull of the relaxations,
and we only considered linear tightenings. Is there a natural stability notion
associated with semidefinite programming tightenings (or in general non-linear
tightenings)? What if the starting linear program relaxation is tightened by any
of the well-studied lift-and-project systems, e.g. Lovasz-Schrijver [24], Sherali-
Adams [29], or Lasserre [23]7 Similarly, is there a natural stability notion
associated with convex relaxations in which the integrality gap is not 1 but
bounded?
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