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Abstract. Games with Common Coupled Constraints represent many
real-life situations. In these games, if one player fails to satisfy its con-
straints common to other players, then the other players are also penal-
ized. Therefore these games can be viewed as being cooperative in goals
related to meeting the common constraints, and non-cooperative in terms
of the utilities. We study in this paper the Tullock rent-seeking game with
additional common coupled constraints. We have succeeded in showing
that the utilities satisfy the property of diagonal strict concavity (DSC),
which can be viewed as an extension of concavity to a game setting. It
not only guarantees the uniqueness of the Nash equilibrium but also of
the normalized equilibrium.
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1 Introduction

Games with constraints have long been used for modeling and studying non-
cooperative behavior in various areas. This includes road traffic [7,12] and
telecommunications [9]. Various types of constraints may appear in everyday
game situations; the simplest ones consisting of orthogonal constraints, where the
strategies of the players are restricted independently of each other [15]. The sec-
ond type of constraints are called Common Coupled Constraints (CCC) [3,14,15]
in which all players have a common convex non-orthogonal multi-strategy space.
This model can be viewed as constraints that are common to all users. A unilat-
eral deviation of a player from some feasible multi-strategy (one that satisfies the
constraints) to another strategy that is feasible for that player, does not result,
therefore, in the violation of constraints of other users. CCC has often been used
in telecommunications networking problems as well as in power transfer over a
smart grid, where capacity constraints of links are naturally common. Games
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with this type of constraints are a special case of General Constrained Games
(GCQG) [6], see also [3-5,8,10,16].

In this paper, we study the well known Tullock rent-seeking game with Com-
mon Coupled Constraints. This game describes contest over resources. Each
player bids an amount that she is ready to pay. She then pays an amount pro-
portional to her bid and receives, in turn, a payoff that is proportional to her
bid divided by the sum of bids of all players.

The presence of a capacity constraint results in infinitely many equilibria
and we are faced with a question of equilibrium selection. Using Kuhn Tucker
conditions to the best response, we can solve a relaxed game instead of the
original constrained game, which has, however, the same equilibria as the original
game. The Lagrange multipliers can be interpreted as a shadow cost that a
manager sets in order to guarantee that the equilibrium achieved satisfies the
constraints. This approach may, however, be completely unscalable since KKT
Theorem does not guarantee that the price per resource unit is the same for all
players. In fact, since the Lagrange multipliers are obtained for the best response
function, they could depend not only on the player but also on the policy of
all other players, rending the approach even less scalable. We are interested in
finding such shadow cost which is fixed per resource unit. Such an equilibrium
along with a fixed shadow price is called a normalized equilibrium.

The Tullock rent-seeking game has been used recently to model and study
several game phenomena in networking. It was used to model contests over time-
lines in social networks for maximizing visibility [17]. Each player ¢ controls the
rate \;a; of a Poisson process of posts that player ¢ sends into a common timeline
of length K. This rate is given by a basic popularity rate A; times the accelera-
tion effort (e.g. through advertisement) given by a;. Using basic queueing theory,
the authors show that the stationary expected number of posts in the timeline
originating from player ¢ is given by

Ai;
N
Zj:l Aja;

This visibility measure is the payoff in Tullock’s model, while the cost for accel-
eration at a rate a; is proportional to a; as in Tullock’s model.

Another application of the Tullock rent-seeking game is in the study of con-
tests between miners in blockchain [2].

A few words on rent-seeking. According to Wikipedia, “In public choice the-
ory and in economics, rent-seeking involves seeking to increase one’s share of
existing wealth without creating new wealth. Rent-seeking results in reduced eco-
nomic efficiency through the poor allocation of resources, reduced actual wealth-
creation, lost government revenue, increased income inequality, and (potentially)
national decline.”

Wikipedia further describes the origin of the idea: “The idea of rent-seeking
was developed by Gordon Tullock in 1967, while the expression rent-seeking itself
was coined in 1974 by Krueger [11]. The word “rent” does not refer specifically to
payment on a lease but rather to Adam Smith’s division of incomes into profit,
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wage, and rent. The origin of the term refers to gaining control of land or other
natural resources.”

Our first contribution is to show that the utilities satisfy a property that
extends concavity to games, and is called Diagonally Strict Concavity. This is
shown to imply the existence and uniqueness of a normalized equilibrium. We
shall then show that this property further extends to the case of contests over
several resources.

2 A Single Resource

Consider an N players game. Player m bids a quantity . We have minimum
constraints 2™ > € for all m.
The payoff from this contest to player m is

xm

=
Zj:l x?

This comes at a cost of "y to player m where + is a constant. The utility for
player m is thus

pP™ =

U'ﬂl( ) mm m
)= ——— —a".
Zjle al !

Theorem 1. (i) The utility of player m is concave in its action and is contin-
uous in the actions of other players.

(ii) For any strictly positive value of v, the above game has a unique Nash equi-
librium in pure policies.

Proof. Direct calculation leads to (i). The existence then directly follows
from [15]. Uniqueness is established in [1], see also [18]. Other related uniqueness
results in the asymmetric case can be found in [17,19].

3 Normalized Equilibrium

The games we have seen so far involved orthogonal constraints. By that, we mean
that the actions that a player can use do not depend on the actions of other
players. We next introduce capacity constraint. We require that the following
holds for some constant V:

M
ij <V (1)

Capacity constraints may represent physical bounds on resources, such as
bounded power, or resources that are bounded by regulation. For example, leg-
islation may impose bounds on the power used or on the emission of COs by
cars. With the additional capacity constraint, the Nash equilibrium is no more
unique and there may, in fact, be an infinite number of equilibria. We call this
the game with capacity constraint.
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Let y be an equilibrium in the above game and let y[_,, denote the action
vectors of all players other than m. By KKT Theorem, since for each m, U™ is
concave in 2™, there is a Lagrange multiplier A (y[_,,)) such that y™ maximizes
the Lagrangian

M
Lm(xm) = Um(x7y[,m]) — )\m(y[,m]) Vk - ij
j=1

and
Mo
A" (ym) [V =D 2/ | =0
j=1

(complementarity property). We call the game with the Lagrangian L™ replacing
the utilities U™ the relaxed game.

The Lagrange multipliers can be interpreted as shadow prices: if a price is
set on player m such that when other players are at equilibrium, the player pays
™A™ (Y1—m)) for its use of the capacity, then y is an equilibrium in the game
with capacity constraints. Yet this pricing is not scalable since for the same use
of the resources it may vary from user to user and it further depends on the
chosen equilibrium. For billing purposes, one would prefer A™ not to depend on
y nor on m, but to be a constant.

Does there exist a constant Lagrange multiplier A independent of strategies
of the payers and of the identity m of the player, along with an associated
equilibrium y for the corresponding relaxed game? If the answer is positive then
y is called a normalized equilibrium [15].

Our goal is to establish the existence and uniqueness of the normalized equi-
librium.

4 Diagonal Strict Concavity

For a vector of real non-negative numbers r, define

N
o(z,r) = Z rmU™ ()
m=1
rla%lUl(xl,x,l)
7’2%[]2(1}2,1:,2)

(2)

TN 8;?1\1 UN(:L'N,I_N)

o is called diagonally strict concave (DSC) for a given r if for every distinct z°
and 21,
(2" — 2% g(a®,7) + (2° — 2")g(a', 1) > 0
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Let G(x,7) be the Jacobian of g(z,7) with respect to  and let G;; be i
row and j*" column of G(x, 7). Then a sufficient condition for o to be diagonally
strict concave for some r is that for all z, [G(x,r) 4+ G’ (x,r)] is negative definite.

Our interest in diagonally strict concave utility functions is due to the fol-
lowing properties of games possessing such utilities.

Theorem 2 (Theorem 4 from [15]). Let o be diagonally strict concave for some
r. Then there exists a unique normalized equilibrium.

5 Proof of DSC

In this section we establish that the Tullock game with capacity constraint has
a DSC structure and thus has a unique normalized equilibrium.

In our case we have
T™Tr—1

T2X 2
X

g(x,r) =

TNT_N

N N
where X =327, x; and 2_,, = Zizl’#m T;

5‘ 3 Tix;
=2 4
G’L’j al‘j (61‘1 X > ( )
9 (w_; ri=2s ifi=j
e (S =T, 5
" 0 <X2) {r””;;;- if i £ j (5)
For [G + G’] consider

e ifi=j

Gij+Gji= Ti(xi*ﬂ?—z‘);;“j(xj*xfj) ifij (6)

[G + G'] is negative definite if A'[G+ G']A < 0,VA, A # 0 where A is the
column vector

ai
A =
an
(7)
AlG+GA

_ N N orizi—z ) +ri(zi—x_j) 24r;x_;
= im1 [Zj:l,j;éi a;a; X3 — a7 %3
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We choose r; = 1 for all i. Then (7) equals —Z/X? where Z is given by

N N
Doair i+ | Y way (@i — ) + (v — ) (8)
i=1 j=1,j#i
N [N
= Zafll (X —z) + Z4aiaj (X —z; —zy) (9)
i=1 | >
N [N i
24203 (X—l‘l)—F Zaiaj (X—.Z‘i —l‘j) (10)
i=1 | > |
N N N N i
242 af Z T; + Zaiaj Z T (11)
i=1 j=1,j7#i J>i k=1k#jk#i |
N N N
= 24% Z a? + a; Z ay (12)
i=1 j=1,j#i k> ki

Now (12) is positive for any positive value of x and hence [G’+G| matrix is
negative definite.

6 Several Resources

We consider next the following extension to the case of K resources. Each player
m of the M players has a budget B(m) that he can invest by bidding z}’ of
resource k. The following (orthogonal) constraint should hold:

K
Z zpt < B(m).
k=1

The payoff for player m is the sum of payoffs in all K contests, i.e.

K
P™(z) = P{"(xx)
k=1

where xj, is the vector x,lc, R :vfy and where
xm
m _ k
P () = M
Zj:l Tk

and the cost of a contest k to player m is y(k)z}'. Player m’ s utility is thus

K m
Um(x) = Z (ZMk j - ’ka}:b)

k=1 =1Lk
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For the study of such games, see [17].
We next define capacity constraint on each of the K resources. Let V' be the
column vector with the k' entry being a constant Vj. We then require for each

k that
N
> <V
m=1

Note that when applying KKT conditions to the best response at equilibrium,
we shall have K Lagrange multipliers. We wish to find a vector of K Lagrange
multipliers that do not depend on the player nor on the policy of other players,
such that the Nash equilibrium for the relaxed game will be an equilibrium for
the original constrained game and in particular the constraints would be met
and would satisfy the complementarity conditions. This is the vector version of
a normalized equilibrium.

According to Theorem 4 of Rosen [15], we have to show that the set of
utilities is diagonally strict concave in order to have existence and uniqueness of
the normalized equilibrium. The latter follows from the fact that DSC holds for
each resource separately and then apply the proof of Corollary 2 in [13].

7 Conclusions and Future Work

We have shown that the utilities in the Tullock game are strict diagonal concave.
This allows to conclude using Rosen’s result that in absence of common corre-
lated constraints, the Nash equilibrium exists and is unique, while in presence
of such constraints, the normalized equilibrium exists in pure strategies and is
unique. Note that while the statements on the Nash equilibrium have already
been available in [1] which proposed an extension to the DSC property, that
reference does provide tools to handle the normalized equilibrium.

Another advantage from the derivation of the DSC structure is that one can
use dynamic distributed algorithms to converge to the normalized equilibrium
and convergence is guaranteed under DSC, see [15].
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