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Abstract—In this paper, we investigate filter-and—forward
beamforming (FF-BF) for relay networks employing single—carrier
transmission over frequency-selective channels. In contrast to
prior work, which concentrated on multiple single-antenna relay
nodes, we consider networks employing multiple multi-antenna
relay nodes. For the processing at the destination, we investigate
two different cases: (1) A simple slicer without equalization
and (2) a linear equalizer or a decision—feedback equalizer. For
both cases, we optimize the FF-BF matrix filters at the relays
for maximization of the signal-to-interference-plus—noise ratio
(SINR) under a transmit power constraint, and for the first case
we consider additionally optimization of the FF-BF matrix filters
for minimization of the total transmit power under an SINR
constraint. For the first case, we obtain closed—form solutions for
the optimal finite impulse response (FIR) FF-BF matrix filters,
whereas for the second case, we provide the optimal solution for
infinite impulse response FF-BF matrix filters, and an efficient
gradient algorithm for recursive calculation of near-optimal FIR
FF-BF matrix filters. Our simulation results reveal that for a
given total number of antennas in the network, a small number of
multiple-antenna relays can achieve significant performance gains
over a large number single-antenna relays.

I. INTRODUCTION

Relaying is a promising technique to extend the range of
wireless communication systems [1]. The two main relay proto-
cols considered in the literature are amplify—and—forward (AF)
and decode—and—forward (DF) relaying [1]. Thereby, AF relay-
ing is generally believed to be less complex as the relays only
perform a linear processing of the received signals, whereas
the relays have to decode and re-encode the received signals
in DF relaying. In AF relaying, beamforming (BF) across the
relays is a simple yet efficient technique to improve capacity
and reliability. BF for AF relays and frequency—flat channels
has been extensively studied in the literature, cf. e.g. [2] and
references therein.

Filter—and—forward (FF) relaying was first introduced in [3].
Similar to AF relaying, no decoding/re—encoding is needed at
the relays and the relays merely perform linear processing of
the received signals. More specifically, all the relay nodes are
equipped with infinite impulse response (IIR) or finite impulse
response (FIR) filters. In [3], a linear filtering transceiver design
for relay networks with one relay node and frequency flat chan-
nels was considered. FF beamforming (FF-BF) for frequency—
selective channels was proposed in [4] and [5]. In [4], only
a simple slicer was employed at the destination requiring the
FF-BF filters at the relays to equalize both the source-relay
and the relay—destination channels. It was shown in [5] that
substantial performance gains compared to the scheme in [4]
are possible if simple linear equalization (LE) or decision—
feedback equalization (DFE) is performed at the destination
at the expense of an increase in complexity. Both [4] and
[5] considered only single-antenna relay nodes. However, in

certain applications such as mobile—to—mobile or sensor—to—
sensor communication via a relay it is conceivable that both
the source and the destination have small form factors and can
accommodate only a single antenna but the relay may be able
to accommodate multiple antennas. This is the main motivation
for us to extend in this paper the results in [4] and [5] to
multiple-antenna relays. As we will see, such an extension is
not straightforward.

In this paper, we consider a cooperative network with one
single-antenna source, one single—antenna destination, and
multiple multi—antenna relay nodes. We assume single—carrier
transmission and frequency-selective channels. The relays are
equipped FF-BF matrix filters. The destination employs either
a simple slicer without equalization or LE/DFE. In the former
case, we optimize the FF-BF filters for maximization of the
signal-to—interference—plus—noise ratio (SINR) under a transmit
power constraint and for minimization of the transmit power
under an SINR constraint, respectively. For both optimization
criteria we find a closed—form solution for the optimal FIR
FF-BF matrix filters at the relays. For the case of LE/DFE
at the destination, we derive a closed—form expression for the
frequency response of the optimal IIR FF-BF matrix filters,
and a numerical algorithm with guaranteed convergence for
optimization of the power allocation factor included in the
expression. We also provide an efficient gradient algorithm
for recursive calculation of near—optimal FIR FF-BF filters.
Simulation results reveal that it is preferable to have one relay
with multiple antennas rather than multiple relays with single
antennas even if the total number of antennas is the same in
both cases.

Organization: In Section II, the adopted system model is
presented. The optimization of FIR FF-BF filters when the
destination employs only a simple slicer is discussed in Section
III, and the case where the destination employs LE/DFE is
considered in Section IV. Simulation results are provided in
Section V, and some conclusions are drawn in Section VI.

Notations: In this paper, ()T, ()%, ()* Ix, 0x, Amax {‘}»
and [X];; denote transpose, Hermitian transpose, complex
conjugate, the X x X identity matrix, the all-zero column
vector of length X, the maximum eigenvalue of a matrix, and
the element of matrix X in row ¢ and column j, respectively.
Moreover, £ {}, ®, @D, and * denote expectation, the Kronecker
product, the Kronecker sum, and discrete—time convolution, re-
spectively. diag{ X, X, ..., Xy} denotes a block-diagonal
matrix with matrices X, X, ..., Xy on the main diagonal.
Furthermore, X (f) £ F{z[k]} = > pe_, zlk]le 2™ is the
Fourier transform of discrete~time signal z[k].

II. SYSTEM MODEL

We consider a relay network with one single—antenna source
node, Ngr multi-antenna relays, and one single—antenna des-
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Fig. 1. Cooperative network with one single—antenna source, multiple multi—
antenna relay nodes, and one single-antenna destination. EQ is the equalizer
at the destination. 3[k] are estimated symbols after the equalizer or slicer.

tination node. A block diagram of the discrete—time overall
transmission system in equivalent complex baseband represen-
tation is shown in Fig. 1. As usual, transmission is organized
in two intervals. In the first interval, the source node transmits
a data packet which is received by the relays. In the second
interval, the relays filter the received packet and forward it to the
destination node. We assume that there is no direct link between
the source and the destination node. At the destination, the data
packets received during the second interval are processed and
detected.

In Fig. 1, the discrete—time channel impulse responses (CIRs)
between the source and the ith antenna of the zth relay,
9i,2[k], 0 < k < Ly — 1, and between antenna ¢ of relay z
and the destination, h; k], 0 < k < Lj — 1, contain the
combined effects of transmit pulse shaping, the continuous—
time channel, receive filtering, and sampling. Here, Ly and Ly,
denote the lengths of the source-relay and the relay—destination
CIRs, respectively. Furthermore, we assume that relay z has
M, antennas and define h,[k] £ [hy [K]...hn. .[K]]T and
9.k £ [91,:[k] .- gnr. 2 [K])T

In the following, we describe the processing performed at the
relays and the destination in detail.

A. FF-BF at Relays

The signal received at the ith antenna, : =1,...
zthrelay, z =1,...,
by

, M, of the
NEg, during the first time interval is given

Yi,2[k] = gi,z[k] * s[k] +nq - (K], 1)

where s[k| are independent and identically distributed (i.i.d.)
symbols taken from a scalar symbol alphabet .4 such as phase—
shift keying (PSK) or quadrature amplitude modulation (QAM)
with variance o2 £ £{|s[k]|?}, and n; .[k] denotes the additive
white Gaussian noise (AWGN) at the th receive antenna of the
zth relay with variance 02 £ &{|n; ,[k]|*}.

The FF-BF matrix filter impulse response coefficients of
relay z are denoted by M, x M, matrix A,[k], —q; < k < qy,
with elements aj; ,[k] on row j and column . For IIR FF-
BF matrix filters ¢; — oo and q, — oo and for FIR FF-BF
filters ¢ = 0 and ¢, = L, — 1, where L, is the FIR FF-BF
matrix filter length. The signal transmitted by the jth antenna,
J =1,...,M,, of the zth relay, z = 1,..., Ng, during the
second time interval can be expressed as

Mz
tj,2[k] = E aji,z (k] * i,z (K]
i=1

M. M.
=" ajiz[k] * gi o[k] % s[RI aji k] % ni[K]. (2)
=1 =1

B. Processing at Destination

Since there is no direct link between the source and the
destination, the signal received at the destination is given by

Nr M.

rlk] = DD hyalk] * bk + nolk]
z=1j=1
= heglk] * s[k] + n[k], 3)
where nglk] is AWGN with variance 02 £ £{|no[k]|?}. The

equivalent CIR h.4[k] between source and destination and the
effective noise n[k| are given by

Nr M.
heqlk] £ ZZh”[k]*Zam[k*g,z[k] 4)
and
nfk] 2 ijh]z[k za]u[k*nzz[k]-i-no[k] )

respectively. Note that n[k] is colored noise because of the
filtering of n; ,[k] by h,[k] and A,[k]. Eq. (3) shows that a
cooperative relay network with FF-BF can be modeled as an
equivalent single—input single—output (SISO) system. Therefore,
as long as the destination knows the statistics of the colored
noise n[k], at the destination the same equalization, channel
estimation, and channel tracking techniques as for point—to—
point single—antenna transmission can be used. Here, we con-
sider two cases: (1) The destination makes a decision based
on r[k] without equalization. (2) The destination first equalizes
r[k] using LE or DFE optimized under zero—forcing (ZF) and
minimum mean—squared error (MMSE) criteria before making
a decision [6]. The optimization of the corresponding FF-
BF matrix filters will be discussed in Sections III and IV,
respectively.

III. FF—BF WITHOUT EQUALIZATION

In this section, we consider the case where the destination
node cannot afford an equalizer due to size and/or power limi-
tations. Therefore, we assume that a simple slicer is employed
at the destination throughout this section. In the following, we
will optimize FIR FF-BF matrix filters for maximization of
the SINR at the slicer output under a power constraint and for
minimization of the transmit power under an SINR constraint,
respectively.

The equivalent CIR hg £ [heq[0] heg[l] ... heg[La+Lg+
Ly — 3]]T between source and destination in Eq (4) can be
rewritten as

Nr
heq = Zﬂzézdz = Hga’> (6)

z=1
where H 2 [H; ... Hy,), G £ diag{G1,...,Gn,}, and
azal ... af |7 Here, H contains (Lo + Ly + Lp — 2) X
(Lo+Lg—1)M, matrices H,2 (Hi, Hy, ... Hy,, ;] with

(Le+Lg+ Ly —2) x (Lg + Ly — 1) column circular matrices
H; ., which have [hzyz[O] ”[Lh - 10 7 o7 in
their first column. Furthermore G & diag {Gl, Nejv
contains (Lq + Ly — 1)M, x M2L, matrices G, = Iy, ®
Gi,z ... Gum. z] with (L + Lg — 1) x Lg column circular
matrices G,‘z having vectors [gz,z[O] . 9i,2|[Lg—1] OF _I]T
in their first columns. Vector a contains M 22La x 1 vectors @, =
[afl’z aly, ... anz,z al, ... aMzszz]T, which are



cor:1r1pr1sed of vectors @ij, = [ai2[0] aijz[1] .. aijz[La
]]Matrix H can be separated into one vector and one sub-
matrix, i.e., [ho HT]T, where Hy £ [H]iy, 2 <
is(L+L+Lh—2)1<J<(L+L
1) S°"N® M., and vector ho has length (L +Lg—1) ZiVRl M,
and is given by ho 2 [hg, hoz .. hg N T with

ho,. 2 [hl,ZlOl 0€G+Lg—2 ha,2[0] OL‘,+Lg—2 : th,Z[Ol
07, 41,27 Therefore, the first term in (3) can be rewritten
as
La+Lg+Lp—3
heglk] * slk] = hegO]s[k] + > hegll]slk —1]
=1
_T _T
= hyGas[k] +35° [k|H:Ga )
N N — e’
desired signal ISI
with 3[k] £ [s[k—1] ... s[k—(Ls+Lg+Ly—3)]]T. Therefore,

the power of the desired signal and the intersymbol interference
(ISI) can be obtained as

£ {lﬁggas[k] ’2} = o2a”GHhyhs Ga ®)

and

¢ {|s"kMGal’ } = o2a¥G T H HGa, )

respectively. Similarly, n[k] in (5) can be rewritten as

Nr

> n.k|H.a. + nolk] £ Nk]Ha + nolk]
z=1

with length Y22 (L, + Lh — 1)M, row vector Nk] £
[R1]k] ... nNR[k]] and VR (L, +Ly—1)M, inVRlM2L
matrix H 2 d1ag{H1, ..., Hy, } Moreover, k] =
[n1,:[k] - na, 2 [R]] w1th n; k] = [n”[k] - Niglk —
(L + Lp, — )]] andH [IM ®H1; . IM ®HM2‘Z]
(Lo + Lh - 1) X Lq column circular matrix H; ., has vector

[hi,2[0] - hi.[Lr—1] OF 1._1)7 in the first column. The noise
power can be expressed as

E{|n[k]|*} = c2a®HH Ha + 2. (11)
From (8), (9), and (11), the SINR at the destination can be

obtained as
_ 2
£ {lh;‘“gas[k]l }

& {57 kIH:Ga|” | + E{Inlk]I?}

H
- WHla (12)
atfWaa+a"Wia +1
with W1 = a2th hO g/av, Wy & aQQHH Htg/ag, and
W3 & a2HHH/a
From (2), the total transmit power, Pg, of the relays can be
obtained as

nlk] = (10)

SINR (a)

Ngr M.

Pr=Y S ¢ {|tj,z[k]|2} =afDa,

z=1 j=1

(13)

with Dﬁo’ngg+o'2I ENR M2
In the following, we w1ll formulate various FF-BF filter
optimization problems based on (12) and (13).

A. SINR Maximization Under Relay Power Constraint

First, we consider the optimization of the FF—BF matrix
filters for maximization of the SINR subject to maximum
relay power P. Accordingly, the optimization problem can be
formulated as

(14a)
(14b)

By letting w £ D'?a, where DY? is the Cholesky de-
composition of D, the optimization problem in (14) can be
reformulated as a generalized eigenvalue problem. The optimum
w can be obtained as

VPu{Qi'D~#*w D71/}

- /P D 0Th, as)
\/’_lg‘gD_l/le_2D_H/2gH’_l;
where Q, 2 D 12 (W, + W3) D™ V/2+ 1 7l LY VR A2 and
u{X } is the principle eigenvector of matrix X Therefore the
maximum SINR can be obtained as

max SINR (a)
st. a’Da <P.

Wopt =

2 _ 1 -1 .
SINRpax = % heG <W2 + W3+ 5D) Gfhy, (16)

v

and the corresponding optimum FF-BF matrix filter in vector
form is given as

VP (Wa+ W3+ +D) ' GHh;
\/ﬁgGD—l/2Q1—2D—H/2gHﬁg
B. Relay Power Minimization Under SINR Constraint

a7

Qopt =

Here, we optimize the FF-BF matrix filters for minimiza-
tion of the relay transmit power, Pr(a), subject to an SINR
constraint. The optimization problem can be formulated as

min  Pr(a) = a” Da (18a)

HW1a
afiWaa+afiWsa+1 ~ Z7
where 7 is the minimal required SINR at the destination. We let
w = D'/? a again and note that the above problem is infeasible
when Q, £ D™ H/2(W — AWy — yW3) D™Y/2, is negative
semidefinite. If the problem is feasible, the optimum FF-BF
matrix filter can be obtained as

s.t.

(18b)

1/2
v -1/2
Aopt = | ———=— D u 19
oPt ()‘max{Q2} ) {Qz} ( )
and the corresponding minimum relay power is
v

Poin = ————. 20
min )\max {Qz} ( )

C. SINR Maximization Under Source—Relay Power Constraint

Compared to the case with separate power constraints for the
source and the relays, which was considered in Section III-A,
additional performance gains are possible with a joint source—
relay transmit power constraint. The corresponding optimization
problem can be formulated as

max aWha 1)
a,02 aiWsa+afWia +1
st. a’Da+c2<P (21b)



The optimal solution can be found with a divide—and—conquer
method. In particular, if we assume that af is fixed, problem
(21) is identical to problem (14). The optimum FF-BF matrix
filter is obtained as

1
VP —o2 (Wz(of) + W3+ —%—D(a )) GHhy

Qopt = —T —. (22)
VRS GD™2(02)Q1*(02) D~/ (02)GH R
and the corresponding maximum SINR is given by
SINRumax(02)
0'2 =T 2 Tk
:a_ghog< 2(02) + W3 + P( )2) G"hy  (23)
where
Qi(3) 2 D™P(a}) (Wa(o) + W3) DV3(a?)
1
P 0_2IL SR 2 24)

Note that D, W, and W, defined earlier depend now all on
o2. The remaming problem is to find the optimal 2 such that
SINRmax( 2) is maximized, i.e.

max SINRpax(02) . (25)

02,0<02<P
Problem (25) can be easily solved by a grid search or other
numerical methods given in [7].
D. Source—Relay Power Minimization Under SINR Constraint

In this case, the goal is to minimize the joint source-relay
transmit power subject to a destination SINR constraint. The
optimization problem can be formulated as

mm a’Da + a (26a)
a,o
H
s.t. a’Wia >y (26b)

aiWya +afWsa +1

Again, we assume that o2 is fixed, and the resulting problem
is identical to problem (18). If the problem is feasible, the
optimum FF-BF matrix filter is given by

Gopt = (+>WD'” 262 u{Q,(02)}, @7
Pt = M @200} : T

and the corresponding minimum joint source-relay transmit
power is

v 2
Poin = "5 2
" )\max{Q2 U2 } +Us ( 8)
with Qu(02) & D™#/%(g2) (W1(02) — YW2(02) —7W3)
x D~%(¢2). The remaining optimization problem is
. v 2
min ——————= + 07} (29a)
o2 Admax{Q2(02)}
st. Amax{@Q2(c2)} >0. (29b)

2 — 0 has been ignored in problem (29) due to the fact that
(29b) is satisfied only if af > 0. Problem (29) can be easily
solved by numerical methods given in [7].

We note that the results for multi—antenna relays in Sections
III-A and III-B are extensions of the results for single—antenna
relays given in [4]. Joint source-relay power constraints as
considered in Sections III-C and III-D were not discussed in

(4].

IV. FF-BF WITH EQUALIZATION

Throughout this section we assume that the destination
node employs LE or DFE with IIR equalization filters. In a
practical implementation, FIR equalization filters are used, of
course. However, sufficiently long FIR filters will approach
the performance of IIR filters arbitrarily close. Assuming IIR
equalization filters has the advantage that relatively simple and
elegant expressions for the SINR at the equalizer output exist
(8], [9].

A. Optimal IIR FF-BF with Equalization

In order to exploit the SINR expressions in [8], [9], we first
have to whiten the noise impairing the signal received at the
destination. The power spectral density of n[k| in (5) can be

obtained as
2

Nr M. | M.
O(f) = o2 > D Hio(H)Aji:(f)| +0o
z=14=1 |j=1
= ona(T(fa(f) + o3 (30)
with Y N° M 22 x YNr M2 square  matrix
L'(f) 2 diag {T'1(f), ---, Tnp(f)},  where
r.(f) 2 (hOAI()) ® Iu, and ho(f) 2
[(Hi,.(f) , HMz,z(f)]T. The frequency response of the

relay—destination channel corresponding to the jth antenna of
the zth relay is given by H; ,(f) £ F{h; .[k]}. The frequency
responses of the FF—BF matrix filters are collected in vector
a(f) £ [af(f) ... af (H]I" with a.(f) [A11,2(f)
Ar2,2(f) - Amom, o ()], where Ajio(f) £ Flazs[k]}
denotes the frequency response of the FF-BF matrix filter at
relay z corresponding to the ith receive antenna and the jth
transmit antenna. The whitening filter W (f) for n[k| can be
easily obtained as

9 -1/2
Nr M. | M,
W(f) = ZZ ZH]z Jzz ) +U12)
z=1i=1 |j=1
= (cZa®(AT(fa(f) +02) ", 31)

and we denote the output of the whitening filter by r'[k].
Taking into account the whitening, the frequency response of
the equivalent overall channel can be obtained as

H (f) 2W(f)F{heqlk]}
= (a2a"(N)T(f)a(f) +02) 2 d"(fa(f) (32
with q(f) 2 [aT(f) ... a%.(f )] , 4,(f) 2 ha(f) @ g,(f),
g.(f) £ [Gl Z( ) G2z( ) - Gu, Z(f)]T» Gi,Z(f) £
f{g,z[k]} and h.(f) [le ) Ha.(f) ... HMz,z(f)]T.

The power spectral densuy of the noise component, n'[k], of
r'[k] is @/ (f) = 1.

In the remainder of this section, we formulate and solve the
IIR FF-BF filter optimization problems for LE, DFE, and an
idealized matched filter (MF) receiver in a unified manner. We
can express the SINRs at the outputs of a decision feedback
and a linear equalizer as [8]-[9]

SINRDFE(a(f))
1/2
— e | [ W(HL(NP+E) df y-x G

-1/2



and
SINRLE(a(f))
1/2 -1
—a| [ mgnp+9 T ar| —x o
~1/2

respectively. In (33) and (34), we have x =0, =0and x =1,
¢ = 1/02 if the equalization filters are optimized based on a ZF
and an MMSE criterion, respectively. Similarly, if only a single,
isolated symbol s[k] is transmitted, the SINR at the output of
an MF is given by [6]

1/2

) UG

~1/2

SINRumr(a(f)) = (35)

In this section, our goal is to optimize the FF-BF matrix
filters for maximization of the SINRs at the output of the
considered equalizers. To make the problem well defined, we
constrain the relay transmit power, Pr, which is given by

Np M. 1/2
PR = ZZ Qtj,z(f)df
z=1j=1_1/2
1/2
- / oA (HD(faf)df <P (36)
-1/2
where @, _(f) = lezgzlAji,z(f)Gz (NP +

o2 il A5 (HI? 2 = s Nr, j =
is the power spectral density of the transmlt 51gna1 tJ z[k]

the ]th antenna of the zth relay, D(f) £ o2GH(f)G(f) +
ENR M2’ G(f) = dla‘g{Gl( )7 ) GNR( )} and
G.(f) £ Im. ®g; ().
Formally, the IIR FF-BF filter optimization problem can now
be stated as

max  SINRx(a(f)) (372)
1/2

st /aH(f)b(f)a(f)dfsP, (37b)
~1/2

where P denotes the maximum relay transmit power, and X =
DFE, X = LE, and X = MF for DFE, LE, and an MF receiver,
respectively. Problem (37) is formally similar to the FF-BF
filter optimization problem for single—antenna relays considered
in [5]. The main difference is the definition of the involved
matrices. Thus, the results given in [5] can also be exploited
for solving (37). In particular, the optimum a(f) is given by

aon() = VD) 20T +2D() " a' (),
(3%)
where p(f) is the power allocation for frequency f and

—1/2

(N (£)

-1/2

. —1/2

o) 2 (a"()D

. _H/2

(HX2(f)D (39)

. —H/2 ~
with X (f) £ p(floxD " (AT(HD " (H+oiIsng pp-
From (38), the optimum individual FF-BF filter of relay z,

aP*(f), can be simplified as

a2 (f) =Vp(Del) (2T (f) + 0202GH ()G (1)
+a2021M2)‘ a:(f)
=vp(Pe(f ( (H[r:(HRT ()]
& [o2?g (gl (1) +o202])
x (h(f )@gz( )) (40)
p(Delf) (hi(F) ® g3(f)) 1

aZp(NR=(HI? + o303llg. (NHI? + 023

The transformation from (40) to (41) is accomplished by
exploiting the relation [10]

ZZ mz@"g mz ?}\";;J)H ’

=1 j=1

(M@N)~ 42)

where m;, n;, m;, and n; denote the eigenvectors of N X
N matrices M, N, M¥, and N¥ , respectively. Therefore,
the optimum beamforming matrix ﬁlter A%PY(f) of relay z is

obtained as
o BRe(F)R(F)g (/)
AP = TR DI + Aotla. (DIE + o+

Eq. (43) reveals that the optimal IIR FF-BF matrix fil-
ters for all considered receiver structures can be interpreted
as the concatenation of a filter matched to the source—
relay and the relay—destination link with frequency response
h:(f)gH(f) and a second filter whose frequency response

(el )/ (@2p(H)llh ()2 + 029, (F)II +0202) depends
on the power allocation, and thus on the particular equalizer
used at the destination. The remaining power allocation problem
is given by

I:lI)l(a,}){ SINR x (aopt(f)) (44a)
1/2
s.t. / p(f)df <P, (44b)
-1/2
where the |H,,(f)|* in SINRx(@opt(f)), cf. (33)~35), be-
comes

(L, (F) = p(Na" (F)(P(OZT() + 3D @'(), 45

and X = DFE, X =LE, and X = MF for DFE, LE, and an MF at
the receiver, respectively. Problem (44) is a convex optimization
problem, and an efficient numerical algorithm for its solution
is given in [5, Table 1].

B. Optimal FIR FF-BF with Equalization

In practice, it is not possible to implement the IIR FF-BF
filters discussed in the previous section since they would require
the feedback of an infinite number of filter coefficients from the
destination to the relays. However, the performance achievable
with these IIR FF-BF filters provides a useful upper bound for
the FIR FF-BF filters considered in this section. In particular,
the performance of the IIR solution can be used for optimizing
the FIR BF-FF length to achieve a desired trade—off between
the amount of feedback and performance. We note that although
FIR FF-BEF filters are considered in this section, the equalizers
at the destination are still assumed to employ IIR filters.



With FIR FF-BF filters of length L, at the relays, the length
of the equivalent CIR heq[k] (4) is given by Leq = Lo + Lg +
Lj, — 2. In this case, the Fourier transform of heq[k| can be
expressed as

Heq(f) = d¥(f)HGa (46)

with d(f) 2 [1 &27f ... i27f(Lea=D]T_ FIR FF-BF coeffi-
cient vector a, H, and G are defined in Section III after (6),
respectively.

The noise whitening filter in the FIR case is given by

W(f) = (62a"T(f)a +02) "/ @7

with "% M2L, x YN® M2L, block diagonal matrix
L(f) 2 disg{ly(f), ... Twa()} of rank 5277 M,
where T'.(f) 2 H, (In, ® d(f)) (In. ®d(f))" H, is an
M2L, x M2?L, matrix of rank M,. H is defined after (10),
and d(f) £ [1 e27f ... e27f(La+La=2]T  Therefore, after
noise whitening, the frequency response of the overall channel
is

H.,(f) = d¥(H)HGa (o2a"T(Ha+02) . @)
Replacing H.,(f) now in the SINR expressions in (33)«(35) by
H_,(f) given in (48), we obtain the SINRs SINRx(a), where
X = DFE, X = LE, and X = MF for DFE, LE, and an MF
receiver, respectively. This allows us to formulate the FIR FF—
BF filter optimization problem in a unified manner:

max SINRx(a) (49a)

st. afDa<P, (49b)

where the power constraint (49b) is the same as in (14b).
Although problem (49) formally looks very similar to problem
(37), it is substantially more difficult to solve. The main reason
for this lies in the fact that the optimization variable a(f)
in (37) can be chosen freely for each frequency f, whereas
the coefficient vector a in (49) is fixed for all frequencies.
Fortunately, problem (49) has the same structure as the FIR
FF-BF problem for single—antenna relays, and thus the efficient
gradient algorithm provided in [5, Table 2] can be used to solve
(49).

V. SIMULATION RESULTS

In this section, we present simulation results for the SINR and
the bit error rate (BER) of a cooperative network with FF-BF.
Throughout this section we assume 02 = g2 =1 and P = 1.
This allows us to decompose the CIRs as h; ,[k] = /75 hs 2 [K]
and g; ,[k] = /7g Gs,-[k], where 7y, and -y, denote the transmit-
ter signal-to—noise ratios (SNRs) of the relay—destination and
the source-relay links, respectively. The normalized CIRs h;[k]
and g;[k] include the effects of multipath fading and path-loss.
All TIR and FIR FF-BF filters were obtained using the methods
introduced in Sections III and I'V.

The locations of the source, the destination, and the relays
are shown in Fig. 2, where the numbers on top and beside
the arrows indicate the normalized distance between the nodes.
We consider the following three cooperative relay network
setups: 1) Ng = 1 relays with M; = 5 at location (c); 2)
Ngr = 2 relays with M; = 2 and My = 3 at locations (a)
and (e), respectively; and 3) Ngp = 5 relays with M, = 1,
1 < z < Npg, at locations (a)—(e), respectively. The normalized
distance between the source and the destination is equal to
2 and the normalized horizontal distance between the source

(@O
1/4
(b)
1/4

d (c) 2—d

O
source 1/4

@o

gm
(e)

Fig. 2. Locations of source, destination, and relays in simulation.

O
destination

and the relays is d. A path—loss exponent of 3 with reference
distance d..f = 1 is assumed. The CIR coefficients of all links
are modeled as independent quasi—static Rayleigh fading with
Ly = Ly = 5 and following an exponential power delay profile
plk] = G%Zfio_le_k/”%[k — 1], where L, € {Lgy,Lp} and
oy characterizes the delay spread [11]. All results shown were
averaged over 100,000 independent realizations of the fading
channels.

A. FF-BF without Equalization

Figs. 3 and 4 show the average SINR vs. distance d for
FE-BF for joint relay and joint source-relay power constraints,
respectively. Relay network setups 1) — 3) were adopted. The
FF-BF matrix filters were generated using the results in Section
III-A and III-C, respectively. For both considered constraints
FF-BF relaying enables considerable performance gains com-
pared to direct transmission except for the case with L, = 1,
Ng =5and M, =1, z € {1,2,...,5}. Direct transmission
is preferable only if the relay is located either closed to the
source or the destination (small d or large d). The joint source—
relay power constraint can yield significant performance gains
if the relays are close to the source or close to the destination,
respectively, by flexibly allocating more or less power to the
source. Furthermore, Figs. 3 and 4 also show that it is preferable
to have fewer relays with more antennas than more relays with
fewer antennas.

Fig. 5 shows the total source and relay transmit power,
Pg + 02, vs. the minimum required SINR + at the destination
for different relay network setups. The FF-BF matrix filters
are generated based on the results in Sections III-B and III-D,
respectively. Similar to [4], we have only included simulation
points which guarantee feasibility of the optimization problem
for more than 50 % of the channels. The total source and relay
transmit power is computed by averaging over the feasible runs.
The probability that this problem is feasible is shown in Fig. 6.
From Figs. 5 and 6, we observe that joint source-relay transmit
power minimization and multiple-antenna relays can lead to
significant power savings. Fig. 5 also reveals that increasing
L, can substantially reduce the total source and relay transmit
power.

B. FF-BF with Equalization

In Fig. 7, we show the average SINR vs. distance d for
various FF-BF filter and equalization designs for relay nework
setup 2) (i.e., Ng = 2, M; = 2, and My = 3). We compare
the performance of the proposed FF-BF matrix filter design
with MMSE-DFE and without equalizer at the destination.
Clearly, by adding a simple decision—feedback equalizer at the
destination, performance gains of several dB can be achieved for
all considered distances d. We note that for a given filter length
L, the feedback requirements and the relay complexity for the
proposed FIR FF-BF schemes with or without equalization
are identical. Fig. 7 also shows that as L, increases, the
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Fig. 3. Average SINR vs. distance d for FIR FF-BF without equalization

(EQ) at the destination. The FF-BF matrix filters were optimized for a joint
relay power constraint. Exponentially decaying channel power delay profile
with ot =2 and Ly = Ly, = 5, and 74 = v, = 10 dB. Results for direct
transmission with transmit power P = 2 at the source are also included.
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Fig. 4. Average SINR vs. distance d for FIR FF-BF without equalization
(EQ) at the destination. The FF-BF matrix filters were optimized for a joint
source-relay power constraint. Exponentially decaying channel power delay
profile with ot = 2 and Ly = L;, = 5, and 74 = 7, = 10 dB. Results
for direct transmission with transmit power P = 2 at the source are also
included.

performance of FIR FF-BF approaches the performance of IIR
FF-BF with MMSE-DFE at the destination. For [IR FF-BF
filters, Fig. 7 shows that the loss of MMSE-DFE compared to
an idealized MF receiver, which is the ultimate performance
bound for any equalizer architecture, exceeds 1 dB only for
d<04.

In Fig. 8, we investigate the impact of decay parameter o; on
the performance of FF-BF for d = 1 and 74 = 7, = 10 dB. We
note that the CIR coefficients of the test channel decay the faster
(i.e., the channel is less frequency selective), the smaller o; is.
As a special case, the channel becomes frequency flat when
o = 0. Fig. 8 shows that when the channel becomes frequency
flat, i.e., oy = 0, all relaying schemes provide the same average
SINR performance. We also observe that the performance of
sufficiently long FF-BF filters is practically not affected by the
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Fig. 5. Total average source and relay transmit power vs. required SINR ~
for FIR FF-BF without equalization (EQ) at the destination for relay power
minimization and joint source-relay power minimization. Exponentially de-
caying power delay profile with oy = 2 and Ly = Lj, = 5,d = 1, and
Yg = Yn = 10 dB.
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Fig. 6. Feasibility probability vs. required SINR ~ for FIR FF-BF without
equalization (EQ) at the destination for relay power minimization and joint
source—relay power minimization. Exponentially decaying power delay profile
withot =2and Ly = Ly =5,d=1, and 74 =, = 10 dB.

frequency selectivity of the channel if MMSE-LE or MMSE—-
DFE are employed at the destination. The idealized MF receiver
with IIR FF-BF benefits even slightly from more frequency
selectivity (larger o;) because of the additional diversity offered
by the channel. In contrast, FF-BF without equalization at the
receiver is adversely affected by increased frequency selectivity
and is even outperformed by direct transmission without relay
(but with equalization at the destination) for o; > 11.

Fig. 9 shows BERs of BPSK modulation vs. transmit SNR,
Y = g = 7, for FIR and IIR FF-BF matrix filters. We
adopt cooperative relay network setup 2), and assume o; = 2
and d = 1. The BERs for FIR FF-BF matrix filters were
simulated by implementing MMSE-DFE with FIR equalization
filters of lengths 4 x Leq, which caused negligible performance
degradation compared to IIR equalization filters. The BERs
for IIR FF-BF were obtained by approximating the BER of
BPSK transmission by BERx = Q(v/2SINRx) [9], where
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Fig. 7. Average SINR vs. distance d for FF-BF with MMSE-LE, MMSE-
DFE, and an MF receiver at the destination. N = 2 relays with M; = 2
and M2 = 3, exponentially decaying power delay profile with oy = 2 and
Ly = Lj, =5, and v = 5, = 10 dB. For comparison the SINRs of FF-BF
without (w/o) equalization (EQ) at the destination and without relaying are
also shown, respectively.
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Fig. 8. Average SINR vs. decay parameter o for FF-BF with MMSE-
LE, MMSE-DFE, and an MF receiver at the destination. N = 2 relays
with M; = 2 and M2 = 3, distance d = 1, exponentially decaying power
delay profile with Ly = Lj, = 5, and g = -y, = 10 dB. For comparison
the SINRs of FF-BF without (w/o0) equalization (EQ) at the destination and
without relaying are also shown, respectively.

X = DFE, X = LE, and X = MF for DFE, LE, and an
MF receiver at the destination, respectively. Fig. 9 shows that
equalization at the destination is very beneficial in terms of
the achievable BER and large performance gains are realized
compared to FF-BF without equalization. Also, for IIR FF-BF
matrix filters MMSE-LE and MMSE-DFE receivers achieve
practically identical BERs and the gap to the idealized MF
receiver is less than 0.6 dB. This gap could potentially be closed
by trellis-based equalizers, such as decision—feedback sequence
estimation, at the expense of an increase in complexity.

VI. CONCLUSIONS
In this paper, we investigated FF—BF for relay networks with
multiple multi-antenna relays and single—carrier transmission
over frequency—selective channels. The FF-BF matrix filters at

x FIRFF-BF (L =1)
» FIRFF-BF (L =5)

Yo = Y [dB] e

Fig. 9. Average BER of BPSK vs. transmit SNR ~ for FF-BF with MMSE-
LE, MMSE-DFE, and an MF receiver at the destination. Exponentially
decaying power delay profile with oy = 2 and Ly = L, = 5. For
comparison the BER of FF-BF without (w/o) equalization (EQ) at the
destination is also shown.

the relays were optimized for the cases where a simple slicer
and LE/DFE were employed at the destination. For the first case,
we can obtained closed—form solutions and efficient numerical
methods for computation of the optimal FIR FF-BF matrix
filters. For the second case, we obtained an elegant method
for calculation of the optimal IIR FF-BF matrix filters and an
efficient numerical algorithm for calculation of near—optimal
FIR FF-BF matrix filters. Simulation results confirm that for
a given total number of antennas it is preferable to have the
antennas concentrated in few relays rather than having many
relays with few antennas.
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