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Abstract. To decouple the range-angle-dependent beampattern, a new type of
frequency diverse array (FDA) with frequency increment applied across the
vertical array elements is proposed, referred to as the vertical frequency diverse
array (VFDA). The adaptive algorithm for the design of the receive antenna is
also presented to generate a single-maximum beampattern. Simulation results
verify the effectiveness. It shows that the proposed approach outperforms the
multiple-input multiple-output (MIMO) radar in focusing the transmit energy on
the far-field targets.

Keywords: Beamforming � Frequency diverse array � Range-dependent

1 Introduction

Phased-array has been widely used in airborne radar systems for its flexible beam
scanning ability. However, the beampattern of the phased-array is range independent.
When detecting the ground moving targets, the transmit energy would be distributed
broadly in range with the decrease of the elevation angle, resulting in more mainlobe
interference. To achieve narrow mainlobe, the enlarged antenna aperture is needed,
which is however difficult for the radar with limited antenna size. To overcome this
disadvantage, a novel beam scanning array, referred to as the FDA, was presented in
[1]. Benefits have been demonstrated by applying the unique range-dependent char-
acteristic of the FDA to different radar tasks, e.g. target localization [2, 3], clutter
suppression [4, 5], pattern synthesis [6–9]. In the conventional FDA, a linear frequency
increment is always applied across the horizontal elements of the antenna array, pro-
viding an increased degrees-of-freedom (DOFs) to design and control the beampattern.
However, it may be difficult to implement in actual airborne radar systems due to the
range-angle-coupling and time-variant effects on the estimate of the effective covari-
ance matrix.

To decouple the range-angle dependent beampattern, a nonuniform linear array was
employed in [7], which may be difficult to implement due to the high accuracy
requirement of the transmitter and receiver positions. A logarithmically increasing
frequency increment was proposed in [8] to synthesize a nonperiodic beampattern. But
it is unable to obtain the closed form expression of the beampattern. In [9], the convex
optimization is used to achieve dot-shaped transmit beampattern and better resolution
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in the range dimension compared with that in [8]. However, the algorithm has a
relatively high complexity, which is difficult for the implementation of the multilog-
FDA.

In this paper, a new type of FDA with frequency increment used across the vertical
array elements is explored. The design algorithm for the receive array configuration is
also presented to generate a beampattern with no grating lobes. Compared to the
beampattern in the conventional FDA and the MIMO radar, the single-maximum and
range-dependent beampattern in the VFDA may be more capable of rejecting clutter
and jamming in airborne radar systems.

2 Adaptive Beamforming Algorithm

2.1 The Transmit Beampattern of VFDA

Consider an (M � N)-element planar array antenna with uniform frequency increment
Df across the vertical elements, the signal transmitted by the (m, n)th element is

sm;nðtÞ ¼ exp j2pfmtð Þ ¼ exp j2p f0 þ m� 1ð ÞDf½ �tf g ð1Þ

where f0 is the carrier frequency. For a far-field point target located at the azimuth angle
u, elevation angle h, and range R relative to the (0, 0)th element, the signal arriving at
the target can be expressed as

sm;nðt � Rm;n
�
cÞ ¼ am;nexp j2pfmðt � Rm;n

�
cÞ� � ð2Þ

where c is the speed of light, am;n is a complex weighting factor that represents
transmission and propagation effects.

Rm;n ¼ R� n� 1ð ÞdN cos h cos uþ m� 1ð ÞdM sin h ð3Þ

is the range of the target to the (m, n)th element with dM and dN representing the
vertical and horizontal element spacing, respectively. Taking the narrowband
assumption, the VFDA transmit beampattern steered to h0;u0;R0ð Þ is given by

Gt t; h;u;Rð Þ ¼
XM
m¼1

XN
n¼1

am;n exp j2pfm t � Rm;n

c

� �� �
� exp j2pfm

R0

c

� �

�exp �j2pfm n� 1ð Þ cos h0 cos u0
dN
c

� �
� exp j2pfm m� 1ð Þ sin h0

dM
c

� �

ð4Þ

The approximated expression of Gt t; h;u;Rð Þj j is
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Gt t; h;u;Rð Þj j � sin pN cos h cos u� cos h0 cos u0ð ÞdN=k0½ �
sin p cos h cos u� cos h0 cos u0ð ÞdN=k0½ �

				
				

� sin pMDft � pMDf R� R0ð Þ=c� pM sin h� sin h0ð ÞdM=k0½ �
sin pDft � pDf R� R0ð Þ=c� p sin h� sin h0ð ÞdM=k0½ �

				
				

ð5Þ

where k0 ¼ c=f0. Here we have assumed that the complex weighting factors are all
equal to 1,

ðM � 1ÞDf � f0 ð6Þ

and

R � max M � 1ð Þ2dM=k0; M � 1ð Þ N � 1ð ÞdN=k0
h i

ð7Þ

It can be observed that the phase differences depending on time and range are
incorporated into the second term of (5), positioning the multiple maxima at different
ranges but the same azimuth angle u0. Therefore, the pattern will not keep the ‘S’-
shaped feature with coupling between the azimuth angle and range. The following task
is to synthesize the beampattern with no grating lobes in the range dimension.

2.2 Transmit-Receive Beamforming with no Grating Lobes

A (Q� P)-element receive array collocated with the transmit antenna is considered in
this paper. When the signal is received by each element, a set of bandpass filters will be
applied to extract the complete transmit signals. We then have the VFDA two-way
beampattern

Gr t; h;u;Rð Þ ¼
XQ

q¼1

XP
p¼1

XM
m¼1

XN
n¼1

exp j2pfm t � Rm;n þRq;p

c

� �� �

� exp j4pfm
R0

c

� �
� exp �j2pfm n� 1ð Þ cos h0 cos u0

dN
c

� �

� exp �j2pfm p� 1ð Þcos h0 cos u0
dP
c

� �

� exp j2pfm m� 1ð Þsin h0
dM
c

� �
� exp j2pfm q� 1ð Þsin h0

dQ
c

� �

ð8Þ

where Rq;p is the range of the target to the (q, p)th receive element. dQ and dP are the
vertical and horizontal element spacing in the receiver, respectively. Assume P ¼ N
and dP ¼ dN , Gr t; h;u;Rð Þj j can be simplified as
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Gr t; h;u;Rð Þj j

� sin pN cos h cos u� cos h0 cos u0ð ÞdN=k0½ �
sin p cos h cos u� cos h0 cos u0ð ÞdN=k0½ �

				
				
2

� sin pMDft � 2pMDf R� R0ð Þ=c� pM sin h� sin h0ð ÞdM=k0½ �
sin pDft � 2pDf R� R0ð Þ=c� p sin h� sin h0ð ÞdM=k0½ �

				
				

� sin pQ sin h� sin h0ð ÞdQ
�
k0


 �

sin p sin h� sin h0ð ÞdQ
�
k0


 �
					

					

ð9Þ

In order to avoid the grating lobes in the range dimension, the adaptive beam-
forming algorithm is presented in the following procedure.

Step 1: Ignore the effect of the earth curvature, the maxima of the second term in (9)
can be achieved when the phase term satisfies

pDft � 2pDf R� R0ð Þ=c� p R=H � R0=Hð ÞdM=k0 ¼ ap ð10Þ

where a is an integer and H is the platform altitude. Thus, the grating lobes are located
at

�R ¼ gþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 � 8cDfHdM=k0

p
4Df

; �R 2 H;Rmax½ �; a 6¼ 0 ð11Þ

where Rmax is the maximum range of radar.

g ¼ cDftþ 2DfR0 � acþ cHdM=R0k0 ð12Þ

Define

r ¼ H=�R� H=R0j j ð13Þ

and calculate the maximum and minimum value of (13) as rmax and rmin, respectively.

Step 2: For the last term of (9), the pattern peaks are separated by k0
�
dQ. To avoid the

furthest grating lobe from moving into the peaks, we require

k0
�
dQ 	 rmax þ rmin ð14Þ

Then, the vertical element spacing dQ in the receiver should be constrained to

0\dQ 
 k0= rmax þ rminð Þ ð15Þ

Step 3: Fix dQ, the beamwidth of the last term in (9) is
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Br ¼ 2k0
�
QdQ ð16Þ

To ensure the nearest grating lobe outside of the main beam, the number of the
vertical array elements Q should satisfy

Br ¼ 2k0
�
QdQ 
 rmin ð17Þ

This can be rewritten as

Q	 ceil k0
�
dQrminð Þ
 � ð18Þ

where ceil �½ � denotes the nearest integer towards infinity.

3 Simulation Results

In the simulations, an X-band VFDA radar operating at a carrier frequency of f0 ¼
10 GHz is simulated. The transmit antenna is set with 8� 8 elements and the element
space is dM ¼ dN ¼ 0:015 m. The frequency increment is taken as Df ¼ 2 KHz. The
platform altitude and radar maximum range are H ¼ 8 km and Rmax ¼ 300 km,
respectively. Assume the target is positioned at 2�; 90�; 229 kmð Þ, it is calculated that
there are 2 maxima in the range of (8 km, 300 km) except R0. The maximum and
minimum value of r are rmax ¼ 58� 10�3 and rmin ¼ 16� 10�3, respectively. Based
on (14) and (15), the receive antenna is designed with Q ¼ 6 vertical array elements
and dQ ¼ 0:35 m element space.

Assume t ¼ 0, Fig. 1 shows the comparison of the normalized beampatterns gen-
erated by the MIMO radar and the VFDA radar, respectively. In Fig. 1(a), it can be
observed that the mainlobe is seriously expanded in the range dimension due to the
small value of u0. For the VFDA, the beamwidth of the pattern is range-dependent and
a function of the frequency increment Df and the number of the vertical array elements
M. This generates a different beampattern with energy distributed in smaller range
regions, as is shown in Fig. 1(b). By using the proposed algorithm for antenna design,
the beampattern with no grating lobes is synthesised in Fig. 1(c). It can be noticed that
the azimuth angle of the mainlobe in the VFDA is constant along the range axis, which
is different from that in the conventional FDA. This avoids the coupling between angle
and range, therefore, is a more capable approach to reject the range-dependent inter-
ference and improve the signal-to-interference-plus-noise (SINR) ratio.

4 Conclusion

An Adaptive transmit-receive beamforming algorithm for the VFDA has been pro-
posed to decouple the range-angle-dependent beampattern and suppress the grating
lobes in the range dimension. Simulation results show that the proposed approach
performs better in focusing the transmit energy on the desired targets, especially in the
far-field ranges. And the low complexity of the algorithm is also suitable for the
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Fig. 1. Comparison of the normalized transmit-receive beampatterns: (a) MIMO radar with
Q ¼ 6 and dQ ¼ 0:35 m; (b) VFDA radar with no antenna design where Q ¼ 6 and
dQ ¼ 0:015 m; (c) VFDA radar with Q ¼ 6 and dQ ¼ 0:35 m.
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implementation of the VFDA in practice. However, the beampattern of the VFDA is
still time-variant, similar to that of the conventional FDA, which is reserved for
subsequent research.
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