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Abstract. Massive multiple input multiple output (MIMO) is a promising
technology that has been proposed to meet the requirement of the fifth gener-
ation wireless communications systems. For uplink massive MIMO systems, the
typical linear detection such as minimum mean square error (MMSE) shows
near-optimal performance. However, due to the direct matrix inverse, the
computational complexity of the MMSE detection algorithm is too high,
especially when there are a large number of users. Thus, in this paper, we
propose an improved Gauss-Seidel algorithm by utilizing delayed over relax-
ation (DOR) scheme, which is named as delayed over relaxation Gauss-Seidel
(DRGS) algorithm. The basic idea of the DOR scheme is to combine the pre-
dicted iterative step (n + 1) with the iteration of step (n — 1). The scheme can
provide a significant improvement of the convergence speed for iterative algo-
rithm. The theoretical analysis of DRGS algorithm shows that the proposed
algorithm can reduce the computational complexity from O (K3 to 0 (K?),
where K is the number of users. Simulation results verify that the DRGS
algorithm can achieve almost the same BER performance as that of MMSE
detection with a small number of iterations.
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1 Introduction

Massive multiple-input multiple-output (MIMO) is widely considered as one of the
most emerging technologies for future wireless communications [1-5]. Differing from
the traditional MIMO (4 x 4, 8 x 8), massive MIMO systems are equipped with
hundreds of antennas at the base station (BS) to serve user equipment (UE) simulta-
neously [6, 7]. It has been proved that massive MIMO can better meet the requirement
of fast date rate, high spectral efficiency and wide coverage than conventional MIMO
systems through theoretical analysis. Unfortunately, the augment of antennas increases
the dimensions of matrix, which results in a significant increase in the computational
complexity of signal processing [8].

The optimal detection algorithm, such as maximum likelihood (ML) detection
algorithm, is highly impractical because of vast calculations [9]. To achieve near-
optimal performance, several linear signal detection algorithms, such as zero-forcing
(ZF) and minimum mean square error (MMSE), have been proposed [10]. Unfortu-
nately, the algorithms mentioned above have high computational complexity due to a
full matrix inversion operation, notably when the number of users is large.

Therefore, it is necessary to simplify matrix inversion calculation for massive
MIMO systems. Recently, many effective researches about low complexity approxi-
mate matrix inversion have been conducted [11-16]. One typical category is to replace
calculating matrix inversion directly with polynomial expansion (PE) [11, 12]. But, it is
not practical for massive MIMO systems for a marginal reduction in complexity. The
other category is based on iterative algorithms, such as Richardson algorithm [13],
Jacobi algorithm [14] and Gauss-Seidel algorithm [15]. The Richardson algorithm [13]
was proposed to avoid the high complexity caused by direct matrix inversion. Nev-
ertheless, its convergence requires a large number of iterations which would lead to
prohibitive complexity for massive MIMO systems. Therefore, in order to reduce the
number of iterations, the approach based on Jacobi algorithm [14] was presented.
Numerous studies have showed that the convergence rate of the conventional Jacobi
algorithm is lower in comparison with the conventional Gauss-Seidel (GS) algorithm
[15]. Based on the conventional GS algorithm, GS algorithm with initialization is
proposed in [16], which can accelerate the convergence rate and reduce the number of
iterations. But existing GS-based detectors still exhibit slow convergence rates.

In order to further improve the conventional GS detection algorithm for massive
MIMO systems. The GS algorithm utilizes the delayed over-relaxation [17] approach to
quicken the convergence rate, which brings about a reduction in iterations and com-
putational complexity. According to simulation results, it is proved that the proposed
algorithm can solve the matrix inversion problem in an iterative procedure with low
complexity.

The remainder of this paper is organized as follows: we introduce the uplink system
model in Sect. 2. Section 3 describes the proposed algorithm based on GSI algorithm
and provides the analysis of computational complexity. Section 4 presents and dis-
cusses the simulation results. Finally, the conclusion is drawn in Sect. 5.

Notation: In this paper, lower-case boldface letters represent the column vectors
(e.g., h), and the upper-case boldface letters refer to the matrices (e.g., H). H(, j)
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represents the (i, j) element of matrix H. For the matrix H, HY, H, and H ' indicate the
transpose, the Hermitian transpose, and the inverse of H, respectively. In addition, Ik
denotes the K x K identify matrix.

2 System Model

We consider an uplink massive MIMO system employing N antennas at the BS to serve
K single-antenna users simultaneously. Not that in such system, N is larger than K.

Let vector S¢= (S¢,1, S¢.25 ---» Se, K)T represent the complex-valued transmitted signal
vector from K users. The transmitted symbol s, ; is modulated and mapped to one point
of A which denote a complex M-QAM scheme. The matrix H, € CV*X denotes the flat
Rayleigh fading channel matrix, and the entries of H, are independently and identically
distributed (i.i.d.) with zero mean and unit variance [18, 19]. The vector n= (n. 1, 1.2,
. nc,K)T denotes the additive white Gaussian noise with mean is zero and corre-
sponding variance is Gﬁ. Then, the complex received signal vector Ye= (V. 1, Ye,25 -
yC,K)T can be expressed as:

yc:HcSc+nc (1)

For ease of presentation and computation, the complex-valued system model can be
translated to real-valued system model as

[Re{yc}} _ {Re{HC} —Im{Hc}} {RC{SC}} + [Re{"e}} (2)

Im{y,} Im{H.,} Re{H.} Im{s.} Im{n,}
y H s n

where Re{.} and Im{.} denote the real and imaginary parts, respectively. Note that
y € R¥*! s c R?*1 n ¢ R?*! accordingly H € R*K*%K,

2.1 MMSE Detector

The task of signal detector is to obtain the estimated value of s from the channel matrix
H and the received vector y. It is well known that the MMSE detector is proved to have
near-optimal performance for massive MIMO systems. Thus, utilizing the MMSE
detector, the resulting estimated symbol vector § can be given by

§= (H"H+o’Ly) 'Hy=A""b 2)

where A = H?H + ¢1,¢ is the MMSE weighting matrix, and b = H”y is the output
of the matched filter, respectively. Note that A is symmetric positive definite and
diagonally dominant [20]. The computational complexity of direct matrix inversion is
O(K?), which is too high for massive MIMO systems, especially when the number of
user is large. Therefore, we can convert the MMSE algorithm into solving the fol-
lowing linear equation as
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As=Db (3)

which can be solved in an iterative way.

2.2 Conventional Gauss-Seidel Algorithm

In order to avoid the direct matrix inversion, GS algorithm was proposed in [15].
Consider the decomposition of A as A =D — L — U, where D is composed of diag-
onal elements of A, L and U represent the strictly lower triangular matrix and the upper
triangular matrix of A, severally. Then we can utilize GS iterative algorithm to solve
(3) which can be written as:

Sic1=(D—L)"'(US, +b) (5)

where §,, is the estimated transmitted vector at the » iteration.

3 Low-Complexity Signal Detection Algorithm

In this section, we propose an improved signal detection algorithm based on GS
algorithm for massive MIMO systems. Through the theoretical analysis of conver-
gence, the proposed DRGS algorithm can achieve good convergence rate. Then we
analyze the complexity of the proposed DRGS algorithm.

3.1 DRGS Algorithm

The delayed over relaxation (DOR) method [17] is introduced briefly. The form of
iterative solution method for linear equation can be cast in the following general form:

Sp+1 = Gsn +f (5)

As we all know, if the spectral radius of the matrix G, hereinafter p(G), is smaller
than unity, the GS algorithm is convergent. And the smaller p(G), the faster the
convergence of the algorithm [21]. Therefore, the DOR method was utilized to achieve
better performance of convergence. The main idea of the DOR method is combing the
iteration of the predicted step (rn+ 1) with the iteration of step (n — 1). As described
above, the modified relaxation step of system (5) can be expressed as:

{ SZ+}F:G5n+f ©)
Spr1=ws,  + (1 —=w)s,_

where w represents the relaxation parameter. The DOR method leads to a significant
improvement of the convergence rate of iterative algorithm.

Next, we employ the DOR method to GS algorithm, which is named as DRGS
algorithms. As mentioned before, the form of Gauss-Seidel algorithm can be denoted as
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€D Z (0~ L) '0s™ 4+ (D — L) b )

The principle of DRGS algorithm is to modify the iterative step by DOR method.
By substituting (7) into (6), the form of joint DOR method and GS algorithm can be
described as follow:

{ﬁj;H =MD-L)'0s,+(D-L)"'b ®)
§n+l = W§:+l + (1 — W)§n71

Furthermore, as well known, the initial value of s plays an important role in the
convergence rate and the detection accuracy of the iterative algorithm when the number
of iterations is limited. Thus, we take diagonal matrix D and lower triangular matrix
L into consideration to approximate A™' and represent the initial solution as
so=D—-L)'b.

3.2 Convergence Proof

The convergence of the proposed DRGS is analyzed on a theoretical basis in this
section. As [17] shows, the convergence rate of DRGS method is closely related to
p(G). Therefore, the spectral radius of G is considered firstly. We define the
G =MD -L)'U, where U=L"

Theorem 1: Let G € C**?K has eigenvalues 4;,i = 1 : 2K. Then the spectral radius
p(G) is [21, 22]: p(G) = max |4

1<i<2K
At first, we set r as an arbitrary 2 K X 1 non-zero real-valued vector. On the basic
of the definition of eigenvalue, we have:

Gr=([D-L)'L"r=Ar

9
L'r = (D —L)r ®)

Multiple by r" on both sides of (9), we can get
r'L'r = 2" (D - L)r (10)

Then we transpose both sides of (11) simultaneously, where D = D'. Another
equation can be obtained as

r'Lr = /" (D-L")r (11)
Add (11) and (10) will lead to
r'(L"+L)r=2r"(D-L-L")r (12)

As shown earlier, we can depose A as A=D-L — LT. Combine (12) and the
decomposition form of A, we have
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(1 —=2)r"Dr = (1 + 2,)r"Ar (13)

Since the MMSE filtering matrix A is positive definite matrix, thus, the diagonal
matrix D of A is positive definite. Then we can infer that ¥’ Ar > 0 and r’Dr > 0.
Further, we can get (1 — 4;)(1+4;) > 0, which indicates |/;| <1. Combing the con-
clusion and Theorem 1, we can get p(G) <1.

As [17] shows, assume the iterative matrix of the DRGS algorithm is M and
w € (1,2), when the spectral radius p(G) > v/w — 1, the spectral radius of M can be
written as

0<pM)<p(G)<1 (14)

Hence, we can get the proposed DRGS algorithm is convergent.

3.3 Computational Complexity Analysis

For massive MIMO systems, computational complexity is one of the important factors
in measuring the performance of detector. The complexity is defined as the required
real multiplications in solving A~'. Focus on the iterative form of DRGS algorithm, we
calculate the complexity in each step. Firstly, the complexity of X, . |, which is the
same as the conventional GS algorithm, is equal to 4K>, Then, to achieve X, 1, we
require to calculate two scalar multiplication with 2K x 1 vector with the complexity is
4K.

In Table 1, we compare the complexity of the proposed algorithm DRGS with the
Jacobi algorithm and GS algorithm. As is shown in this table, the proposed algorithm
has almost the same computational complexity as the conventional Jacobi algorithm
and GS algorithm. Thus, the complexity of DRGS almost no increase in complexity
and is much lower than the traditional MMSE signal detection.

Table 1. Computational complexity comparison of different algorithms

Algorithm | Complexity (iteration times T)
MMSE | (5/3)K® + (3/2)K* + (8/3) K
Jacobi [14] 4K? + 10K + (4K* — 2K)T
GS [16] |8K? + 4K + 4K°T

DRGS 4K* + 4K +(4K* + 4K)T

4 Simulation Results

In this section, we utilize Monte-Carlo simulation to evaluate the proposed algorithm.
In order to verify the performance of the DRGS algorithm, we provide bit error rate
(BER) simulation result compared with the conventional GS algorithm. The BER
performance of the typical MMSE is used as the benchmark for comparison. We
consider the Rayleigh fading channel model as channel model. And the channel matrix
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H,. follow the complex-valued Gaussian distribution with zero mean and unity vari-
ance. And the simulation environment is assumed to be the uplink massive MIMO
system with 128 x 32 and 256 x 64, respectively. The 64QAM modulation scheme is
utilized in the simulations.

Figure 1 illustrates the BER performance of the proposed DRGS algorithm against
the relaxation parameter w. For comparison, we set the signal-to-noise (SNR) as 14 dB
and the number of iterations is 7' = 3. The minimum BER is almost 107 for N x K =
128 x 32 and N x K = 256 x 64, when selecting the optimal relaxation parameter.
Fortunately, we can find the optimal w is 1.1 for both above-mentioned systems.
Moreover, according to extensive simulation results, it is found that the optimal
relaxation parameter w is invariable when the result of (N/K) is fixed. Thus, the optimal
w is easily to be ascertained when the result of (N/K) have been known.

10°

=¥ proposed algorithm N=128 K=32
=== proposed algorithm N=256,K=64

1 1.1 1.2 1.3 1.4 15 1.6 1.7 18 1.9 2
SNR(dB)

Fig. 1. BER performance of the proposed DRGS detection algorithm against the relaxation
parameter w.

Figure 2 shows the comparison between the proposed DRGS algorithm with the
Jacobi detection algorithm [14] and GS detection [16] algorithm, and the BER per-
formance of the typical MMSE signal detection is utilized as the benchmark. The
relaxation parameter w is considered to be set as w = 1.1. It is observed that the BER of
both algorithms are closer to that of MMSE algorithm when the number of iterations
increases. In addition, the proposed DRGS algorithm performs better in BER than the
conventional algorithms with the same number of iterations. As we can observe in
Fig. 2, in order to achieve the BER of 107>, the SNR required by the proposed
algorithm is 12 dB, and the SNR required by the Jacobi algorithm and GS algorithm is
more than 16 dB, when T = 3. Therefore, the convergence rate of our proposed DRGS
algorithm is faster as compared with the conventional algorithm.
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Fig. 2. BER performance comparison between the proposed algorithm and the conventional
iterative algorithm with 64QAM modulation.

5 Conclusion

In this paper, we propose an improved GS algorithm that called DRGS algorithm in
signal detection for massive MIMO systems. The DRGS algorithm is proved to realize
MMSE solution and avoid direct matrix inversion and reduce the complexity from O
(K3) to O(Kz). In addition, through theoretical analysis and simulation results, it is
proved that the DRGS algorithm can reach the approximate performance of typical
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MMSE algorithm with small number of iterations. Generally speaking, the proposed
DRGS can achieve high convergence rate with low complexity for massive MIMO
systems.
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