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Abstract. In this paper, a puncturing algorithm for mixing 2-kernel and
3-kernel polar codes is presented. The puncturing sequence is generated
based on the capacity of channels and the upper bound of minimum
block error probability for successive cancellation (SC) decoding. We use
the capacity-zero puncturing model, the decoding algorithm of mother
codes can still be adopted. An improved greedy algorithm of computing
the maximization of the minimum distance is proposed to select the
information set. The maximum number of punctured bits is limited to
[1,2"72) when the length of subcodes M € (2”72  3,2"™). Simulation
results show that the block error rate based on the mixing kernels is
better than that based on 2-kernel.
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1 Introduction
The original polar codes, proposed by Arikan [1], are capacity-achieving linear
0

11
However, the code length is limit to be N = 2". [2] has proved that [ x | kernel
is granted for the polarization effect, where [ > 2. It code length is N =" [3].
To achieved more flexible code length, [4] presents construction methods based
on multi-kernel, N = [T x [3". This method is still restricted to achieve arbitrary
code length.

In general, puncturing [5] and shorten [9] is a technique to implement higher
code rate and wide range of code lengths. [6] proposed a puncturing pattern.
Since the punctured channels don’t transmit the information, they are treated as
zero-capacity channels (completely noisy channels). We call this category as the
capacity-zero (C0) puncturing model. The pattern punctures bits from the frozen
set, which limits the performance of puncturing. [7] proposed a low-complexity
puncturing algorithm, which selects the first m bits of the output as puncturing

bits. It gets a better performance of the block error rate (BLER) than LET and
WCDMA by using the successive cancellation list (SCL) decoder. However, all

block codes. It is recursively constructed by the binary kernel matrix
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the above puncturing schemes are based on the mother codes N = 2™, and the
performance is worse when too many bits are punctured.

This paper proposes a puncturing algorithm based on polar construction
mixing kernels of sizes 2 and 3, when the length of subcodes M € (271, 272x3).
We can puncture the bits from mother code N = 2”2 % 3 and combine the
original puncturing algorithms when M € (272 % 3,2"), the maximum number
of punctured bits is limited to [1,2"~2). It is proved that the puncturing code is
still applicable to the original SCL decoder. For short code lengths, the minimum
distance has a large impact on performance, the polarization effect is not crucial.
Theoretically, the punctured table can be acquired by optimization of distance
spectrum or minimum Hamming distance. It is discovered that the maximal
minimum-distance spectrum can be acquired by using recursion [8]. We propose
the puncturing algorithm to select the punctured bits and use the improved
greedy algorithm to select the information bits.

The rest of this paper is organized as follows. In Sect.2, a brief review is
given to the mixing 2-kernel and 3-kernel polar code. The proposed puncturing
method is presented in Sect. 3. Numerical results are provided in Sect. 4. Finally,
Sect. 5 concludes the paper.

2 Preliminaries

Since the code length is N = ny X - - - X ng, the generator matrix is defined

as Gy = T, ® -+ - @ T,,, where ® denote Kronecker product, n; denote the
10 111

dimension of kernel and T = [1 1}, T3 = |1 01}, the dimensions of kernels
011

2 x 2, 3 x 3 respectively. If we select the first bit as the information bit, then the
largest minimum distance is 3. For the size of the information set is 2, the last
two bits are selected and the minimum distance is 2. If we select all the bits as
information bits, the minimum distance is 1. The minimum-distance spectrum
is S, = (3,2,1). For example, because of the recursive operation of generator
T3 0
T5 T3
spectrum St, = sort(T5,Ts + T3), where sort(x) denotes the sorting of vector
z in the decreasing ordering. The information set A and the frozen set A° are
acquired by the greedy algorithm, which is based on maximize minimum-distance
spectrum. The binary output vector X = {x1, 2, -, 2y} can be acquired form
the binary output vector U = {uq,ug,- - -,un} with Gy, X = UGy. As in the
binary case, the indices of X are required to be reshuffled. For each stage i > 1,
the permutation matrix P, can be calculated as

P; = (QilQi + Nix1|Qi + 2Nip1 - - - |Qi + (N/Niy1)Nit1) (1)

Where @Q; is the canonical permutation, it is introduced in [4]. Assume that
the n; x n; is the dimension of the j-th kernel of the Kronecker product, IV; =
H;;ll n;, the last stage P; = Q5. Then the output indices are acquired in the

matrix, it is cleared that Ng = Tp ® T3 = [ } The minimum-distance
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first stage by P;. Then we can get the X permutation in the final, in Sect. 3 we
will show an example in detail.

The reliability of output is calculated with Bhattacharyya parameter over
BEC channels. The subchannels’ capacity of T is

I(Wyg)=I(W1)I(W2)I(W3)

L(W3) =I(W)+1(Wo)I(Ws) = I(W1) I (W) (W) (2)

I(W3)=I(Wh)+1(Wa) —I(W1)I(Wa)
Multi-kernel polar code can calculate the error probability of subchannel by
using Gaussian approximation (GA). In the case of binary additive white Gaus-
sian noise channel (B-AWGNC), it assumes that all-zero bits are transmit-
ted, and the probability density function (PDF) of likelihood ratios (LLRs) is

aly ~ N(mb;,2mY), where mi = 2/02. The recursive formulas of LLRs are
calculated by

i— - i3

mgNIZW 1(1_(1_mN) ) (3)

i — i\2 i
m§N2:90 1= (1=mi)") +my (4)
m3 = 2mly (5)

Where
_ 1 qee w g ( (u—)?
olz) = {1 \/é@f_mtanl(l)2 exp(—)du mzl(;) (6)
xr =

©(x) can be calculated by

(110 _z >
pla) =4 vElomlart) w210 ™
exp(—0.45272709864.0.00218) 0<x <10

Assume all-zero vectors are transmitted, the estimate of w is determined to 1
when the LLR is less than 0. The probability over (—oo, 0) is the error probability
of SC decoding

0 1 —(z — m(i))2
pe= [ - eap(— N e ®)
—00 9 ng\zf) 4mN

3 Puncturing Algorithm for Mixing 2-Kernel and
3-Kernel Polar Codes

In this section, the paper analyzes the impact of each punctured bit on the other
bits and the feasibility of puncturing algorithm for mixing 2-kernel and 3-kernel
polar code. We propose the method of puncturing input bits for mixing of kernel
polar codes, and apply the quasi-uniform puncturing (QUP) algorithm to the
proposed mixing 2-kernel and 3-kernel construction method. After puncturing,
the minimum-distance spectrum is used to select the information set A and the
frozen set A°€.
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Theorem 1. Regardless of the puncturing from the input bits or the output bits,
it can receive the same number of channel with zero-capacity at the other side
by using T3 kernel.

Proof. For T3, the input bits of LLRs with SC decoder are calculated by

L(uy) = 2t(mh_1(tanhL(2yl)tanhL%Q)tanhL(g?’)) (9)
L(ug) = 2tcmh_1(tanh@mnh@)—k(—l)“lL(yl) (10)
L(uz) = (=1)" L(y2) + (—=1)" " L(ys) (11)

If one bit is punctured, one of the output sequence y; does not have any
message. We will puncture one bit and make one of {L(y1); L(y2); L(y3)} be
0. No matter what the situation is, that will lead to L(u;) = 0. The capacity
of subchannels can also be calculated by (2). When puncturing one bit from
input bits, the result of I(W3) = 0 remains no matter which one is chosen in
{Wy, Wy, W5}. For other stages, due to T3, it can acquire the same number of
channel with zero-capacity at both sides. In every stage, it can get the same
number of channels with zero-capacity at the both side. And the one which
is puncturing the first bit in 75 as the optimal puncturing pattern. It can be
noticed that the input bit w; corresponds exactly to the output bit y;. When
the subcodes M € (27712772 % 3), it just needs to puncture 2”2 bits at most.

Theorem 2. Suppose that the length of subcodes M € (271,22 x 3), the
number of puncturing codes m. Puncturing the bits {y1,- -, ym} from the output
bits, the corresponding input bits must be the bits with zero-capacity.

Proof. Assume that the error probability of the sub-channel is p. (7). The overall
block error probability upper bound of polar code is obtained by

BLER < > pe(i) (12)

i€A
Based on the minimum estimate of > p. (i), we can get the structure and the
best performance. Therefore, when a bit in T3 is punctured, we can select the

optimal puncturing pattern which minimizes BLER. The punctured bits can be
regarded as L(y;) ~ N(0,0), where E(x) denotes the mean of LLRs

E(u1) = ¢ ' (1= (1= E())(1 — E(y2))(1 — E(ys))) (13)
BE(ug) = ¢ '(1— (1 - E(y2))(1 — E(y3))) + E(v1) (14)
E(uz) = E(y1) + E(y2) (15)

Table 1 enlists the error probability of subchannels for T3 after puncturing
one bit. In case of puncturing the first bit or third bit of T3, the minimum block
error probability upper bound can be obtained.

Considering of the Theorem 1, we determine that the first bit in the 75 is
the unique puncturing position. The output sequence after polarization can be
acquired using (1) when one bit is punctured. An example is given in Fig. 1.
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Table 1. The error probability of subchannels for T3 after puncturing one bit

Punctured bit | uq U2 us Total
U1 0.2605 | 0.0786 | 0.3391
U2 0.2606 0.1587|0.4193
us3 0.2606 | 0.0786 0.3391

I I
| ]
U | 0 T
T | ! ’
uy 3 0
|
! I
u;
: | T,
uz
| |
I I
Uy T} | |
| |
us | i — s | Xs
L 1 L 1
Stage 2 P, Stage 1 P,

Fig. 1. Tanner graph of mixing 2-kernel and 3-kernel polar code with N = 6

Since stage 2 is the last stage, P, = Q2, Q2 = (i § g ;L Z g), we can get
123456
142536
calculated with P;. The polar code for N = 6, M = 4, m = 2, the puncturing
vector P = (p1,p2, ps, p4, 05, 06), where p; € {0,1} denotes the corresponding
output bits. P is set to all ones initially, the output z; is punctured when p; = 0.
The algorithm is described as:

Py by all the other P;, P = (Pg)f1 = ( ) The output order can be

Stepl: Set the first m bits as zeros of P.
Step2: Update permutation by P; and obtain the puncturing set of input
bits, B.

We find that the bits, which is the first bit of each T3, are already in the first
third of the output sequence. So any bits in the first third of output bits can be
punctured. If the punctured bits from output sequence have zero-capacity, the
corresponding input bits must be the bits with zero-capacity calculating by (2).

. . .. 1 ..
After puncturing the bit of T3, the generator matrix is {f nE the minimum-

distance spectrum is Sz, = (2,1, 0), the corresponding position of input bits are
{ug; ug, us; ¢}. If we delete columns corresponding to the punctured positions
from, Gy = 75" ® T3 and the vector 'y = (2,1)®" ® S'TS, where 7’ is an
unsorted version of the minimum-distance spectrum. We set I = {}, at each
step we will select one row add to I
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Algorithm 1. Information set to minimum distance

1: Initialize the set I = {}

2: Load N-vector rn

3: Load B

4: fori=1,..., K do

5. 1 =argmaz(rn)

6: ¢q=(l mod 3)

7 ry(l) = 0;

8: if ¢g==1 then

9: if ry(l+2) == 0 then

10: I=TU{l+2}

11: else

12: I=(I\{l,l+1,1+2}H)U{l}
13: end if

14: else if ¢ == 2 then

15: if ry(l+1) == 0 then

16: I=1Ul

17: else

18: I=I\{I-1Ll+1}HUu{ll+1}
19: end if
20: else
21: I=(I\{l-2,1-1,1}Hu{l—-2,l—-1,1}
22: end if
23: end for

For instance, M = 5 and K = 3. When M € (222! x 3), we will
use the puncturing algorithm for mixing 2-kernel and 3-kernel polar code.
When the code lengths is N = 2! ¥ 3! = 6, the puncturing vector is initial-
ized as P = (1,1,1,1,1,1). After the first step and reshuffling permutations,
P =(0,1,1,1,1,1), the punctured position is u;. The generator matrix Gg is
depicted as
000000
001000
011000
011111
001101
011011

G (16)

The sequence of the minimum-distance spectrum is Sz, = (5,3,2,2,1,0). The
information set I is initially empty.

Stepl: [={4}, ¢ = 1,rn(6) # 0, [ =4.
Step2: 1=5, ¢=2,rn5(6) #0, I ={5,6}.
Step3: [=1,¢q=1,rn5(3) =0, I ={3,5,6}.
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4 Numerical Results

When M € (2"~1,2"), the method of this paper combines with the QUP algo-
rithm based on the original polar code, which can effectively reduce the number
of punctured bits, and improve the decoding performance. For instance, when
M € [128,192], the number of punctured bits based on proposed algorithm are
represented in Fig. 2(a). And Fig. 2(b) shows the number of punctured bits based
on the original polar codes. It shows that the proposed algorithm less 64 bits
than that based on the original polar codes.
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Fig. 2. The number of punctured bits needed for different subcodes

When M € (21,2772 % 3), the proposed method effectively reduces the
punctured bits based on the mother codes being equal to 1/4 of the original
codes. When M € (2" % 3,2"%2), it can still puncture the bits based on original
polar code. Because of the above improvements, the research can limit the max-
imal number of punctured bits to 2" ~!. Moreover, compared with the original
polar code puncturing algorithm based on the 2-kernel polar code, the decoding
based on the mother decoder, and complexity of the multi-kernel polar code
decoder is lower than that of the original polar code. Therefore, the proposed
algorithm has lower complexity compared to the decoder and encoder of the
state-of-the-art punctured polar code.

In Figs.3 and 4, the paper compares BLER performance of the proposed
puncturing algorithm over AWGN channel against the punctured and shortened
polar code based on the original polar code. We adopt the SCL decoding with
L = 8. When M = 191 and dimension K = 96, the mother code based on multi-
kernel of length N = 192, and others use mother code based on the original
polar code of length N = 256.



330 X. Zhang et al.

100 :
—¥— propose
—6—QuP
101 F A - o multi-kernel | |
N © — shorten
~
~
~N
~
v 102 O.
i RS -
o Q
N
103 ¢ <
AN
N
AN
104 F o)
10_5 | | |
1 2 3 4 5

Eb/EO(dB)

Fig. 3. Block error rates for length N = 191 and K = 96 under SCL decoding with
list size L =8

Figure 3 shows that the performance of M = 191, K = 96 punctured codes.
The proposed outperform the other codes. The proposed code provides a gain
of about 0.55 dB at BLER of 107%.
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Fig. 4. Block error rates for length NV = 40 and K = 20 under SCL decoding with list
size L =8

Figure 4 depicts that the performance of a code of length M = 40 and dimen-
sion K = 20. The BLER of the proposed is close to that of the shorten polar
code. This shows that the proposed algorithm should be further optimized in
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adopting larger-scale and varied kernel not only use T3 to construct the multi-
kernel. The proposed puncturing algorithm based on multi-kernel significantly
outperforms QUP puncturing algorithm which is based on original 2-kernel polar
code. It is expected that this heuristic algorithm can apply puncturing algorithm
to multi-kernel polar code, when larger puncturing ratio in practical applications
is required.

5 Conclusions

In this paper, we present a puncturing algorithm for mixing 2-kernel and 3-kernel
polar code. When M € (2"~1,2"~2x3), the proposed algorithm for mixing codes
can puncture less 2”2 bits than the others. We further improve the greedy
algorithm, which is suitable for puncturing algorithm, to find the information
set. Simulation results show that the proposed algorithm can have similar or
even better performance than that based on 2-kernel polar code.
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