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Abstract. This paper studies the time-of-arrival (TOA) estimation
problem for unknown chirp signals. The signal envelope is assumed to
be trapezoidal, and TOA is defined as the arrival time for envelope to
rise to the half-platform value. The current state-of-the-art technique
is based on short time fractional Fourier transform (STFRFT). It uti-
lizes STFRFT to obtain the time-profile of time-frequency spectrum,
and proves that the profile can be used to estimate TOA. However,
this method uses only the peak of profile, which induces information
losses and thus degrades the estimation accuracy. To alleviate this, in
this paper, Hough Transform is combined with STFRFT to make bet-
ter use of the time-frequency spectrum. On the other hand, the chirp
rate of signal is conventionally assumed to be accurately detected by a
previous FRFT step. But the accuracy is actually limited by the compu-
tational complexity of FRFT. Hence, a dechirp technique is also involved
to make improvements on this aspect. Numerical results show that the
dechirp technique brings advantages in detecting chirp rate; and combin-
ing Hough Transform with STFRFT is beneficial for TOA estimation.

Keywords: TOA estimation - Chirp signal - FRFT -
Hough Transform

1 Introduction

Time-of-arrival (TOA) estimation is an important topic in the area of radar sig-
nal processing for its usage in source localization, source identification and signal
sorting [1]. In this paper, the TOA estimation of pulse linear frequency modu-
lated (LFM) signal is studied. The signal comes from a noncooperative source
so that the parameter is unknown; and the source and sensors are asynchronous.
Notably, the estimated TOA can still be used to sort signals or generate the
TDOA between different sensors [2].

Two classical TOA estimators are the thresholding estimator (TE) [3] and
the auto convolution estimator (ACE) [4]. TE works by comparing signal energy
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with a predetermined threshold, and ACE works by taking the auto-convolutions
of signals. Some priori information of signal is explored in ACE, which results in
its better performance than TE. However, for a chirp signal fractional Fourier
transform (FRFT)-type methods can make further improvements since chirp
signal is more concentrated in fractional Fourier domain (FRFD)-spectrum than
Fourier domain (FD)-spectrum [5,6].

The current state-of-the-art FRFT-type method is short time FRFT estima-
tor (STFRFTE) which is proposed in [7]. For convenience, short time FRFT will
be abbreviated as STFRFT. STFRFTE segments the signal by a series of sliding
short windows and uses FRFT to obtain the time-profile of STFRFT-spectrum
[8]. It is then found that the profile owns a similar shape with signal envelope [7].
On these foundations, the half-peak value of time-profile can be used to estimate
TOA.

However, STFRFTE impractically assumes that the signal chirp rate is accu-
rately estimated by a previous FRFT step [7]. The assumption is obviously not
reasonable because the accuracy of chirp rate is limited by the searching step
of FRFT, which cannot be infinitely small due to complexity limitations. On
the other hand, only the peak information of STFRFT-spectrum time-profile is
used to determine TOA, which leads to performance losses. Thus, this paper will
make improvements on both aspects.

Firstly, by making partial derivatives, it is observed that the precision of an
estimated chirp rate is generally inversely proportional to the chirp rate, when
the search step is constant. This is because the FRFT-order of signal and the
chirp rate thereof are not uniformly one-to-one mapped. Therefore, this paper
proposes to iteratively dechirp the signal to reduce its chirp rate, which brings
benefits in chirp rate estimation and the subsequent STFRFTE process.

More importantly, Hough Transform (HT) is combined with STFRFTE to
generate HT-STFRFTE, where HT is a classic image shape detection technology
in automated digital image analysis [9-11]. Since HT makes the information of
STFRFT-spectrum more fully used, better results are promised.

The main contributions of this paper are twofold. On one hand, we propose
a modified chirp rate estimation technique based on dechirping, which generates
DFRFT. Compared with FRFT, it can improve the accuracy of result with the
same computational complexity. On the other hand, we propose a novel TOA
estimation method based on HT. A HT-based TOA estimation method has been
proposed in [12], but its focus is on mapping the signal amplitude into a high-
dimension parameter space, which means it is very computationally expensive.
Alternatively, we apply HT in FRFT spectrum analysis and the computational
cost is very small. We are also aware of some modified HT algorithms, e.g.,
generalized Hough Transform [13] and randomized Hough Transform [14]. When
the signal envelope is not an ideal trapezium, it is an interesting topic for future
research to construct modified TOA estimators with them.

Outline of this paper is described as follows. In Sect. 2, the basic signal model
is formulated and the STFRFTE method is briefly introduced. Section 3 derives
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the DFRFT and HTSTFRFT method. Numerical results are given in Sect. 4 and
conclusions are drawn in Sect. 5.

2 Basic Fundamentals

2.1 Signal Model

To start with, the model of pulse LFM signal x(t) is formulated as

2(t) = w(t)ed 3+ Qot+ido (1)
where uy denotes the chirp rate of x(t), 29 the carrier frequency, ¢¢ the initial

phase and w(¢) the signal envelope.
The unknown received signal is

s(t) =z(t —t,) +n(t) (2)

where t, denotes the time delay between source and receiver and n(t) is the
Gaussian white noise.

When source and receiver are synchronous, TOA is t,. However, when they
are asynchronous, TOA is aliased by a constant Cy, i.e., t, = t, + C,. Although
t, is an aliased estimate of TOA, it can be estimated by the envelope of received
signal (w(t — t,)). Following [7], w(t — t,) is formulated as

ket — ta) + 42, t <t <t
Ao to <t <ts
t—t,) = : Sts 3
wl o) kf(t*ta*tPW)Jr%,t?aStSM ®)
0, otherwise

where t; = t, — %T, t2 :taJr%, t3 = ta+tPW*t7f, ty :ta+tpw+t7f, Ao
is the platform-value of trapezium, ¢tpy the pulse width (PW), &, the slope of
the rising edge, k; the slope of the falling edge, ¢, the duration of the rising
edge and ¢y the duration of the falling edge. w(t —t,) is also shown in Fig. 1. As
depicted in Fig. 1, the shape of envelope is assumed to be trapezoidal and ¢, is
defined by the arrival time for w(t —t,) to rise to %. The purpose of this paper
is to estimate t, through s(t).

w(t)

Fig. 1. The ideal envelope of the chirp pulse.
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2.2 STFRFT Fundamentals

Since STFRFT is developed based on FRFT, FRFT is firstly described as follows.
The pth order FREFT of x(t) is defined as a linear integral transform with kernel
Kp(u,t):

X0 = Fla(] = [ Kyfutyeyar ()

where F?[e] denotes the FRFT operator, K,(u,t) = eIm(t? cota—2tucscattu® cota)
VI—jcota, a=Er (whenp # 2n), Kp—sn(u,t) = 0(t—u) and Kp—gn+2(u,t) =
d(t + u). Hence the interval of definition for « is « € [—m, ) with period 2.

According to the principle of FRFT, |X,(¢)| achieves its maximum value
when o = g = ap, + 5, where a,,, = arctan(j). Then signal is in the time-
frequency line (u,, = po) and ay is the rotation angle between the time-frequency
line and the time domain (u,, = 0). The geometric relation between ., = o
and aq is shown in Fig.2. For convenience, «g is called the matched rotation
angle and py = ”% is called the matched order, leading to ug = — cot(ag) and
po = 2 arccot(—up).

Uo

ag

Fig. 2. Geometric relation between the chirp rate uo and the matched angel «p.

STFRFT of z(t) is obtained by multiplying x(¢) with a window g(¢) before
taking the FRFT, that is
STFRFT(f, u) / 2(P)g(r — K, (7 u)dr. (5)
xT,p — 00
The performance of STFRFT is affected by the shape and length of the win-
dow. Commonly used windows are rectangular window, Gaussian window, etc.
As discussed in [15,16], Gaussian window generally leads to the best perfor-
mance. Thus in this paper, the Gaussian window to be used is expressed as

g(t) = (no?)~H1et/20", (6)

where o is the mean square deviation that determines the length of Gaussian win-
dow. According to (5), STFRFT can analyze how the FRFT-spectrum changes
by time, which means it is possible to estimate when the signal starts and ends.
So an STFRFT-based TOA estimation method (i.e., STFRFTE) was proposed
in [7].
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2.3 STFRFT-Based TOA Estimation

To perform STFRFT-based TOA estimation, chirp rate pg should be known in
prior.

By moving the window, the STFRFT-spectrum at different moments can be
obtained. When the window is within the duration of chirp pulse, the peak of
STFRFT-spectrum is located at (¢,ug) where ¢ is the window center [6]. Thus
along the line ug = —cot(ay), the time-profile of STFRFT-spectrum w(t) is
obtained by

w(t) = | STFRET(t, uo)|. (7)

Z,Po

In [7], it is proved that TOA is obtainable via

to = arg{w(t) = 0.5 maxw(t), t < arg max w(t)} (8)

which means, when signal envelope rises to the half of platform-value (%), the
STFRFT-spectrum also rises to the half of platform-value in the time-frequency
domain in the noise-free situation. This builds the fundamental basis for this
paper.

However, STFRFTE has two limitations: (1) Chirp rate is needed in
STFRFTE, hence the result is affected by the accuracy of chirp rate estimation;
(2) Due to the influences of noise, there is a large fluctuation in the signal ampli-
tude during the pulse duration [16]. To make improvements on these aspects,
next section will describe a chirp rate estimation method based on dechirping
and a TOA estimation method based on Hough Transform.

3 Proposed Theory and Method

3.1 An Improved Chirp Rate Estimation Method

The chirp rate estimated by FRFT is always erroneous due to the existence of
noise and the limitation in computational complexity. Define ¢ as the estimated
matched angle and g the estimated chirp rate, then g = — cot(dy). It is obvious
that the accuracy of &g is determined by the search step length when SNR is
high enough. Notably, traditionally the search values of « are uniformly spaced
between % and %, which means the search step is constant.

Hence Adq is almost inevitable and we propose DFRET to reduce the effect
of Aéy by exploring the relationship that dig/déy = sin~2 Gg, where d denotes
the partial derivative notation. Then the derivative is positively correlated with
|&o — 90°|, and it reaches the minimum value when &y = 90°. In other words,
the smaller |&y — 90°| is, the more accurate iy is.

On these foundations, we iteratively multiply s;(t) by e/®t*/2 where i =
1,2,-+-, s1(t) = s(t) and 4; is the estimated chirp rate in the ith iteration. In
this way, both the chirp rate u; of s;(t) and |&; —90°| can be iteratively reduced
which gradually improves the accuracy of @;. When the iteration stops, g is
calculated by g = Y ;.

K3
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Fig. 3. A typical result of HT.

3.2 STFRFTE Based on Hough Transform

As mentioned before, in STFRFTE, TOA is estimated by finding where the
STFRFT-spectrum time-profile @(¢) grows to be max 1w(t). This means TOA

should be more accurate with max %u?(t) approaching the half platform value

of w(t). However, w(t) is typically fluctuant with ¢, leaving max 14(t) greatly

affected by the local changes of @(t). The value of 21 (t) is therefore a bad
estimator of the half platform-value and a better method is required.

To describe the global feature of the platform-part in w(t), a classical graphics
detection theory (i.e., Hough Transform) will be used to identify the graphics
components in w(t). It is noteworthy that to combine the graphics detection
method with STFRFT is an idea that has not been addressed elsewhere to our
best knowledge. The basic theory of Hough Transform is briefly given as follows.

A 2-D straight line (L1) can be described by the polar coordinate (p,6),
where p denotes the length of the vertical-line (Ls) from the origin to Ly, 6 is
the rotation angle of Lo with the x axis. Then a point (x,y) on L satisfies

p=1xcosf+ysinb. (9)

Equation (9) implies that each point on L; corresponds to a subset of
polar parameter space (e.g., (z,y) corresponds to (p1,61), (p2,02), ). Then the
subsets of different points comprise different curves, which intersect at (p,9).
Hence, we define @, = {p1,--- ,pn} as well as @y = {6, --,0n}, calculate
p(8;) = x cosB; +ysinb; for each 6; and create a two-dimensional accumulative
matrix A., where the (ji,j2)th element of A, € RM*M is (p; . 6;,). Following
these, for each 6; we find p; which belongs to ®, while minimizing ||5(0;) — p;||2
and add the (4, j)th element in A, with 1. Once the points in @w(t) are enumer-
ated, the maximum peak of accumulator A, should generate the required result.
Recall that the top line of trapezoid has the value 8 = 90°, then the maximum
peak A.(p,90°) is used instead.

Readers are referred to [17] for more implementation details of Hough trans-
form. A typical result of A.(p,90°) is shown in Fig. 3.
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With p, the estimated platform-value (trapezoid height), we have
W(t)|t=t, = 0.5p., t < arg max w(t). (10)

3.3 Implementation Details of DFRFT and STFRFTE

TOA estimation system flow chart is shown in Fig.4. It should be emphasized
that to dechirp signal, TOA is an essential estimate.

Firstly, using FRFT and STFRFTE one can roughly estimate the chirp rate
and the TOA of signal. Then the Hough Transform step is used to update the
TOA. The estimated chirp rate and TOA can be further used in DFRFT. After
iterating several times, one can finally get a high-precision TOA.

Received Signal (%)
with initializations of

yt)=2z(t), 00 =0

¥

Use FRFT to obtain
the o of (1) ﬁ

Update y(t) with 2(t)

op=0+a
Use @ to calculate Use TQA and O
the STFRFT of (%) to dechirp z(t)
and obtain w(t) and obtain 2(t)

¥ *

Rough estimation of l Use HT to improve

TOA based on w(t) the accuracy of TOA

Fig. 4. Flow chart of TOA estimation system.

4 Numerical Results

To illustrate the superiorities of DFRFT and HT-STFRFTE, both FRFT and
STFRFTE will be involved for comparison. The parameters of the pulse LFM
signal in (1) are £20 = 0, ¢9 = 0, Ag = 1, tpw = 10us, ¢, =ty = tpy /25 and
ky = ky = Ap/t,. Sampling frequency is fs = 100 MHz and the chirp rate g is
a random variable uniformly distributed between [ tfjw , 4::}]: =]

In the simulation for DFRFT, t, = Ous and there are three times of iteration,
with the search steps being Aa; = 0.0lwrrad, Aas = 0.0057rad and Aag =

0.00257 rad, respectively. In the simulation for HT-STFRFTE, ¢, = 500 ns.
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Fig. 5. RRMSEs of the chirp rate estimation in terms of the DFRFT and FRFT.
4.1 Test for DFRFT

In Fig. 5, relative root mean square error (RRMSE) of the estimated chirp rate

v

o is defined by RRMSE = 1/V -/ > H“"%{:‘“Hg, where V' = 200. RRMSE is
v=1

used here because it is barely influenced by the value of ug.

Figure5 demonstrates the RRMSE curves in terms of DFRFT and FRFT.
Since search step can not be infinitely small, the accuracies of DFRFT and FRFT
converge to approximately 3.5 x 1073 and 5 x 1073, respectively. We can also
observe that DFRFT produces better results than FRFT in the interested SNR
range. Thus the novelty of DFRFT is validated.

4.2 Test for HT-STFRFTE

In this subsection, root mean square error (RMSE) of estimated TOA (%,) is

v
RMSE = 1/V - [ 3 ||ta — tal|3, where V' = 200.
v=1

Figure 6 demonstrates the relation between the time-profile of STFRFT-
spectrum and its noise-free version. It can be observed that the time-profile
of STFRFT-spectrum is fluctuant compared with the noise-free one. The other
three curves stand for the estimated half trapezoid height (also the half-platform
value). We can see the value estimated by HT-STFRFTE is much closer to the
ideal value than that by STFRFTE.

Additionally, Fig.7 depicts the RMSE curves in terms of HT-STFRFTE
and STFRFTE. Clearly, HT-STFRFTE provides better results under both low
and high SNR conditions. For example, when SNR = 10dB, RMSEgrrrrrE =
24.2ns and RMSEyt_strrrrE = 16.91ns. Hence, the benefits from the addi-
tional HT step have been certified.
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Fig. 6. STFRFT-spectrum time-profile as well as its noise-free version and the esti-
mated half trapezoid heights by HT-STFRFTE and STFRFTE.
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Fig. 7. RMSEs of TOA in terms of HT-STFRFTE and STFRFTE.

5 Conclusion

To estimate TOA of unknown chirp signals, FRFT-type method is studied
in this paper. Two contributions are made, i.e., the propositions of dechirp
FRFT (DFRFT) and Hough Transform FRFT estimator (HT-STFRFTE), with
DFRFT providing the chirp rate required by HT-STFRFTE. DFRFT works by
adding an extra step between two iterative FRFT steps, which reduces the signal
chirp rate and thus makes the estimated result less sensitive to errors from the
search step of matched-order. Compared with FRFT, DFRFT requires approxi-
mately the same computational complexity while providing better performances.
In STFRFT based TOA estimation, the time-profile of STFRFT-spectrum is
observed to fluctuate with the time-frequency domain, which makes the result
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sensitive to local changes. Compared with it, HT-STFRFTE can subtract the
platform-value more accurately. Numerical results show that, the proposed meth-
ods provide better results in terms of chirp rate and TOA.
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