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Abstract. Clustered sparse signals recovery with unknown cluster sizes
and locations is considered in this paper. An improved alternative
extended block sparse Bayesian learning algorithm (AEBSBL) is pro-
posed. The new algorithm is motivated by the graphic models of the
extended block sparse Bayesian learning algorithm (EBSBL). By deriv-
ing the graphic model of EBSBL, an equivalent cluster structured prior
for sparse coefficients is obtained, which encourages dependencies among
neighboring coefficients. With the sparse prior, other necessary proba-
bilistic modelings are constructed and Expectation and Maximization
(EM) is applied to infer all the unknowns. The alternative algorithm
reduces the unknowns of EBSBL. Numerical simulations are conducted
to demonstrate the effectiveness of the proposed method.

Keywords: Clustered structure - Bayesian sparse learning -
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1 Introduction

Traditional sparse representation attempts to find a parsimonious coefficient
vector x € RV*! from noisy observation y € RM*!

y = Ax +n, (1)

where A € RM*N is an representative dictionary and n is the noise. To fur-
ther include the inherent structure onto the signal, structured sparse recovery is
proposed with improved recovery performance. Among which, block structure is
one of the mostly observed structures in practice [1,2,4,5]. In block structure,
elements of sparse coefficient x are likely to be nonzero or zeros in blocks. Par-
ticularly, when the block sizes or the localizations are unknown, the structure is
referred to cluster structure.
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Algorithms dealing with the simple block sparse signal with known block
partition have been widely studied and can be generally divided into three cate-
gories. The greedy pursuit algorithms are one of the categories including Model-
CoSaMp [6], Block-OMP [7], and their variations. The second category is the
convex optimization, such as GLasso algorithm [8], GBasis Pursuit [9], l2/l1
Programming [10], etc. The third one is the sparse Bayesian learning method
known as block-sparse Bayesian learning (BSBL) [11]. They performs compet-
itively with each other in ideal situation with known block partition and size.
Obvious performance degradation is observed when such algorithms are applied
to the cluster structure where knowledge on the block partition is unavailable.
Signal with cluster structure is generally much harder to recover. However, under
such a circumstance, it is observed that neighboring elements of the sparse coef-
ficients are statistical dependent on each other, which may be potentially used
to capture the underlying structure of the signal. This fact has been studied
by recently proposed methods, such as extended block-sparse Bayesian learning
(EBSBL) in [11] as well as pattern-coupled sparse Bayesian learning in PC-
SPL [12].

In EBSBL, an augmented vector is artificially constructed and linearly com-
bined to represent the sparse coefficient to introduce interactions among its
neighboring elements. Due to the augmented vector, an extended problem with
higher dimensionality has to be solved in EBSBL. This paper tries to derive
an explicit interaction expression of the neighboring coefficients and reduce the
problem size of EBSBL. By studying the underlying relationship of the hidden
variables in the graphic model of EBSBL, a clustered-sparsity imposed prior
can be derived by integrating out the hidden augmented vector artificially con-
structed. The newly derived prior of one certain sparse coefficient introduces
interactions of its own hyperparameter and those of its neighbors, thus impos-
ing dependencies among neighbors. By constructing structured prior and other
proper probabilistic models for all hidden variables, the original sparse rep-
resentation problem is easily treated by Bayesian method. The expectation-
maximization is used to estimate all the unknowns. The relationship between
the alternative EBSBL with the original EBSBL is also revealed. Simulations
are conducted to demonstrate its effectiveness.

2 The Review of the Idea of EBSBL

Since the proposed alternative method is motivated by the EBSBL, we first
briefly review the basic idea of EBSBL.

2.1 EBSBL

The basic idea of EBSBL to recover clustered sparse signal is to try to refor-
mulate the signal with unknown location and size by expanding its sparse
coefficients into known blocks. The processing can be illustrated by Fig. 1. The
constructed augmented vector is denoted by z = [ - - 2;_12;2;41 - - -]T, where block
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Fig. 1. The illustration of the expanding procedure.

Z; = [xi,lxixiH]T. Since merely neighboring information is used, the block size in
Fig. 1 can be reasonably set to 3. For clustered signal, due to the fact that neighbor-
ing coefficients are likely to behave in the same way, it is highly probably that the
augmented vector is of block sparse with equally partitioned blocks of size 3. There-
fore, z can be effectively recovered by the BSBL method. With the augment vec-
tor z, the original problem can be approximately transformed into a block sparse
recovery problem with known block partition:

g
y:ZAEizi—&—n:'I)z—l—n (2)
i=1
where ® = [®4,---, ®,] with sub-dictionary ®; = AE;. E; € RN*3 i a zero
matrix with its rows from i-th row to ¢ + h — 1-th row being an identity matrix.
The original coefficient x is then a linear transformation of z:

X = Zj:l Elzl (3)

2.2 Discussion of EBSBL

It should be emphasized that the problem of cluster sparse signal recovery in (2)
can only be approximately solved by the BSBL, since the block sparsity of each
block z; does not exactly hold. This is the fact with great probability. However,
for those block z; containing the edge of the clusters of x, the block sparsity
cannot be applied. This approximation will result in inaccuracies in the edge
recovery of the clusters of x.

3 Graphic Model of EBSBL

In this section, the graphic model of EBSBL is constructed to explicitly show
the relationship of each hidden variable. And a new structured prior of x is
constructed based on the graphic model.
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3.1 Interaction Among the Hidden Variables of EBSBL

To apply the BSBL method to infer the hidden variable z, z has to be hierar-
chically modeled:

p(z;{7i};, B) = N (0,%0) (4)

with Xy = diag (y1B,--- ,v,B). Each block z; follows Gaussian distribution as
below:

p(2zi;7i,B) = N (0,7, B), (5)

where ; is the parameter controlling the block sparsity degree. With those
probabilistic model in (4) and (5) and the relationship between x and z in (3),
The interactions among all the hidden variables of x, z and 7 can be explicitly
shown in the Graphic model of EBSBL in Fig. 2.

Xi-1 X Xi+1

Fig. 2. The graphic model of EBSBL.

In Fig. 2, the ith element of z; directly is connected to z;—1{3}, z;{2} and
z;+1{1} according to the linear transformation in (3). Since z;_1{3}, z;{2} and
z;+1{1} depends on v;_1, v; and 7;4+1, then z; is implicitly connected to ~;_1,
~v; and ~y;41. Similarly, it is concluded that x;_; depends on 7;_1, v; and 41,
and x;41 depends on v;_1, v; and ;41. Therefore, x; implicitly interacts with
its neighbors x;_; and z;41. By this hierarchical probabilistic modeling, EBSBL
easily exert the dependency on neighboring sparse coefficients in a probabilistic
way. That statistical dependency will be used in EBSBL to enhance the perfor-
mance of sparse recovery for signals with cluster structure.

It is noted that EBSBL requires to infer an extended vector z of size 3 times
that of x. To maintain the problem size to that of x, we try to derive an explicit
structured prior for the sparse coefficients, which is motivated by the graphic
model of EBSBL.
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3.2 Structured Prior for Clustering Sparse Signal

It should be emphasized that the graphic model in Fig. 2 only tells us that z; is
implicitly and jointly depending on v;—1, 7; and ;41 through the intermediate
hidden variables of z;_1{3}, z; {2} and z;41{1}. Actually, the explicit relationship
of &; on 7v;_1, v; and ~;4+1 can possibly given by integrating out the intermediate
variables z;_1{3}, z;{2} and z,11{1}. Since we previously assume that blocks of
z;—1 for different ¢ are independent as shown in the probabilistic model in (4),
z;—1{3}, z;{2} and z;41{1} are independent Gaussian random variables with
variances 7;_1, v; and 7;11. Therefore, ©; = z;_1(3) + z;(2) 4+ z;4+1(1) according
to (3) follows normal distribution with a variance of v; + v;+1 + 7i—1, i-e.,

P (i3 7i, Vi1, Yit1) = N (0, (i +Yie1 + Yit1)) - (6)

The overall prior of x also depends on the expression of B in (5). If B is an
identity matrix, elements inside each z; are independent. Therefore, x; will be
independent for all ¢ and an explicit prior of x over < can be given as below

p(x5) = HP (@339 + Yie1 + Yit1)- (7)

3

The probabilistic graphic model of prior in (7) can be given by Fig. 3. As illus-
trated in Fig. 3, prior for coefficient x; directly involves its own hyperparameter
v; and those of its neighbors z;_; and x;;1. The hyperparameters are coupled
together to introduce the dependency.

Xi—1 X Xi+1

Fig. 3. The graphic model of the proposed structured prior.

It should be noted that if B in (5) has nonzeros on its off-diagonal, elements
inside each z; will not be independent. Under this case, neighboring z; will be
correlated with each other and the distribution of x over < can not be written
explicitly. For simplicity, we always assume an identity matrix for B. In contrast,
EBSBL theoretically allows arbitrary form of B.

3.3 Discussions on the Constructed Prior

The hyperparamter coupled prior in (7) coincidently shows a similar form of
the pattern-coupled prior proposed in [12]. However, it should be noted that
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coupling of the hyperparameter is modeled as the precision of z; in [12], while
coupling of the hyperparameter in our case is the variance of sparse coeflicient x;
and statistically implies z; of a linear combination of three independent normal
variables.

The assumption of an identity matrix for B, though exerts more restric-
tion, is reasonable. The independence of elements in z; somehow decreases the
aforementioned inaccuracy of edges in the non-zero cluster, since it allow totally
different elements in z;. To see this, first let us assume each element of B is 1.
Consider x; = z;_1(3) +2;(2) +2;41(1) # 0 is on the edge of the nonzero cluster
and 2,1 = 2z;—2(3)+2;-1(2)+2;(1) # 0 and 2,41 = 2;(3)+2;41(2)+2;42(1) = 0.
In this situation, block z; should be nonzero and z;(3) = 2;(2) = z;(1) > 0 with
the most probability according EBSBL, thus leading to a large inaccuracy in
estimation of x;11. On the other hand, if elements in z; are independent, z;(3)
is allowed to be close to 0, which makes it easy to estimate x;1.

4 Alternative to EBSBL for Cluster Sparse Signal
Recovery

In order to formulate our problem under Bayesian framework, in addition to the
cluster-structured prior of x in (7), necessary proper probabilistic models are
need to be constructed for other hidden variables in Bayesian treatment. After
that, Expectation and Maximization algorithm can be applied to infer all the
hidden variables and unknown parameters.

4.1 Updating Rules for Unknowns

The noise n is assumed to be Gaussian distributed with variance aq, so that the
likelihood function of y in (1) is as follows:

y |X7 Qo ~ N (A.X7 OCOIM) ) (8)

where I, is an identity matrix with size M.
We can then easily calculate the posterior of x given likelihood in (8) and its
prior of (7), which is of a Gaussian distribution with mean and covariance

X=p=qa;' ATy (9)
= DA” (aoI + ADAT) 'y,

and .

Y= (og'A"A+D) . (10)
In (10), D is a diagonal matrix and the i-th element on its diagonal is (c;—1 +
i+ i)

For the unknown parameters estimation in Bayesian treatment, the algorithm
of Expectation-Maximization is mostly used. In EM, « and ag can be found by
maximizing

Ex\y,'y,ozo {p (y|X;0¢0)p(X;’)’)}, (11)
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where Exiyiy,a, {-} denotes an expectation with respect to the posterior of x.
According to (11), o can be given by maximizing

Eyjyia {logp (x;a)} = (12)
N N H
Ex\ o {(E ZL’Z}
=) log (i1 +a; + aiq1) — - - )
; (@i +1) ; Q1+ Qg+ g

with Exly;a {xf{xl} = uf + X, and X ; being the i-th diagonal component of
Y. Let v; = a1+ a; + a1 and w; = ,u% + X, ;. v can be found by letting the
gradient of (12) with respect to ; to zero:

OEy|y.a {logp (x;00)}

13
e, (13)
(o W;—1 Wi+1 . 1 _ 1 _ 1 —0
- 2 2 2 . ) ) -
Ui Vi1 Vit Vi Vi1 Uit1

The root of (13) can not be given in a close-form, since ~; is entangled with
other unknowns of ~;_; and 7;41. There are three possible ways to find the
estimation of 7;. One simple way is to iteratively find the root =; of (13) by
using the previously estimated ~;_1 and ~;4;. This will be time-consuming. The
other possible method is to find the lower and upper bound of (13) following [12]
to analyze the approximation of the root.

Let us define

Fmax = max {Yi—2, Vi1, Vis Vit 1, Vi+2}
and

Fumin = W0 {Fi—2,¥i—1, Vis Vit 1, Vi+2} »
where ¥;_o,¥i—1,%i, Vi+1, Vir2 are the optimal solution to (13). Therefore, we
have the following equation:

w;  Wi— w; 1 1 1
T5+_;1+_;+1:T+_ + —. (14)
Vi Yir Y Ui Ui-l Ui

Since 87 = (Vim1 + % +%i+1)” < P Vot = Fica +7im1 +70)° < MV

and 07, = (Fit2 + Vit1 +3:)% < 992 .x, Wwe have the left hand side of (14)

satisfy

wi Wi + Wi—1 + Wit1
vi Ui Uy 9V aax

And because T; = ¥;—1 + ¥ + Yi+1 = 3Vmin, Vit1 = Vit2 + Vit1 + Vi = 3Ymin and

Ui—1 = Yi—2 + ¥i—1 + Y > 37, the right hand side of (14) should satisfy

(15)

1 1 1 1
— + = + = < = . (16)
U5 Vi—1 Vi1 “Ymin
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Therefore, it is easy to show

Wi+ Wi—1 + Wit1 1 (17)
9:71%1&)( o ﬁ/min .

Since Ymin < ¥ < Ymax, if we make additional constraint that Jmax — Ymin,

then we have an approximation to the optimal root of (13) from (17) as follows:

Wi + Wi—1 + Wit1

Vi = 18
gl 9 (18)
Similarly, ag is calculated according to (11) by maximizing
Ex\y;a {logp (y |X; (&7s] )}
2
1 Ex\y;oz {”y - AXH2}
X~ og oy — S
M — Ap|2+Tr (ZATA
2 2040

Setting the derivative of (19) with respect to ag to be 0, «q is estimated by the
root:

|y —Apls+ Tr (ZATA)
Qo = Vi
The algorithm iteratively estimates x, ag, and ; by p in (9), & in (20) and
i in (18) till convergence.

. (20)

4.2 Discussion

To find the close-form sub-optimal solution to (12), a constraint that Fpmax —
Ymin 1S assumed. This is somehow similar to the assumption that x;_1, x; and
x;4+1 share variance v;_o = vi—1 = 7Yit1 = 7Vi+2 = 7 as used in [3]. Same
updating rule for +; is obtained as that in [3].

5 Simulations

The performance of the alternative to the EBSBL algorithm has been evalu-
ated and comprehensively compared in [3]. For completeness, we quote the main
performance evaluation results here. Two measures of support recovery rate and
normalized root mean squared error (NRMSE) [3] are used for performance eval-
uation under the signal to noise ratio of 25dB. The achieved support recovery
and NRMSE are shown in Figs.4 and 5, respectively, using 100 independent
trials.

Figure4 gives the support recovery rates against the sampling ratio while
Fig. 5 gives the achieved NRMSE against the sparsity. As shown in sub-figures
(b) of both figures, the NRMSEs of all algorithms decrease as the under-sampling
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Fig. 4. Support recovery and NRMSE against sampling ratio when the signal is of a
sparse degree of 25. (a) the support recovery; (b) the NRMSE.
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Fig. 5. Support recovery and NRMSE against sparsity level using 35 measurements.
(a) the support recovery; (b) the NRMSE.

ratio increases and the sparsity level decreases. When the under-sampling ratio
or the sparsity increases as shown in sub-figures (a) of both figures, the achieved
support recovery rates of different algorithms all decrease.

It is easy to note that the structured sparse recovery algorithms generally
achieve better NRMSE than that of BCS as shown in Fig. 4(a). The inaccuracy
aforementioned in Sect. 2.2 can be noticed by the result that as the observations
increase, the support recovery rates of all structure considered sparse representa-
tions hardly increase. This inaccuracy can also be noted in Fig. 5(a). We see that
as the sparsity decreases, the support recovery rate achieved by either BSBL or
EBSBL is lower than that achieved by conventional BCS [14]. It is noted that
Cluss in [13] achieves a better support recovery rate as there are enough obser-
vations since prevention of structure over fitting is considered in [13].

6 Conclusion

This paper serves mainly as a supplementary for our prior work in [3]. The
alternative extended block sparse Bayesian learning algorithm is re-investigated.
More discussions on the relationship among the original problem, EBSBL and
the alternative EBSBL are made for better understanding. A new interpreta-
tion of the derivation of close-form updating rules for the disentangling of the
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unknowns is provided. Problems of the edge inaccuracy in both the EBSBL and
its alternative will be further investigated.
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