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Abstract. This paper proposes a new algorithm called (ESA-DE) for
software-designed realization of finite impulse response (FIR) filters. The
determination of the optimal order of the filter is always a confusing
problem. In this paper, we will confirm the optimal order of the fil-
ter. Differential evolution has obtained widely concern as one of the
most promising intelligent optimization algorithms in the field of arti-
ficial intelligence. The new algorithm (ESA-DE) uses a new mechanism
called elite guide with weight and two new self-adaptive parameter dis-
tribution techniques to enhance algorithm’s diversity and convergence.
Experiments prove that the new algorithm is at least superior to the
basic DE and its variants jDE and ODE. The proposed algorithm is
applied to solve practical problem that it is to design FIR digital filters,
which overcomes the shortcomings of the traditional designing method.
In addition, the practical problem about design for digital filter demon-
strates that the ESA-DE has a better performance compared with the
other three algorithms.

Keywords: FIR digital filters · Artificial intelligence ·
Differential evolution (DE)

1 Introduction

FIR is a kind of the digital filter [1] which is widely used for stability, amplitude’s
randomicity and limited sampling value. The window function method [2,3],
optimal least-squares method (LSM) [4,5]and other traditional methods have
problems on determining the boundary frequency of passband and stopband.
The traditional optimization algorithms only pay attention to local informa-
tion which can’t meet the requirement of high precision of practical engineering
problems because it is difficult to jump out of local optimum. Intelligent opti-
mization methods with global optimization ability gradually emerge, including
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genetic algorithm (GA) [6], particle swarm algorithm (PSO) [7] and differential
evolutionary algorithm (DE) [8], etc. These algorithms simulate the evolution-
ary process of natural organisms or the behavior of social groups of organisms
to form a scientific calculation method called artificial life computation. Schol-
ars continuously devote to the artificial life and design research of digital filter
with artificial life calculation.They put forward a new optimization algorithm
[9,10] and various technologies [5,11–13] to design digital filter and achieve good
optimization results.

The layout of the rest of the paper is as follows: Sect. 2 gives a brief intro-
duction about principle of FIR digital filter and model establishment. Section 3
reviews the related works on the traditional DE. Section 4 elaborates the new
algorithm with various strategies and comparative experiments results of several
algorithms. Section 5 demonstrates design process of low-pass FIR digital filter.
Finally, a conclusion is made in Sect. 6.

2 FIR Digital Filter Principle

In this section, principle and model of FIR digital filter is introduced.

2.1 Principle of FIR Digital Filter

The optimal design of digital filter is an important part of signal processing. It
can be realized by hardware [14] and software while software implementation has
become a trend of filter design. Both can process the digital discrete signal and
change the frequency response or waveform of the input signal. They can prevent
the interference signal from outputting and then output the required signal.
FIR digital filter has a wide range of applications including speech recognition,
image processing, communication , military target navigation [15,16], the trend
of the economic market forecast, energy distribution of power system [17], and
intelligent robot system automatically detecting [18] etc.

2.2 Establishment of FIR Digital Filter Model

We designed a linear phase FIR digital filter [18] and selected finite impact
response h(n)(1 � n � N −1, N represents the filter order). The system function
H(z) is as follows:

H(z) =
N−1∑

n=0

h(n)z−n (1)

The frequency response function corresponding to the filter is as follows:

H(ejw) =
N−1∑

n=0

h(n)e−jwn (2)

The filter has a linear phase and obtains four different amplitude responses in the
frequency domain. One odd number is listed here (θ(w) is the phase frequency
response) (Table 1).
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Table 1. Parameter correspondence of amplitude responses

N=odd H(w) and θ(w) Relation of H(w) and h(n) The filter type

h(n) = even symmetry

N−1
2∑

n=0
h1(n)cos(wn)

−w N−1
2

h1(0) = h(N−1
2 )

h1(n) = 2h(N−1
2 + n)

n = 1, 2, ..., N−1
2

(1) Low pass

(2) High pass

(3) Band pass

(4) Stop band

3 Classical DE

DE is a stochastic optimization algorithm based on the number of population NP,
which searchs the optimal solution in the D dimensional space. We use Xi,G =
[xi,1,G, xi,2,G, ..., xi,D,G] to represent the ith candidate solution in generation
G, where i = 1, 2, ..., NP . For the classical DE [19], there are four following
operations:initialization, mutation, crossover, and selection.

3.1 Initialization

We initialize the candidate solution between lower limit Xi,G = [x1,min, x2,min

, ..., xD,min] and high limit Xi,G = [x1,max, x2,max, ..., xD,max]. The following
equation is used to initialize individuals in the initial population :

xi,j = xj,min + randi,j(0, 1) · (xj,max − xj,min) (3)

where xj,min and xj,max denote the lower and upper bound, It’s a constant
between [0, 1].

3.2 Mutation

Mutation operation is the part of DE algorithm. Each target vector Xi,G is
viewed as the base vector once. And then, two target vectors Xi2,G and Xi3,G are
selected from the population. The difference vector is generated. The difference
vector is weighted and added to the basis vector. The mutation vector Vi,G =
[vi,1,G, vi,2,G, ..., vi,D,G] is obtained. The basic variation strategy:

Vi,G = Xi1,G + F · (Xi2,G − Xi3,G) (4)

where i = 1, 2, ..., NP . index i1, i2, i3 ∈ [1, NP ], which is different from each
other.

3.3 Crossover

The crossover operation is to mix the components of the target vector Xi,G and
the mutation vector Vi,G and get the trial vector Ui,G = [ui,1,G, ui,2,G, ..., ui,D,G]
which can be generated by the following formula:
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ui,j,G =

{
vi,j,G if randi,j(0, 1) � CR or j = jrand

xi,j,G otherwise
(5)

where i = 1, 2, ..., NP . randj(0, 1) is randomly chosen from 0 to 1 for each j and
each i according to a uniform distribution. the crossover factor CR is a constant
between [0, 1], which determines how many components of the trial vector from
the mutation vector and affects the evolutionary speed of the algorithm. jrand

that is a integer keeps that one different parameter exists between the target
vector Xi,G and its trial vector Ui,G at least.

3.4 Selection

The selection operation forms a new population by selecting the trial vector and
corresponding target vector. According to their fitness values f(·), The vector
with having the best fitness value is preserved. The implementation is as follows:

Xi,G+1 =

{
Ui,G if f(Ui,G) � f(Xi,G)
Xi,G otherwise

(6)

where f(·) represents the fitness value of the function. In general, we optimize
the minimum value of the problem.

3.5 Condition of Algorithm Termination

There are two kinds of circumstances to make algorithm to end. On the one
hand, the number of iteration has reached maximum number of iteration, on the
other hand, the error factual(·) − f(·) between the ideal function value f(·) and
actual output function value factual(·) is not more than 10−8.

4 ESA-DE

The convergence speed of the algorithm is accelerated by using strategy of elite
guidance with weight. We use adaptive F and CR to balance the exploration
and exploitation. The description is as follows.

4.1 Strategy of Elite Guide with Weight

Variation strategy [23,24] has a direct impact on the performance of the algo-
rithm. We aim to better find the global optimal solution, in the first place,
population diversity should be maintained to avoid the algorithm falling into
the local optimum. In the second place, the convergence speed should be guar-
anteed. Direction of the improvement which based on the above content that is
strategy of elite guide with weight is put forward in this paper. It will retain
the original difference vector of DE algorithm to ensure the population diversity.
What’s more, it will join a new difference vector and let the elite guide the worst
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evolve together to speed up the algorithm convergence through diagram Figs. 1a
and 1b. In addition, the weight w is added to control the participation degree
of two difference vectors to ensure the accuracy of the solution. The strategy
equation is as follows:

X1 = Xr1 − Xr2 (7)

X2 = Xbest − Xworst (8)

V = Xi + w · F · X1 + (1 − w) · F · X2 (9)

where X1 and X2 represent two difference vectors, Xi , Xr1 and Xr2 are chosen
at random from a population, i �= r1 �= r2; Xbest is the best individual in the
population, Xworst is the worst individual in the population; w = 0.9; F is the
scale factor, which controls the magnitude of the difference vector between [0,1].

(a) random-guide strategy (b) elite-guide strategy

Fig. 1. Mapping of logistic and sinusoidal

4.2 Parameter Adaptation

Parameter setting [25–28] is another important factor to affect the performance
of the algorithm. The two main parameters of the DE algorithm are F and
CR. Changeable parameters can improve the performance of the algorithm so
we let the parameters change in each generation to adapt to the evolution of
the algorithm. In order to improve the convergence speed of the algorithm and
carry out local accurate search. We let F keep large to ensure the diversity of
the population at an early stage. In the later stage of the algorithm evolution,
F decreases gradually. Similarly, CR was large to ensure the convergence speed
in the early stage. In the later stage of evolution, CR was small to ensure the
diversity of population. Based on the above ideas, the distribution of F and CR
is as follows:

F = Fmax − Fmax − Fmin

Gmax
· G (10)

CR =
CRmin

1 + ( CRmin

CRmax
− 1) · e−G

(11)
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where Gmax is maximum number of iteration, G is current iteration number,
Fmax and Fmin are maximum and minimum value of variation factors, they
are set to 0.9 and 0.3, CRmax and CRmin are maximum and minimum value
of crossover factors, they are set to 0.8 and 0.5, algorithm flow is displayed
algorithm 1.

Algorithm 1. Pseudocode of OTWDE algorithm
Begin

G max = 1000; NP = 100;w = 0.9;
F min = 0.9; F max = 0.3;CR min = 0.8; CR max = 0.5;

Inilization
Generate a random initial population P0 = [X1, X2, ..., XNP ]
while G < G max do

for i = 1 : NP do
According to 10 and 11 to update F and CR
According to 9 to generate Vi,G

According to 5 to generate Ui,G

According to 6 to select the next generation Xi,G+1

if f(Ui,j,g) ≤ f(Xi,j,g) then
Xi,j,G+1 = Ui,j,G;

else
Xi,j,G+1 = Xi,j,G

end if
end for

end while

4.3 Test Function

For the evaluation of algorithm performance, there is no unified evaluation cri-
terion in academia while the performance comparison of optimization algorithm
is usually based on some typical problems called Benchmark [29,30]. In this
paper, 6 classic universal test functions are selected, High Conditioned Elliptic
Function f(1), Rastrigin Function f(2), Rosenbrock Function f(3), Cigar Function
f(4), Griewank Function f(5), Schaffer Function f(6), respectively. The specific
description is given Table 2 (Fig. 2).

4.4 Simulation Result

The performance of DE, jDE, ODE and ESA-DE algorithm is evaluated by
the above 6 common test functions. The four algorithms run 50 times indepen-
dently. F and CR are 0.5 and 0.3 for standard DE algorithm, respectively; The
parameter setting of jDE and ODE is consistent with the original algorithm; For
ESA-DE algorithm, Fmax = 0.9, Fmin = 0.3, CRmax = 0.8,CRmin = 0.5. The
maximum number of iteration of the four algorithms is Gmax = 1000. The popu-
lation size is set NP = 100. We obtained the performance evaluation criterion of
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Table 2. Specific description of test functions

Function
name

Seach range Optimum Dimension

f1 [−30, 30]D 0 50

f2 [−5.12, 5.12]D 0 20

f3 [−30, 30]D 0 20

f4 [−30, 30]D 0 50

f5 [−500, 500]D 0 20

f6 [−100, 100]D 0 20

Fig. 2. 3-dimensional images of 2-dimensional functions of 6 test functions

test function: average error value of fitness (mean), standard deviation (std) and
the success rate of the solution (SR) (SR = SN/S,SN is amounts that we find
the optimal value among 50 times, S is the total number of 50 runs). Table 3
represents the data simulation results. Figure 3 is convergence figures of test
functions. We see Table 3, ESA-DE is less than mean and standard error value
of other algorithms for the mean and standard error value. The success rate of
solution is also higher than other algorithms. It can illustrate that ESA-DE has
higher robustness and precision about solution. We can conclude that ESA-DE
converges earlier than other algorithms in earlier generation which means that
ESA-DE converges faster From the convergence simulation diagram of Fig. 3. In
conclusion, the improved algorithm is superior to the standard DE algorithm,
jDE and ODE.
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Table 3. Mean, standard deviation value and SR of ESA-DE, DE, jDE and ODE over
50 independent runs

Function Algorithm Mean Std SR

f1(50) ESA-DE 1.19E−14 8.46E−15 100%

DE 1.57E−09 1.15E−09 100%

jDE 6.94E−11 9.30E−11 100%

ODE 1.55E−12 6.01E−13 100%

f2(30) ESA-DE 5.00E−10 3.50E−10 100%

DE 9.05E+01 7.10E+00 0%

jDE 5.70E+02 2.61E+01 0%

ODE 2.38E+01 4.48E+00 13%

f3(30) ESA-DE 1.44E−02 1.22E−02 15%

DE 3.67E+01 1.55E+01 0%

jDE 3.28E+02 1.81E+02 0%

ODE 1.23E−05 1.70E−05 40%

f4(50) ESA-DE 1.64E−16 1.00E−16 100%

DE 1.49E−04 6.97E−05 0%

jDE 4.92E−09 3.44E−09 90%

ODE 5.73E−09 4.05E−08 87%

f5(30) ESA-DE 2.32E−13 2.18E−13 100%

DE 2.28E+00 7.39E+00 0%

jDE 3.78E−07 4.54E−06 40%

ODE 5.69E−08 7.24E−09 93%

f6(30) ESA-DE 2.47E−08 1.10E−08 93%

DE 8.93E+01 3.30E−01 0%

jDE 1.44E−05 1.40E−06 30%

ODE 1.85E−03 3.82E−04 0%
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5 Design of Low Pass FIR Digital Filter

The software-designed filter is a popular topic for digital signal processing of
artificial intelligence in recent years. DE algorithm is booming in recent years. It
has found application in various fields and achieved good results. Besides relying
on theory, The test of algorithm design needs validation of test problems so we
use DE to design filter.

5.1 Establish the Fitness Function Model

The difference evolution is used to evaluate individual’s advantages and dis-
advantages through fitness value so you must choose the corresponding fitness
function E according to the actual problem. The minimum square error opti-
mization design of the FIR digital filter is required at the discrete frequency
point wi,and i = 1, ...,M . FIR digital filter and the ideal FIR digital filter are
|H(ejwi)| and |Hd(ejwi)| respectively, The fitness function of the algorithm is
shown as follows:

E =
M∑

i=1

[|H(ejwi)| − |Hd(ejwi)|]2 =
M∑

i=1

[|
N−1∑

n=0

h(n)(e−jwi)| − |H(ejwi)|]2 (12)

where the smaller E, it shows that optimized parameters are better and the filter
has a better performance.

5.2 Parameter Coding

We designed a FIR low-pass digital filter that N is odd which is based on the
corresponding process of coefficient h(n) and h1(n). We use the symmetry of
h1(n) to get all coefficients of filter. h1(n) is encoded by matrix as follows:

⎡

⎣
H(w1)

· · ·
H(wM )

⎤

⎦ =

⎡

⎢⎣
1 cos(w1) · · · cos(N−1

2 w1)

· · · · · · . . . · · ·
1 cos(w1) · · · cos(N−1

2 wM )

⎤

⎥⎦

⎡

⎣
h1(0)
· · ·

h1(N−1
2 )

⎤

⎦ (13)

where the matrix equation is written as H = A · h. H represents sampling value
vector of the frequency domain. A coefficient matrix. h represents the filter
coefficient vector. The fitness function of the algorithm can be rewritten as:

E = (|A · h1 − Hd|)′
(|A · h1 − Hd|) (14)

where the individual that we encode is a N−1
2 dimensional variable.

5.3 Requirements for Technical Indicators

Low-pass filter means that some signals below the cut-off frequency can pass
smoothly while those above the cut-off frequency can’t pass. The designed FIR
low-pass digital filter is designed as follows:

Hd(ejw) =
{

1 0 � w < 0.4π
0 0.5π � w < π

(15)
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Fig. 4. Situation of order increasing

where the optimized filter parameter values are reserved with 5 decimal places.

5.4 Design Flow

The main steps of designing a linear phase digital filter using ESA-DE algorithm
are as follows: (1) give the technical index of designed linear phase digital fil-
ter; (2) the parameters of ESA-DE algorithm are set according to the design
requirement of FIR digital filter; (3) the population was randomly initialized
within the parameter range and the fitness value was calculated; (4) carry out
mutation, crossover and selection for each target individual; (5) repeat (4) until
the end condition of the algorithm is satisfied and finally output FIR digital
filter parameters.

5.5 Result Analysis

We first determine the optimal order of the digital low pass filter. We use four
algorithms to design the filter according to the optimal order. Finally we prove
the superiority of ESA-DE algorithm from the practical problems.

Determination of the Optimal Order. The order N will affect the approxi-
mation of the designed filter to the ideal filter. The distortion degree of sampling
will be smaller for the greater N. The problem with great N is that complexity
increases gradually. Even if the narrow pulse is wide, filtering effect will decline.
This paper determines the optimal order size. We first applied ESA-DE to design
FIR low pass digital filter. Cut-off frequecy of passband is set to 0.4π. Cut-off fre-
quency of stopband is set to 0.5π. We select 64 sampling points. The simulation
results are shown in Figs. 4 and 5.

Filter Design of Four Algorithms. Four algorithms are used to design FIR
low-pass digital filters. The parameters encoding, requirements for technical indi-
cators and design flow are the same as the above design method. It proves
that the improved algorithm is better than standard DE algorithm, jDE and
ODE through examples of practical problem. According to the above simulation
results, the order of the filter is set to 67. The simulation results are shown in
Fig. 6.
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Fig. 5. Situation of order determination

Fig. 6. Design situation of four algorithms

Filter Design of Four Algorithms. As can be seen from the simulation
results, there is no significant difference in the optimization effect of several
algorithms in the passband and transition zone. The passband ripple is basically
0, indicating that the robustness of the DE algorithm is very good. On the
side of stopband attenuation, the designed filter attenuation amplitude for ESA-
DE is greater than 30 dB. Attenuation amplitude of the designed filter for DE
algorithm and jDE are all greater than 10 dB. The designed filter attenuation
amplitude for the ODE is greater than 20 dB. It can also explain that ESA-DE
is superior to the above three kinds of algorithms.

6 Conclusion

In this paper, the basic DE algorithm is improved. The improvements includ-
ing two aspects: (1) Elite guiding strategy is used to make the best individual
guide the worst individual (2) adaptive parameter mechanism is utilized in the
different stages of evolution algorithm. Importantly, The optimal order of filter
is determined. Posteriorly, basic DE algorithm, jDE and ODE are also used to
design filters. The comparison experiments show that the proposed algorithm
performs better than the above three algorithms in solving the practical prob-
lem from the opposite side. In the future, we will use the improved algorithm
to try to solve magnitude-error and phase-error constrained optimal designs of
finite impulse response (FIR) filter problem.
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