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Abstract. The low-density parity check codes (LDPC codes) are block
codes whose performances are close to the Shannon limit. LDPC codes
have the strong ability for error correction. The decoding algorithm of
LDPC codes has a great influence on their performances. The belief
propagation (BP) algorithm is a commonly used soft decision decoding
algorithm. The algorithm decodes by information iterations, and its com-
plexity does not increase rapidly with the increase of code length. This
paper mainly analyze the probabilistic domain BP decoding algorithm,
log-domain BP decoding algorithm and minimum sum decoding algo-
rithm, the bit error performance of LDPC codes under BP algorithm is
studied, and the influence of the number of iterations on the BP decoding
algorithm is also shown by simulation results.

Keywords: LDPC codes + Soft decision decoding algorithm -
BP algorithm

1 Introduction

Robert Gallager discussed error correction codes based on low-density parity
check codes (LDPC codes) in 1962 [1]. In 1990’s, LDPC codes were rediscovered
by MacKay and Neal [2]. LDPC codes are linear block codes whose performances
are close to the Shannon limit [3]. The LDPC codes are low-density parity check
codes, and they are constructed according to a low-density sparse check matrix
or a tanner graph. A low-density check code of length n corresponds to the sparse
check matrix H and represented by H(n,p,q). There are ¢ non-zero elements in
each row of H and p non-zero elements in each column. Both p and ¢ are very
small compared to m and n, which makes the number of non-zero elements in
the check matrix is much smaller than the number of zero elements.

The low-density sparse check matrix can be constructed by Gallager con-
struction method [1] and progressive edge-growth (PEG) method [4], The PEG
construction method establishes an edge link between a information node and
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a check node according to the edge-by-edge method [5]. MacKay and Neal have
showed LDPC codes can have very good performances when decoded with the
belief-propagation (BP) algorithm [2]. Linear functions make the implementa-
tion of the BP algorithm difficult, so the BP algorithm is simplified in BP-based
algorithm [6], it can reduce the complexity but it makes decoding performance
decline. Among all the BP-based algorithms, LLR BP decoding algorithm [7]
improve LDPC codes performance greatly. The UMP_BP _based (minimum and)
algorithm reduce the computational complexity to a great extent.

This paper is organized as follows. Section 2 corresponds to general construc-
tion methods of the low-density sparse check matrix. Section 3 describes the BP-
Based algorithm and its different variants. Simulation results are proposed in
Sect. 4. Finally, the conclusion and perspectives of this paper are given in Sect. 5.

2 Construction Methods of Low-Density Sparse Check
Matrix

Gallager Construction Method. The Gallager construction method is a con-
struction method given by Gallager when the LDPC codes are proposed [1]. The
basic idea is to give the row weight d,, and column weight d. of the H matrix and
make it satisfy the constraint d. > 3. The H matrix is divided into sub-matrices
by row, and the sub-matrices have only one non-zero element per column. In
the first sub-matrix, non-zero elements in row ¢ start from column (i — 1)d, + 1
to column id, and the rest elements are zero elements. Except for the first sub-
matrix, the remaining sub-matrices are obtained by column transformation of
the first matrix.

The following matrix (1) is a typical Gallager check matrix H(20, 3, 4). It can
be seen that in the first five rows, that is, In the first sub-matrix, the elements
in row 7 are non-zero elements form column (i — 1)d, 4+ 1 to column id, and the
rest elements are zero elements. The remaining two sub-matrices are all obtained
from the first sub-matrix by switching the column randomly.

[11110000000000000000°
00001111000000000000
00000000111100000000
00000000000011110000
00000000000000OOO01I111
10001000100010000000
01000100010000001000

H=|00100010000001000100 (1)
00010000001000100010
00000001000100010001
10000100000100000100
01000010001000010000
00100001000010000010
00010000100001001000

100001000010000100001 |
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PEG Construction Method. The following matrix (2) is a H matrix in binary
domain. And its corresponding tenner graph is shown in Fig. 1.

111001100010
111110000001
000001110111
100100011101
010110111000
001011001110

Fig. 1. The tanner graph corresponding to check matrix in (2).

The PEG construction method establishes an edge link between an informa-
tion node and a check node according to the edge-by-edge method. When a new
edge is added, it maximum the girth of the graph. The degree sequence of the
information nodes is defined by the following Eq. (3).

Dy = (dpo, dp1,- - dpn—1) (3)

Where dy,; is the degree of the ith information node, it satisfies the non-decreasing
order dpg < dpy < +++ < dp—1. From the point of view, the information node
set is V4, the set of edges is £ = Epg U Ep1 U --- U Epp—1, Ey, corresponding
to the information nodes b; (0 < i < m — 1). The kth edge connected to the
information nodes b; is defined as E{;i (0 <k <db; —1). If nodes x and y are
connected, then (x, y) is an edge, and the set of nodes connected to node x is
called the neighbors of x. According to the tanner graph, for a given information
node b;, a tree graph with a depth of [ is expanded along the information node
b;. The set of all the check nodes included at this time is called the neighbor
of the information nodes b; with [ depth, and is represented as Néi. It means
that we start from node b; then go through all the edges connected to the check
nodes, removing the edges that we have passed until we get the desired depth.
There may be some nodes and edges appearing multiple times in this process.
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The process of setting the edge should satisfy the requirement that the newly
introduced edge has the smallest effect on the girth of the graph. Therefore, the
key is to find the check node that is the farthest from this information node
and then set a new edge between them. The PEG algorithm is summarized as
follows.

Algorithm for PEG

For i=0 to n-1

For k=0 to n-1
If k=0
Then the edge (b;,c;) — Eb , where Ep is the first incident edge of the
information nodes b;, ¢; is the check node with the lowest degree in the
current graph set Ep, U Ey, U...UEp, .
Else
Based on the current set of graphs, expand the information nodes b; to a
sub map of depth [ until the number of elements in the collection Néi

reaches m, or Néi £ ¢ but Nﬁ:l = ¢. Then, there exists (b, ¢;) — Ep |
where E is the kth incident edge of the information nodes by, which ¢;
is the check node with the lowest degree in the set Wéi.

End If

End
End

According to the algorithm above, The first layer of the sub-graph whose
depth is [ of Fig. 1 is shown in Fig. 2.

O

v, Vs Vo Vy Vi A& Vs \& Vs Vi Vy Vs Vo Vio Vi

Fig. 2. The first layer of Fig. 1.

3 Decoding Methods of LDPC Codes

There are mainly two types of decoding algorithms for LDPC codes, mainly
based on hard decision decoding and soft decision decoding. The advantage of
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decoding based on hard decision is mainly that the amount of computation
is small [8]. The soft decision uses posterior probability decoding, which can
achieve good performance. The decoding algorithm based on BP is the most
popular decoding scheme, mainly including probability BP and LLR BP. The
basic idea is to process the check nodes and information nodes for each iteration.
Figure 3 shows various decoding algorithms based on BP.

> Iteration APP
BP Iteration APP based
LLR BP g ° *
> UMP BP based
O BP
N BP — =
NﬁBP NiBP based based

Fig. 3. Decoding algorithms based on BP.

Probabilistic BP Algorithm. Each modulated codeword C = (¢, ¢a, ..., ¢p)
is mapped to a transmission sequence X = (x1,a,...,&,), and the received
sequence is Y = (Y1, Y2, -.-s Yn)-

The external probability that check node j passes to information node i,
under the condition of given information bits and other information bits with
independent probability distribution, is the probability that check equation j is
met. It is represented as r;;(b)(b = 0,1). The external probability information
passed from information node i to check node j, that is, after obtaining the
external information of channels and all the check nodes except j, the probability
of the information nodes that is judged as ¢; = b and is represented as ¢;;(b).
The set of the check nodes connected to the information nodes i is represented
as C(i). A collection of connected information nodes by the check node j is
represented by R(j). A set of check nodes connected to the information nodes @
except j is represented as C(i)\j. A set of information nodes connected to the
check node j except i is represented as R(j)\i. cx; is the kth bit in the included
Jth check equation. yj; is the corresponding received value to the cj;, the bit in é
satisfies the d. check equation which include ¢; is represented as S;. The posterior
probability of the transmitted bit (or information node) which is determined as
c; = 1 after receiving y; is P;. The posterior probability to judge the kth bit that
is included in the jth check equation which contains ¢; as cx; = 1 after receiving

Ykj is Pk}j-
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P, = Pr(c; = 1]y;) (4)
ij = PI‘(ij = 1|ykj) (5)

For a binary sequence a = (a1, ag, ..., am ), where p(ax = 1) = py, the probability
that « has an even number of 1 and an odd number of 1 are as follows (6) and
(7) respectively [8].

1/2+1/2 ﬁ (1—2py) (6)

1/2-1/2 ﬁ 1—2pp) (7)

According to Gallager’s theory [1] we know that,

rji(0) =1/2+1/2 H (1 —2piry) (8)

' €R;\i

rji(1) =1/2-1/2 H (1 —2piry) 9)

i ER;\i
Gallager’s theory gives the calculation method of posterior probability when

the bit rates are independent to each other. The Gallager’s theory can be rewrit-

ten as,
[T r5:(0)
P(c;=0]3,S;) 1- P jec: ’

Z = 10
P(e; = 1|y, S:) Py 1 rj(1) (10)
jeC;
:;(0) = (1—P) H rjri(0)qi; (1) = P; H Ty (11)
J'eCi\j J'eCi\j

Therefore, the BP decoding step is summarized as follows,

Initialization. Calculate the initial probability P;(1), P;(0) = 1-P;(1)(i =
1,2,3,...,n) that the channel passes to the information nodes. Then, for each
information node i and the adjacent check node j € C(i), an initial message
from the information nodes to the check node is set as,

¢\ (0) = P,(0) (12)

¢\ (1) = (1) (13)
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Tterative Processing. Step 1: Information processing of check nodes
For check node j and its adjacent information nodes ¢ € R(j), in the first
iteration, the message that the information nodes passes to the check nodes is

calculated. (1)
ri(0)=1/24+1/2 T (1 -2¢;; (1)
i'€R;\i
! (-1 (14)
ri(1)=1/2-1/2 [[ (1-2g;; "(1))
i'€R;\i

Step 2: Information processing of information nodes
For information nodes 4 and its neighboring check nodes j € C(i), the mes-
sage that the check nodes passes to the information nodes is calculated.

l
¢,;(0) = ki Pi(0) T rii(0)
j'ECj\j 15
1 o ) ( )
¢;;(1) = ki; (1) [T r5(0)
J'€C\j

k;; is the correction factor that makes qg)(O) + qg-)(l) =1
Step 3: Decoding decision
Hard decision messages are computed for all information nodes.

¢4(0) = k:Pi(0) TT r{?(0)
JEC,

(1) =k P(1) TI rj(.li)(l) (16)
JeC;

Where k; is the correction factor, so that qi(l)(O) —&—qgl)(l) =1.1If qz(l)(l) > qgl)(O)7
then, ¢; = 1, otherwise ¢; = 0.

Stop. If the maximum number of iterations is reached or Hé” = 0, the operation
ends, otherwise the iteration is continued from step 1.

LLR BP Algorithm. When the probability BP algorithm is represented by
a likelihood ratio the LLR BP [4] algorithm is obtained, and the multiplication
operation is converted into an additional operation to reduce the operation time.
The likelihood is defined as follows. The channel initial message is defined by
the following Eq. (17).

P;(0) In P {z; = 1|y}

L(P;) = In P(1)  Po{mi= 1|y}

(17)

The message that the check node passes to the information node is defined as
the following Eq. (18).

(18)
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The information that the information node passes to the check node is calculated
n (19).

b =0 "

All messages collected by the information nodes by (20).

Lgi=1n Z:E(l); (20)

Then check nodes message processing can be written as formula (21).

1-2r;(1) =1+ J[ (- 2q,(1) (21)
i’eR;\i

Information nodes message processing can be written as formula (22).

Ligij) =LP)+ [ L(rjn) (22)
7' €Ci\j

Therefore, the LLR BP algorithm is summarized as follows,

Initialization. Calculate the initial probability likelihood ratio L(P;) passed from
the channel to the information nodes. Then, for each information node i and the
adjacent check node j € C(i), the initial message that the information node
passes to the check node is (23).

LO(gi;) = L(P,) (23)

Tterative Processing. Step 1: Information processing of Check nodes

For check node j and its adjacent information nodes ¢ € R(j), in the first
iteration, the message that the information nodes passes to the check node is
calculated.

LW (r;;) =2tanh ™' ( J] tanh(1/2L07Y(g:;))) (24)
i'€R;\i

Step 2: Information processing of information nodes

For information node ¢ and its neighboring check node j € C(i), a message
is sent from the check node to the information note.

L(l)(%y =1(F) + H L(l) (rjr) (25)
J'€Ci\j

Step 3: Decoding decision
Hard decision messages are computed for all information nodes.

LD(g;) = U(P) + H LW (rj:) (26)
j'ecC;

If LW (g;) > 0, then & = 0, otherwise ¢ = 1.
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Stop. If the maximum number of iterations is reached or Hé” = 0, the operation
ends, otherwise the iteration is continued from step 1.

If the nature of the utilization tanhz,tanh™ 'z is used, the formula of the
check node processing in the LLR BP algorithm is processed, and the Eq. (27)
can be obtained.

Liryi) = [] sen(L(ay)) min(|L(qus)]) (27)
i €R;\i

If it is processed by the above formula, it is called the minimum sum or maximum
product algorithm. This processing can make the iteration of the check nodes
much more simple.

4 LDPC Codes Simulation Results and Performance
Analysis

When a low-density parity check matrix H is choosen, we decode the (2048,1024)
LDPC codes recommended by CCSDS standard with minimum sum decoding
algorithm the simulation result shows the bit error rate performance in Figs. 4
and 5.

Bit Error Rate

0 1 2 3 4

5 6 7 8 9 10 0 0.5 1 1.5 2 25 3 35 4 4.5
Eb_NO(dB) Eb_NO(dB)

Fig. 4. BER performance with mini- Fig. 5. BER performance with mini-
mum sum decoding algorithm (itera- mum sum decoding algorithm (itera-
tion number =1) tion number =5)

Under the condition that the code length is fixed, as the signal-to-noise ratio
increases, the bit error rate decreases. In the case of iteration number is 1, the
LDPC codes performance can reach about 10~° at 10 dB. In the case of iteration
number is 5, the LDPC codes performance can reach about 107 at 5dB. It
seems the iteration number has significant impact on bit error rate performance
of LDPC codes. So the influence of number of iterations is studied in Fig. 6.
Simulation result in Fig.6 shows that the BP decoding algorithm can receive
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better performance with the increasing number of iterations. Under the same
signal-to-noise ratio condition, the bit error rate decreases with the increase of
the number of iterations. When the number of iterations is 1, 5, 10, 15, the bit
error rate increases with the number of iterations. The degradation is very fast,
and the decoding performance is greatly improved. However, when the number
of iterations is further increased, the bit error rate decreases at a slower speed,
and the increase in the number of iterations leads to an increase in the demand
for hardware resources.

10°

Bit Error Rate

—O— Iteration Number=1

—O— Iteration Number=5
—E— Iteration Number=10
—O— Iteration Number=15

Iteration Number=20 | | | | |

2 2.1 22 23 24 25 26 27 2.8
Eb_NO(dB)

Fig. 6. BER performance with different iteration numbers.

5 Conclusion

According to the LDPC codes decoding methods applied in this paper, the
increase of iteration numbers have a significant influence on bit error perfor-
mance under the same code length and signal-to-noise ratio. With the increase
of iteration numbers the bit error rate drop dramatically. This paper has ana-
lyzed BP based decoding algorithms and the simulation results suggest that the
LDPC codes have a strong capability to correct error bits during the transmis-
sion of information.
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