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ABSTRACT

A selfish routing game is a simple model of selfish behaviors
in networks. Braess’s paradox is a well-known example of
inefficiencies existing in the selfish routing games and it is an
important problem to reduce such inefficiencies. To resolve
such a problem, a notion of a marginal cost tax has been pro-
posed. Although the marginal cost tax makes the minimum
latency flow a Nash equilibrium, it also imposes an addi-
tional latency on the minimum latency flow. Thus, we ap-
ply replicator dynamics with a subsidy and a capitation tax
to Braess graphs and extend the capitation tax to a state-
dependent one. Using two simplest Braess graphs B' and
B2, we show that the minimum latency flow of the Braess
graphs can be stabilized by our proposed state-dependent
tax.
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1. INTRODUCTION

In large computer networks, there exist several inefficien-
cies due to selfish behaviors and it is an important problem
to reduce them [7]. It is a main feature in ambient informa-
tion networks that information is not only actively obtained
by users but also autonomously provided to users by envi-
ronment. So, the routing protocol in the networks may be
selfish and the inefficiencies due to the protocol will be a
more serious problem. To reduce the inefficiencies, an ex-
ternal agent to control packet flows will be needed and its
design methodologies is an important issue. Recently, sev-
eral game theoretical methodologies have been paid atten-
tion to model and resolve such a problem. A selfish routing
game is a simple model of selfish behaviors in networks [5].
Its replicator dynamics has also been proposed [3]. In the
selfish routing games, suppose that there is a fixed flow de-
mand and it is routed from a source to a sink. Players are
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assumed to select paths in order to minimize the latency and
such a selfish behavior causes several inefficiencies. Braess’s
paradox is a well-known example of inefficiencies existing in
the selfish routing games. An equilibrium flow achieved by
selfish behaviors of players is not the optimal minimum la-
tency flow if there exists Braess’s paradox. To reduce such
inefficiencies in the networks, the notation of a marginal cost
tax has been proposed [1]. It has been proved that we make
the optimal latency flow a Nash equilibrium flow by assign-
ing the marginal cost tax to each edge of networks as an
additional fictitious latency. However, since the marginal
cost tax is also imposed on the minimum latency flow, the
average latency of the minimum latency flow may increase.
Moreover, in some cases, the marginal cost tax is unneces-
sarily high for stabilizing the minimum latency flow.

On the other hand, inefficiencies due to players’ selfish
behaviors in social systems have also been studied. To model
and resolve conflicts between a payoft of each player and the
total payoff of players, replicator dynamics with a subsidy
and a capitation tax has been introduced [4]. Unlike the
notion of the marginal cost tax, this model does not only
impose a capitation tax on players but also offers a state-
dependent subsidy to them.

In this paper, we consider a stabilization problem of the
minimum latency flow in Braess graphs. The Braess graphs
are proposed to discuss Braess’s paradox by Roughgarden
[6] and Englert et al. [2]. We formulate replicator dynamics
of the Braess graphs. We extend a capitation tax to a state-
dependent one and apply replicator dynamics with a subsidy
and a capitation tax to resolve Braess’s paradox. Unlike the
marginal cost tax, the latency of the target minimum latency
flow is unaffected by the imposed tax and offered subsidy
in our model. Moreover, we set the minimum latency flow
to the target state and show a stabilization condition of the
flow. Using two simplest Braess graphs B! and B2, we show
that the minimum latency flow of the Braess graphs can be
stabilized by our proposed state-dependent tax.

2. PRELIMINARIES

2.1 Selfish Routing Game and its Replicator
Dynamics
Consider a single-commodity network G = (V, E) with a
source vertex s and a sink vertex ¢, where V' and F are sets of
vertices and edges, respectively. Suppose that there is a fixed
flow demand and it is routed from the source s to the sink ¢.
Let P be the set of paths s-t. A flow & = (xp,,...,zp,)7 is



Figure 1: Example of Braess’s paradox.

a nonnegative vector, where z,, is the amount of flow routed
over the path p; € P and n is the number of elements in P.
For a flow vector x, we define the flow on an edge e € E
by ze = >2, 5. Tp,- Let le(ze) be the latency on the edge
e € F and we assume that it is a nonnegative, continuous,
and nondecreasing function. The latency [, (x) of p; € P is
given by lp, (z) = >_.c,. le(2c), and the average latency I(z)
of a flow vector z is I(z) = 2 _picp Tp;lp; (). For simplicity,
we assume the total amount of the fixed flow demand is
equal to 1, that is, Zpierm = 1. A flow vector z is said
to be a Nash equilibrium or a Nash flow if I, (x) < Ip, (x)
holds for every pair of paths p; and p; € P with x,, > 0.
Suppose that players select paths in P in order to mini-
mize the latency. A selfish routing game is a simple model
of such a selfish behavior in networks [5]. Its replicator dy-
namics has been proposed as follows [3]: for all p; € P,

Ep; = fp, (T) = Ty, (Z(x) = lp, (2)). (1)

This equation means that the flow of a path with lower la-
tency than the average increases, while one with higher la-
tency than the average decreases.

2.2 Braess’s Paradox

In the selfish routing games, there exist several inefficien-
cies due to selfish route selections of players. Braess’s para-
dox is one of the well-known examples in such inefficiencies.
Intuition may suggest that an additional edge with zero or
sufficiently low latency reduces the average latency of the
flow in the network, but it is incorrect in some cases and
the average latency may increase due to players’ selfishness.
That is called Braess’s paradox.

Consider the network in Fig. 1. To route all flow over
the path s-v-w-t is a Nash equilibrium with the latency 2.
However, if we omit the edge v-w, then to route a half of
all flow over the path s-v-t and the rest over the path s-w-t
becomes a Nash equilibrium with lower latency 3/2. This is
a typical example of Braess’s paradox.

2.3 Marginal Cost Tax

To reduce inefficiency as shown in Braess’s paradox, the
notion of a marginal cost tax has been proposed [1]. For the
minimum latency flow z*, the marginal cost tax for each
edge e € E is defined as follows:

7o =g lo(@?), 2)

where I, means the derivative of I, with respect to x.. The
marginal cost tax 7 is assigned to each edge e € F as an
additional fictitious latency. The following proposition for
the marginal cost tax has been proved [1]:

Figure 2: The kth Braess graph B*.

Proposition 1. Consider a network G = (V, E) with a dif-
ferentiable latency functions l¢(z.) for each e € E. Let z*
be the minimum latency flow of G with [, and 70 be the
marginal cost tax for each edge e. Then z* is a Nash equi-
librium for G with a latency function l.(x.) + 7.

The marginal cost tax makes the minimum latency flow a
Nash equilibrium.

3. SELFISH ROUTING WITH
STATE-DEPENDENT TAX

3.1 The xth Braess Graph

To discuss Braess’s paradox, the generalized Braess graphs
are defined by Roughgarden [6] and Englert et al. [2]. Their
definitions are similar in the structures of the graphs but are
different in the formulations of their latency functions. In
this paper, we employ the definition of Englert et al. [2] as
follows:

Definition 1. For a given natural number k, a graph B =
(Vk,Ek) with V, = {S,Ul, ey Uk, W, .. ,ﬂ)k,t} and E, =
{(s,v3), (Wi, wi), (wi, t) : 1 <0 < kYU {(vi,wic1) :2 <0 <
kY U{(s,wr)} U {(v1,t)} is said to be the kth Braess graph
B* if it has the latency functions satisfying the following
conditions:

By (Tog) = 0and S, (@s00y) =
= 1k2w,;,t for 1 <¢ < k;

® lﬁ’iqt(xwivt)

o ¥ i (Tojw, ) =1for2<i<k;and
® lé,wk (Ts,wp) = lﬁl,i(xsawk) =1

where ., and I¥ ,(24,.) are the flow on the edge v-w and
the latency of v-w in B¥, respectively.

Let (pl, e 7p2k+1) = (ps,wk,typs,'uk,wk,hps,vk,wk,l,tq ey
Ps.vy.¢) be the corresponding path of the graph B*. By Def-
inition 1, the latency of each path of B¥ is given by

i —1
k [ 2 (‘rpi—l - $P11+1) + k(wm +xm+1) + 17

L (2)= fori:1,3,...,2k+1,(3)
Pi - i
k |:7(xm+1 - mpi—l) + (k + 1)(@0#1 + mpl):| )

2
fori=2,4,...,2k,



where zp, = Tp,,,, = 0. Figure 2 shows the structure of
the graph B*.
The Nash flow of B” is

[ 0 fori=1,3,...,2k+1, @
i = 1/k fori=24,...,2k.

In the graph B*, the minimum latency flow z* is

« [ 1/1+k) fori=1,3,...,2k+1,
%‘_{ 0 for i =2,4,...,2k. ()

Therefore, the average latency of the minimum latency flow

is I(z*) = 1+ 2.

The average latency of a Nash flow in the kth Braess graph
B* can be improved by removing edges v;-w; for all i =
1,2,...,k with the latency 0 from BF.

3.2 State-Dependent Tax

The marginal cost tax can make the minimum latency flow
a Nash equilibrium as shown in Sect. 2.3. However, since the
marginal cost tax is also imposed on the minimum latency
flow, the average latency of the minimum latency flow may
increase. Moreover, in some cases, the marginal cost tax
is unnecessarily high for stabilizing the minimum latency
flow. Thus, in this section, we consider that a stabilization
problem of the minimum latency flow of the Braess graph
B* by imposing a state-dependent (flow-dependent) tax on
each path of B*.

On the other hand, in social systems, to reduce inefficien-
cies due to selfish behaviors of players, the government tries
to control the players by imposing tax on and offering sub-
sidies to them depending on how desirable their behaviors
are. Fukumoto et al. have proposed a replicator dynamics
with a subsidy and a capitation tax [4]. We apply this model
to the selfish routing game.

Suppose that the government imposes a capitation tax c
on each player and offering a subsidy az;/x; to each player
with strategy i, where = (z1,...,2,)7 is a population
state, x; is a proportion of players with strategy i, and 2™ =
(z%,...,25)7 is a target state. In the selfish routing game,
they correspond to a flow vector x, a flow routed over a path
pi, and the minimum latency flow z*, respectively. In this
paper, since we consider the state-dependent tax, we extend
the capitation tax c to depend on a state x, that is, ¢ = ¢(x).
Thus, the latency of each path p; € P with the subsidy and
the capitation tax is given by

*

L, () + () — aj— (6)

i

Suppose that every path is used at least in the initial state,
that is, ,,(0) > 0 is assumed to hold for any path p; € P.
By this assumption, within any finite-time interval, x,, > 0
holds for all p; € P and Eq. (6) is well-defined.

We can regard the capitation tax c as additional fictitious
delay to the flow of each path p; € P in routing games.
However, we cannot apply the subsidies to the selfish rout-
ing since we cannot reduce the latency in the network by
the control. Therefore, we set c¢(x) = maxy,ep{ax;, /2y, }.
Equation (6) is modified as follows:

T zr
by, vl gt 7
o)+ mag {032 | - a2 (7)

7

Since Eq. (7) is always greater than or equal to [, (z) for all
pi € P with equality if and only if z = 2™, it is well-defined

as a latency function in the selfish routing game and the
latency of the target minimum latency flow is unaffected by
the additional latency.

Thus, replicator dynamics of the selfish routing with a
state-dependent tax is given by

jjm = Tp; (l_(x) - lm (x)) + O‘(m;l - 'Tpi)' (8)

In spite of some modifications, Eq. (8) is identical with the
replicator dynamics with a subsidy and a capitation tax pro-
posed in [4].

We have the replicator dynamics of the selfish routing in
the graph B* with a state-dependent tax as follows:

1
0 (0(0) = b)) + (g — )
Tp, = fori=1,3,...,2k—1, (9)

Tp; (l_(x) - lm (33)) — Qp,,
fori=2,4,...,2k.

Since the all amount of the flow is always 1, we can eliminate
the equation for @y, , .

It is easy to show that the minimum latency flow of the
graph B is an equilibrium point of Eq. (1). It has been
proved that an equilibrium point of Eq. (1) is also an equi-
librium point of Eq. (8), and a stabilization condition of the
target state which is an equilibrium point of Eq. (1) has been
derived as follows [4]:

Theorem 1. Let the linearization system of Eq. (1) at the
target state x = ™ be © = Jox, and the eigenvalues of Jy be
Xoi (i =1,...,n). Then, the linearization system of Eq. (8)
at the target state x = =™ is given by

z = (Jo — aly)x, (10)

where I, is the n X n unit matrix. The origin is asymptot-
ically stable in Eq. (10) if and only if a@ > max; {R(Xoi)},
where R(\o;) is the real part of Ao;.

Note that since n means the number of strategies, it cor-
responds to the number of paths in the graph B*, that is,
n = 2k + 1 for B*. If the origin of the linearization sys-
tem Eq. (10) is asymptotically stable, then the target state
z = z* of Eq. (8) is locally asymptotically stable. As a re-
sult, we can stabilize the minimum latency flow by setting
the minimum latency flow to a target state, and selecting the
parameter a > max;{Re(Xo;)}, where Ao; is an eigenvalue
of the Jacobian matrix at the target state.

4. EXAMPLES

In this section, we show that the minimum latency flow of
the Braess graphs can be stabilized by our proposed state-
dependent tax. We consider two simplest cases that k = 1
and 2. The Jacobian matrices of the two graphs and their
eigenvalues are obtained, and the parameter « is selected
for each of the graphs B! and B? based on them. We show
that the minimum latency flow is stabilized by selected « in
each case.

4.1 TheCasek =1

Consider the 1st Braess graph B' shown in Fig. 1. Let
paths 1, 2, and 3 correspond to s-v-t, s-v-w-t, and s-w-t,
respectively. We set the minimum latency flow (1/2,0,1/2)%
to the target state z*. A Nash equilibrium flow is x =
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Figure 3: Orbits of Eq. (13) with o = 0.51.

(0,1,0)T and it is a unique asymptotically stable equilibrium
point without the state-dependent tax.

From Eq. (1), we have the replicator dynamics of the
graph B! as follows:

21 = f1(z) := x1{2m% + x% + 2z122 — 3x1 — 2m2 + 1},(11)

o = fa(z) := x2{2x§ + m% + 2z112 — 221 — 22 + 1}.(12)
From Eq. (9), the replicator dynamics of B with the state-
dependent tax is given by

b1 = fulz) +a (% - xl> | do= fo(z) —ams.  (13)

The Jacobian matrix Jo of Egs. (11) and (12) is

on o o
_ | oz oz _ | -1z 1/2
nel B B | =[]
8251 8:E2 r=z*
where
0fi _ . 2, o
—— = 6x] + x5 +4r122 — 621 — 222 + 1, (15)
8951
0
T:J; = 2z132 + 207 — 221, (16)
0
aTj:? = dxy20 + 205 — 212, (17)
Ofa o 2
Des = 2x] + 3z5 + dx12x2 — 221 — 422 + 1. (18)
2

In this case, the eigenvalues of Jo are 1/2 and —1/2. By
Theorem 1, the target minimum latency flow is a locally
asymptotically stable equilibrium point of Eq. (13) if a >
1/2. Figure 3 shows orbits of Eq. (13) for a = 0.51 > 1/2,
where the horizontal axis is a flow routed over the path s-v-t
(1), and the vertical axis is that routed over s-v-w-t (x2).

4.2 The Case k =2

Consider the 2nd Braess graph B? shown in Fig. 4. Let
paths 1,2,...,5 correspond to paths s-wa-t, s-ve-wa-t, ...,
s-v1-t, respectively. We set the minimum latency flow (1/3,0,
1/3,0,1/3)T to the target state z*. A Nash equilibrium flow
is = (0,1/2,0,1/2,0)7 and it is a unique asymptotically
stable equilibrium point without the state-dependent tax.

Figure 4: The 2nd Braess graph B2.

From Eq. (1), we have the replicator dynamics of the
graph B! as follows:

1 = fi(z) := o1 {l(z) — (1 + 4z1 + 4z2)}, (19)

d2 = fo(x) := z2{l(x) — (421 + 622 + 213)}, (20)

i3 = f3(x) := a3 {l(x) — (1 + 2x2 + 4a3 + 224)}, (21)

d4 = fa(x) := xa{l(x) — (4 — dz1 — dwo — 223 + 224)},(22)
where

l(z) = z1(—8 + 871 + 16x2 + 8x3) + 22(—9 + 10z2 + 1223)
+ 23(—8 4 8x3 + 4xa) + za(—1 4 224). (23)

From Eq. (9), the replicator dynamics of B' with the state-
dependent tax given by

i = fi(2) +a (é le) L da = folx) — oz, (24)

b5 = fa(z) + (% —a:3> = fa(z) —aza. (25)

Similar to the case k = 1, we calculates the eigenvalues
of the Jacobian matrix Jo of Egs. (19)—(22). In this case,
the eigenvalues of Jy are 1/3, 1/3, —4/3, and —4/3, and
the target minimum latency flow is a locally asymptotically
stable equilibrium point of Egs. (24) and (25) if o > 1/3.
Figure 5 shows a transient behavior of Eqgs. (24) and (25)
with a = 0.4 > 1/3.

S. CONCLUSIONS

In this paper, we have considered a stabilization problem
of the minimum latency flow in Braess graphs. Replicator
dynamics of the Braess graphs have been formulated. We
have extended a capitation tax to a state-dependent one
and applied replicator dynamics with a subsidy and a state-
dependent capitation tax to resolve Braess’s paradox. We
have also shown a stabilization condition of the minimum
latency flow. Using two simplest Braess graphs B' and B2,
we have demonstrated that the minimum latency flow of
the Braess graphs can be stabilized by our proposed state-
dependent tax.

In this paper, we only consider a single-commodity flow
which routed from a single source to a single sink. However,
several flows which routed from different sources to different
sinks coexist in real computer networks. So, it is an impor-
tant problem to extend our work to multi-commodity flows.
We applied a model of social systems with a subsidy and a
capitation tax proposed by Fukumoto et al. [4], where we
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Figure 5: Transient behavior of Egs. (24) and (25)
with o = 0.4 > 1/3.

consider interactions among players in a single population.
To apply the model to multi-commodity networks, we gen-
eralize the model to a system with multi-populations. It is
future work to consider taxations and subsidizations to the
system with multi-populations, and apply them to reduce
inefficiencies in multi-commodity networks. Moreover, we
focus on networks modeled by the simple Braess graphs in
this paper. It is also future work to generalize the proposed
method to more complex and more general networks.
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