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ABSTRACT

We consider three parallel service models in which customers of
several types are served by several types of servers subject to a
bipartite compatibility graph, and the service policy is first come
first served. Two of the models have a fixed set of servers. The first
is a queueing model in which arriving customers are assigned to
the longest idling compatible server if available, or else queue up in
a single queue, and servers that become available pick the longest
waiting compatible customer, as studied by Adan and Weiss, 2014.
The second is a redundancy service model where arriving customers
split into copies that queue up at all the compatible servers, and are
served in each queue on FCFS basis, and leave the system when the
first copy completes service, as studied by Gardner et al., 2016. The
third model is a matching queueing model with a random stream
of arriving servers. Arriving customers queue in a single queue
and arriving servers match with the first compatible customer and
leave the system at the moment of arrival, or they leave without a
customer. The last model is relevant to organ transplants, to housing
assignments, to adoptions and many other situations.

We study the relations between these models, and show that they
are closely related to the FCFS infinite bipartite matching model, in
which two infinite sequences of customers and servers of several
types are matched FCFS according to a bipartite compatibility graph,
as studied by Adan et al., 2017.

CCS CONCEPTS

« Mathematics of computing — Queueing theory; Markov
processes;

KEYWORDS

Parallel service; FCFS; redundancy service; matching

ACM Reference Format:

Ivo Adan, Rhonda Righter, and Gideon Weiss. 2017. FCES Parallel Service
Systems and Matching Models. In VALUETOOLS 2017: 11th EAI International
Conference on Performance Evaluation Methodologies and Tools, December
5-7, 2017, Venice, Italy. ACM, New York, NY, USA, 7 pages. https://doi.org/
10.1145/3150928.3150951

The work of Gideon Weiss is supported in part by Israel Science Foundation Grant
286.13.

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation
on the first page. Copyrights for components of this work owned by others than ACM
must be honored. Abstracting with credit is permitted. To copy otherwise, or republish,
to post on servers or to redistribute to lists, requires prior specific permission and/or a
fee. Request permissions from permissions@acm.org.

VALUETOOLS 2017, December 5-7, 2017, Venice, Italy

© 2017 Association for Computing Machinery.

ACM ISBN 978-1-4503-6346-4/17/12...$15.00
https://doi.org/10.1145/3150928.3150951

1 INTRODUCTION

We consider three parallel service models in which customers of
several types, indexed by ¢; € C = {cy, . .., cr} are served by several
types of servers, indexed by s; € S = {s1,...,s;}, subject to a
bipartite compatibility graph, G = (S, C, €), € € S X C, such that
(sj,ci) € € if customer type c; can be served by server type s;. We
focus on first come first served (FCFS) policy in all the models, i.e.
customers are prioritized by their order of arrivals, and servers are
prioritized by the order in which they become available. Two of
the models have a fixed set of servers, while the third model has a
random stream of arriving servers. Briefly stated the models are as
follows:

- FCFS-ALIS Queueing Model: There are J servers of types S and a
stream of customers of types C. An arriving customer is assigned
to the longest idle server which is compatible with it (ALIS -
assign longest idle server) if such is available, or else he joins the
queue of waiting customers. A server that completes a service
picks up the longest waiting customer which is compatible with
him (FCES), if such is available, or else he joins the queue of idle
servers. This model was studied by Adan and Weiss [3].

A Redundancy Service Model: There are ] servers of types S, each
with his own FCFS queue, and a stream of arriving customers of
types C. An arriving customer splits upon arrival into several
copies that join the queues of the servers which are compatible
with it. Service of a customer can then proceed simultaneously
at several compatible servers. The customer leaves the system
when the first of his copies completes service. This model was
studied by Gardner et al. [5].

A Matching Service Model: There is an arrival stream of customers
of types C, and an independent arrival stream of servers of types
S. When a customer arrives he joins a queue of customers waiting
for service. When a server arrives he scans the queue of customers
and matches with the longest waiting customer that is compatible
with his type, and the matched customer then leaves the system
with the server. If the server does not find a match he leaves
immediately without a match.

The matching queue model is relevant to many types of service
systems: It can describe organ transplants, where patients are
waiting to receive organs, and donated organs arrive in a random
stream, and organs are assigned to compatible recipients in FCFS
order, or are lost if no compatible recipient is waiting [9]. It can
also describe an adoption process, where families are waiting
for available babies to be adopted (this may only be approxi-
mate since unmatched babies do not disappear). It was used to
model assignment of project houses to families in Boston public
housing, by Kaplan [6, 7]. Another application is to call centers
with inbound and outbound calls, where differently skilled agents
(servers) start outbound calls if there are no waiting inbound
calls that match their skill sets. Here the state would be the set
of customers waiting in the queue, and would not include those
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in service. Our matching queue model, although it seems very
relevant to the study of organ transplants and to various other
systems, has not to the best of our knowledge, been analyzed in
any level of detail.

We assume Poisson arrivals and exponential service times for
all three models so that their evolution is Markovian and can be
described by various discrete space continuous time Markov chains.

These models are closely related to a fourth model:

The FCFS infinite bipartite matching model: This was introduced in
[2, 4] and studied in more detail recently by Adan, Busic, Mairesse
and Weiss [1]. In this model there are two infinite sequences,
drawn independently, one is drawn i.i.d. from C the other from
S, and the two sequences are then matched FCFS according to
the compatibility graph G. This model is much simpler than
either of the above models since it does not involve arrival times
and service times, and servers and customers play a completely
symmetric role.

In this paper we explore the relations between the three service
models, and their connections to the infinite matching model. Our
results here are:

- The continuous time Markov chains that describe all three service

models share the same stationary distribution. This leads the way

to comparing their performance measures.

We note that the redundancy service model and the matching

queue are equivalent, in that they share the same continuous time

Markov chain.

We conjecture that the average sojourn time in the redundancy

service system is shorter than in the FCFS-ALIS system.

We discuss embedding of the three service models in the infinite

matching model.

- We introduce a new discrete infinite matching model, which we
call the infinite interleaved matching model, that is similar to the
model of [1].

- We derive properties of this new infinite matching model, and
obtain from those properties some surprising corollaries on the
behavior of the match queue model.

The rest of the paper is structured as follows: In Section 2 we
describe the three queueing models. In Section 3 we describe the
relevant properties of the infinite matching model. In Section 4
we compare the three service models. In Section 5 we embed the
service models in versions of the infinite matching model.

Notation

We let: S(c;) denote the subset of server types compatible with
ci, C(sj) denote the subset of customer types compatible with
sj. For C ¢ C, S ¢ § we denote S(C) = Uc,ec S(ci), C(S) =
UsjeS C(sj), and denote by U (S) = (C(S°))€ those customer types
that are compatible only with server types in S.

We associate with c; a rate A¢;, and with s; a rate Hsjs these
are rates for exponential distributions. We also let A= Zle Acis
o= ij':l ps;» and define ac;, = A, /A, Bs; = ps; /. For a subsets
CcC,ScSweletdc =3 eche;pis = 2isjeS Hsj» and define
ac, Ps similarly.

In what follows we will denote quantities related to the FCFS-
ALIS model by a superscript 9, those related to the Redundancy
model by a superscript ", those related to the Matching model by a
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superscript ™. Finally, we denote quantities related to the infinite
matching model by a superscript *°

2 THE SERVICE MODELS
2.1 A stability condition

THEOREM 2.1. All three service models are stable, in the sense that
Markov chains describing them are ergodic, if and only if the following
condition holds:

Ac < ps(c)s foreveryC C C. (2.1)

Proor. This follows from the form of the stationary distribu-
tions, which converge if and only if (2.1) holds. O

Figure 1 illustrates the compatibility graph for an example we
will use throughout the paper. In this example there are 3 types of
customers and 3 types of servers, customers of type c3 (type c3) can
only be served by server of type sy (type s3), while customers of
type c1 can be served by all types of servers.

@/@P\@?

Figure 1: Compatibility graph for customer and server types

The stability condition for this example is:

A2 < pa, Az < ps, A< f.

2.2 The FCFS-ALIS parallel queueing model

Customers arrive in independent Poisson streams, with rate A;
for type c;. There are J servers of types {s1,...,sy}, and service
by server s; is exponential with rate ys;. The service policy as
described in the introduction is FCFS-ALIS. Figure 2 illustrates a
possible state for our example. In it all customers in the system are

99@99@@@ e

Figure 2: A current state under FCFS-ALIS

displayed in order of arrival, with earlier arrivals more to the left,
and customers in service are shown together with their server. The
oldest customer in the system is of type ¢1 and it is served by server
s2, server s3 is serving a customer of type c3 after skipping two
incompatible customers of type cy. Server s; is idle. New customers
are arriving from the right and on completion of service servers
scan waiting customers from left to right.

In [3] the system is described by the process Y9(t) = (S1,n1,

.»Si,ni, Si+1,...,S7) where S1,...,Sy is a permutation of the
servers, servers Sq, . . ., S; are busy with S; serving the oldest cus-
tomer in the system, Sy has skipped n; customers and is serving
the second oldest customer currently in service, and so on. n; is the
number of skipped customers between S; and S;+1. The remaining
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servers, Si+1, ..., S are idle, ordered by length of time they were
idle, with S; the longest idle. This describes the system at time ¢.
They proved:

THEOREM 2.2 (ADAN AND WEISs [3]). The process Y4(t) is a con-
tinuous time discrete state Markov chain. It is ergodic if and only if
(2.1) holds. Its stationary distribution is given, up to a normalizing
constant, by

i Quasi..sn)™

T=1 (g, s)™

J 1
x nj=i+1 Aedsj....sp) (2.2)

P4(Sy,n1,...,8i,ni,Si41,...,5))

Adan and Weiss [3] also calculated the normalizing constant.

We introduce an alternative process to describe the system,
X9(t) = (¢}, c?,...,cl st ..., sK) where cf is the random type
of the (th oldest customer in the system that is waiting and has
not started service yet, and sk is the type of the kth longest idling
server in the system, all this at time ¢. Note that L, the number of
waiting customers corresponds to ny + - - - + n; of Y4(t), and can
take any value > 0, while sh .., sK correspond to Sy, ..., Si+1 of
Y4(t), which are the subset of idle servers, with no replications, so
that K < J. We then have:

THEOREM 2.3. The process X4(t) is a continuous time discrete state
Markov chain. 1t is ergodic if and only if (2.1) holds. Its stationary
distribution is given, up to a normalizing constant, by:

A.e
P4 cl,cz,...,cL,sl,...,sK oo TIL L8
( yee Iy )

K Hsk
XMy Ao(st....sk @3)

The proof of this theorem is by partial balance, we present it in
the appendix. In particular, the following corollary is immediate:

COROLLARY 2.4. The process X9(t) conditional on the event that
all servers are busy, has the stationary distribution given up to a
normalizing constant by:

A,
Pa(c, c2, ... el all busy) ]_[]E:1 s e (2.4)

el el

2.3 The redundancy service model

There are servers s, .. .,sy, and each of them has his own FCFS
queue of compatible customers, and service of server s; is expo-
nential rate yi5;. Customers arrive in independent Poisson streams,
with rate A, for customers of type c;. Each arriving customer, upon
arrival, splits into copies of the same type, and one copy joins the
queue of each of the servers with which it is compatible. Service
of a customer can then be performed at several compatible servers
simultaneously. The customer departs from the system, with all
its copies, at the instant at which service of one of its copies is
complete.

Figure 3 illustrates a possible state for our example. In it we
display the list of customer types, in order of arrival, on the right
side, and on the left side are the servers and their queues. The first
customer, ¢! is of type c;, and is currently being served simulta-
neously be all three servers. The second and third customers are
of types ¢z and c3 and queue up for servers s, s3 respectively. The
fourth and sixth customer, c*, ¢® are again of type ¢ and queue up
at all the three servers.
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Figure 3: A current state with redundant queueing
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Gardner et al. [5] have studied this system and defined the follow-
ing process to describe it: X" (t) = (cl, o cL), where ¢!,...,cL
are the types of all the customers in the system at time ¢, ordered

by their arrival times, with ¢! the oldest. They have shown:

THEOREM 2.5 (GARDNER, ZBARSKY, DOROUDI, T HARCHOL-BALTER,
HyYITIA AND SCHELLER-WOLF [5]). The process X" (t) is a continuous
time discrete state Markov chain. It is ergodic if and only if (2.1) holds.
Its stationary distribution is given, up to a normalizing constant, by:

P’(cl,cz, . ,cL) o HL Ace

=1 Pget,. ety 25)

2.4 The FCFS parallel matching queue

Customers of various types arrive in independent Poisson streams
of rates A¢, and queue up in order of arrival. Servers of various
types arrive in independent Poisson streams of rates yis;. An arriving
server scans the queue of customers and matches with the longest
waiting customer that is compatible with him, and the two leave
the system immediately. If the server does not find a compatible
customer in the queue he leaves immediately without a customer.

Figure 4 illustrates a possible history of this system, for our
example. The figure shows a sequence of customers and servers

@@ ®H® G @ 6

Figure 4: A partial history of the matching queue

specified by their types, ordered in the order of arrival from left
to right. Customer of type c; arrived first, followed by a customer
of type cz. Next a server of type sz arrived and was immediately
matched to the first customer and they departed together. Next a
server of type s3 arrived and left immediately without a match. This
was followed by a customer of type c1, then a customer of type c3
and finally by a server of type s; that matched immediately with
the third customer, of type c1, and departed with him. At this point
in time there was a queue of two customers, the earlier of type ca,
the later of type c3.

We describe this system by the process X™(t) = (c!,...,cl)
where there are L customers in total, their types (random) are
. ek , ordered in order of arrival, with ¢! the longest waiting,
and the time is .

THEOREM 2.6. The process X™ (t) is a Markov chain, it is ergodic
if and only if (2.1) holds, and its stationary distribution is given up to
a constant by:

A’C[

m(.1 L L
PRt e e Ty Hs(tel,....cty)

(2.6)
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The proof of this theorem is identical to the proof of Theorem
2.5. It also follows directly from Theorem 4.1.

3 THE FCFS INFINITE BIPARTITE
MATCHING MODEL

There are two independent doubly infinite series of customers

e et 0 et ¢, drawniid. from C according to the prob-
abilities a, and of servers ...,s 2,571, s9 ¢!, 52, ... drawn iid.
from S according to the probabilities B, and they are matched

FCFS according to the compatibility graph G.

Definition 3.1. We say that this system has complete resource
pooling if the following equivalent conditions hold for any S C
S,S#0,SandCcC,C#0,C:

ac < Bs(c)s Bs < ac(s)s aqusy <PBs.  (3.1)

What we mean by FCFS is that if s” is matched with ¢, then
there is no earlier s* € S(c™) which is unmatched, and no earlier
¢! € C(s") which is unmatched. Figure 5 illustrates FCFS infinite
bipartite matching in our example, for a window of the sequences.
In this figure one customer and one server were matched to an

Figure 5: FCFS infinite bipartite matching

earlier (on the left of the window) customer and server, and one
customer and one server were left unmatched in the end of the
window, and are matched to a later (on the right of the window)
customer and server. The following theorem is proved by Adan et
al. [1]:

THEOREM 3.2 (ADAN, Busic, MAIRESSE AND WEIss [1]). If com-
plete resource pooling (3.1) holds then almost surely there exists a
FCFS matching of the two sequences and this matching is unique.

We define the following transformation on the matched se-
quences:

Definition 3.3. For given matched sequences, the exchange trans-
formation exchanges the position of each matched pair, so that
if s™ was matched to ¢™ in the original system, then in the ex-
changed system we have ¢"” matched to §". This defines a per-

mutation of the original sequence ... 210l 2 toa
new sequence . . ., 672,671 60 &1 ¢2 . andthe original sequence
cs72 57061 2 toanew sequence. . . ,§72 51 50051 52

Figure 6 illustrates the exchanged sequences obtained by the
exchange transformation from the illustration in Figure 5.

Figure 6: The exchange transformation applied to Figure 5

The following reversibility result is proved in [1]

Adan, Righter, Weiss

THEOREM 3.4 (ADAN, Busic, MAIRESSE AND WEIss [1]). The ex-
changed sequences. . ., ¢2 610 2 572 51 50 5 52
are independent and each is i.i.d. from C and from S according to
a, B. Furthermore, the original matching is now the almost surely

unique FCFS matching of the exchanged sequences in reversed time.

Using the reversibility, it is easy to obtain stationary distribu-
tions for several Markov chains associated with this system. We
consider making all the FCFS matches of s{ ck for k,¢ < n, and

define the process X*°(n) = (cil, el g ,st), where cus-
tomers in positions ij, . ..,ir and servers in positions ji,...,jL
were left unmatched, and ¢*, ..., c'L, /1, ..., s/L are the types of

these unmatched customers and servers.

THEOREM 3.5 (ADAN, BUsic, MAIRESSE AND WEIss [1]). The pro-
cess X*°(n) is a discrete time discrete state Markov chain. It is ergodic
if and only if complete resource pooling (3.1) holds. Its stationary
distribution is given, up to a normalizing constant, by:

. . . . . a i
00 (i1 Ao ir o1 Jjr L cle
P™(ch,ct2, ..., et 801, s )“ngl o y
({e'1,...,c'ty)
L Bie
X [T, - - (3.2)
(=1 Geqsir, . sTey

4 RELATIONS BETWEEN THE THREE
SERVICE MODELS

As we see from Theorems 2.5, 2.6 and Corollary 2.4, all three parallel
service systems are associated with a Markov chain with the same
stationary distribution. Furthermore this stationary distribution is
similar to that of the infinite matching model. We now explore the
relations between these models.

4.1 Equivalence of the redundancy service
system and the matching queue

Note that although the redundancy system can have idle servers,
and the matching queue cannot, the state of the redundancy sys-
tem is completely determined by the sequence of customers in the
system; servers are idle at a given time if there are no compatible
customers in the system at that time. We will show that the match-
ing and redundancy queues are sample-path equivalent in the sense
that if we start them with the same customer state, and we couple
the customer arrival processes in the two queues, and we couple
potential service completions in the redundancy queue with service
arrivals in the matching queue, then the sample paths for the state
processes of the two systems will be identical, with probability one.

THEOREM 4.1. The redundancy service system and the matching
queue and equivalent in the sense that the processes X" (t) and X™ (t)
are sample path equivalent. In particular this means that for each
type of customer, the sojourn time in the system is the same for both
models.

Proor. Consider the situation at time ¢t where the customers in
the system, ordered in order of arrival, are of types c!,..., ¢k in
each of the systems. Then if a customer of type ¢* arrives he joins
the queue as last in both systems, which remain identical. The only
other thing that can happen is that one of the customers leaves.
In the redundancy service system, the first customer is currently

served by all servers in S(c!) simultaneously, and will depart at

L84, ...
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rate jg(.1). In the matching model, the first customer will depart if
a server of type in S(c!) arrives, which happens at rate y S(ct)- Fur-
thermore, in the redundancy service system, the {th customer is cur-
rently served by all servers in SeN\S({c,. .., cf"1}) simultane-
ously, if this set is non-empty, otherwise it is not being served. The
rate of departure of the ¢th customer is then pg .0y, s((c1,... ct1})-
In the matching system the £th customer will depart if a server of

type in S(cO\S({cl, ..., cf™}) arrives, which has the same rate
HS(eNS(fel,....ct1):
So in the coupled system the first change from state ¢!, ..., ct

will be the same for both systems. This completes the proof. O

4.2 Comparing the FCFS-ALIS and the
redundancy service systems

In contrast, the situation is different when we compare the FCFS-
ALIS system with the redundancy system. We list some points for
comparison:

The process X9(t)|busy and X" () have the same stationary dis-
tribution, but X" (¢) includes all customers in the system, those
waiting and those being served, while X9(¢) only includes wait-
ing customers, so there is an additional set of customers which
are currently in service in the FCFS-ALIS system.

It is in fact shown that the stationary distribution of the types of
customers that are in service in the FCFS-ALIS system cannot be
expressed in product form, even for the simple "N" compatibility
graph; see [10].

One can regard the FCFS-ALIS system also as a system in which
customers split on arrival into several copies that queue up at all
the compatible servers, similar to the redundancy queue. How-
ever, at the instant that service of one copy can start, only the
longest idle server will start processing the job, and all other
copies disappear, so there is no simultaneous processing.

It is worth mentioning that the FCFS-ALIS system is equivalent to
a system in which customers have full information about all the
processing times in the system, and each arriving customer joins
the compatible server with the shortest workload. This join the
shortest workload policy (JSW) leads to the a Nash equilibrium
determined by selfish customers.

With the same set of customers ¢, .. .,cL, and the same set
of idle servers s!,...,sK in the system, under FCFS-ALIS each
busy server serves a different customer, while in the redundancy
system different servers may serve the same customer simul-
taneously. Therefore, although the stationary distributions of
X4(t)|busy and X" (¢) are the same, they are not sample path
equivalent.

- Because all the processing times are exponentially distributed,
there is no loss of processing time when a customer is served
simultaneously by more than one server. In fact, if a set of servers
are processing jobs, the next service completion will be at the
same time whether they work on different customers or are pro-
cessing the same customer simultaneously.

If in the two systems there is the same set of customers (including
waiting and in service), then the number of busy servers in the
redundancy system is greater or equal to the number of busy
servers in the FCFS-ALIS systems (equivalently, more idle servers

1
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under FCFS-ALIS, than in the redundancy system). This is because
simultaneous service under the redundancy system is allowed.
The above considerations lead us to the following conjecture:

CONJECTURE 4.2. The expected sojourn time under FCFS-ALIS is
greater than under the redundancy system.

A natural way to prove this conjecture is by coupling, however
it is not immediately clear how to do it.

5 EMBEDDING IN THE INFINITE MATCHING
MODEL

The similarity of the stationary distributions of the processes X9,
X", X™ and the infinite matching process X°, suggest that they
may be more closely related. In this section we show how to embed
the three service processes in the infinite matching model.

To do so we define a new infinite matching model that is very
similar to the infinite matching model of Section 3 and [1, 2, 4]. It
is also related to the model studied by [8].

We consider a single infinite sequence of customers and servers,
which is generated as follows: each successive item in the list is a

. e Ag .
customer of type ¢; with probability ﬁ and it is a server of type

sj with probability iTsj;i’ and successive items in the sequence are

independent. The result is a sequence . . ., z1,Z2, .. ., were each item

z" indicates either a type of customer or a type of server. We then
perform FCFS matching of the customers and servers according
to the compatibility graph G, utilizing only matches of servers to
earlier customers. This means in particular that a servers z" = Sjs
for which there is no earlier unmatched compatible customer, will
remain unmatched. We call this the FCFS single stream interleaved
infinite bipartite matching model, infinite interleaved matching
model for short.

We can now define the the process xbee (n) = (c,...,cl) which
records the ordered list of customers that are still unmatched after
the n’th server has been matched to an earlier customer, or has
been left unmatched, because no earlier match existed.

THEOREM 5.1. X7 (n) is a discrete time discrete state Markov
chain, it is ergodic if and only if (2.1) holds, and its stationary distri-
bution, up to a normalizing constant, is given by:

A
pbocl by o TTE < .
( ) Hf:l Hs(el,....ct))

.1)

=il

The fraction of servers that remain unmatched is 1 —

ProoF. It is seen immediately that the Markov chain X b ®(n)
is the jump chain of the process X" (t). Furthermore, the process
X™ (t) has jumps in which its state changes at the uniform times
of a Poisson process of rate A + ji. The theorem follows. O

We now formulate two theorems for the interleaved infinite
matching model. Their proofs are similar to the proof of Theorems
3.2, 3.4, given by Adan et al. [1] and will not be given here.

THEOREM 5.2. Let ...,z 1,20, 2z1,.. . bea sequence of customer
and server types defined as above. If (2.1) holds then almost surely
there exists a interleaved matching of servers to cover all the customers,
and this matching is unique.



VALUETOOLS 2017, December 5-7, 2017, Venice, Italy

GG IGICIORE

=1 =2 =3 =4 =5 =6 =7

Figure 7: Interleaved matching and its reversal

We define an exchange transformation for the interleaved infinite
matching model:

Definition 5.3. For the FCFS interleaved infinite matching model,
if all matches were made on ...,z 1, 2% 2z, ..., we define the ex-
changed sequence . .. ,z71 20 21 as follows: If z™ = ¢; was
matched to z"* = s;, where m < n, then in the exchanged sequence
we will have 2" = sj, Z = ¢;. If 2" = s; was unmatched, then
Zm =",

Figure 7 describes the state for a window in the doubly infinite
interleaved sequence of customers and servers on the top panel. In
it, z3 = s, is matched with earlier z! = ¢;, and z7 is matched with z°,
while z% = ¢y, z° = ¢3 are not yet matched, and z* = 53 will remain
unmatched for ever. The state at ‘time’ 7, X?®(7) = (c2, c3), it is the
embedding of the state of X (t) as described in Figure 4. On the
bottom panel of the Figure 7 we see the exchange transformation

of the top panel, with the matchings in reversed time.

THEOREM 5.4. The sequence . ..,71,7%, 21, ... obtained from the
sequence ...,z71, 2%, z!,... by the exchange transformatlon is an
i.i.d. sequence. The unique matches for the new sequence, performed
in reversed time result in exactly the same matches as in the original

sequence.

There are two important corollaries on properties of the match
queue system which follow from these theorems:

COROLLARY 5.5. The stationary distribution of the queues in the
match queue model will remain the same if the arrival processes of
customers and servers are quite general, as long as each successive

Ae; .
arrivals is a customer of type c; with probability m and it is a server
. ., Hsjoo .
of type s;j with probability ﬁ independent of all other arrivals.

COROLLARY 5.6. The stationary sequence of types of customers
departing from the match queue is i.i.d. with probabilities ¢, [A.

Because the processes X™(t), x" (¢) are identical, we can also
embed the redundancy system in the interleaved matching model.
In particular, Corollary 5.6 holds for the redundancy service system.
It implies that not only are customers of each type served FCFS by
the system, but the system also equalizes service for the different
types.

The process X9(t) can also be embedded in an infinite matching
model, by considering the same sequences . ..,z71,2%,21,.. ., but
using a different matching mechanism: We now match each succes-
sive server z" = s; to the earliest unmatched compatible customer
z'™ = ¢; where m < k and k is the earliest position in the sequence
with k > n, zk
unmatched.

= s;. If no such match exists, the server z" remains

Adan, Righter, Weiss

We define the process X9%°(r) to describe the system after all pos-
sible matches that involve server z€ and customer z¢ for all k.t <r
have been made. Then X9%(n) = (¢, ...,c'L,s1,. .. s/K). Here
i1,..., I are the positions in the sequence of customers that are
still unmatched and c;, are their types, and ji, .. ., jK are positions
in the sequence of servers that have not yet been matched, but may
possibly be matched to a later customer in position £ > r in the
sequence.

One can see that this process is the discrete time jump process
of X4(t), and analogues of Theorems 5.1 and 5.2 hold.

APPENDIX: COMPLETION OF PROOEFS

ProoF oF THEOREM 2.3. The proof is by verifying that (2.3) sat-
isfies partial balance. It is similar to the proof of Theorem 2.2 given
in [3, 10], and to the proof of Theorem 2.5 given in [5].

We consider a state x = (cl, kst ,sK). We list transi-
tions in and out of the state x and their rates:

(i) Transition out of x due to arrival of type c;, that joins the
queue, rate A;, where ¢; ¢ C({sl, . ,sK})

(if) Transition out of x due to arrival of type c;, that matches to
one of the idle servers, at rate /Ic({sl’“.’sK 1

(iii) Transition out of x due to completion of service, where server
type s; becomes idle, at rate: Hs;s fors; ¢ S({cl, o, cL}).

(iv) Transition out of x due to completion of service and start of
service of a waiting customer, at rate: pig((o1 . cLy)

(v) Transition into state x due to arrival of ¢, at rate AeL.

(vi) Transition into state x due to an arrival that matched with idle
server s* that was in position k +1, at rate: AC(S*)\C({Sl’.”’Sk 1y
where s* ¢ S({c!,...,cL})

(vii) Transition into state x due to a service completion, and server
becoming idle, at rate y x

(viii) Transition into state x due to a service completion, where a
server is starting service of a customer ¢* that was in position
€ + 1, at rate: HS(eNS(cl, ..., et -

We now show by substitution of the conjectured values from
(2.3), that partial balance equations hold.

e BALANCE OF (1v) WITH (V):

Pq(cl,..., L,sl,..., K)XHS({CI elp =
L
l_[ XHS({ct,...,cl})s
‘- 1#s<|c1 ¢)) ke 1Ac< 551
Pq(cl,...,cL_l,sl,...,s )X AL =
L-1 2 K
l

1_[ < 1_[ Hsk X ACL.

o1 BS(iet,.ef)) 1ot Aedtst.. sk
© BALANCE OF (I1) WITH (VIL):
Pa(ct, ...l st Ky x Ae(ist,...sKp) =
L /lcf K g

p=1 HSUel o)) kog ACtshy.nnsk))

XAc(lst, .., sK )5

L

-1
..,c,31 )X,LISKZ

X UK
Uﬂa sy

=

)

x>~
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® BALANCE OF (1) WITH (VIII):
Forc; ¢ C({s,...,sK})

Pq(cl,. cL,sl,.. K)X).Cl =

L

ﬂ ﬂ 1 X Aeis
= 1”S<:c1 )) k=1 “CUs", sk D)

L
ZPq(cl,...c[,ci,c“l,...,cL,sl,...,sK)
£=0

5(01)\3( Loty =

L f
Ac;
P T
7=0 j=1 IlS( cncl)) HSeict,... et
L K
* 1—[ HS({ J A 1 k
j=er1 HSUeiel,.oel)) oy AC(sh,.. 5% )
XES(e\S(fel,... et )

To show that the two expressions do indeed balance, we need to
show that:

L L ¢ 1 1
PN | et
L

S(c,....cf)) 72 j=1 FSUceh.ed))  HS(feicl,...cf))

1
X — _Xls INS({cl,...,c¢
j:ll HS((enet,. ety NS e
(:2)
which follows by induction on L. For L = 1:
1 1 + 1 1
HS(c; HS(eN\S(c!
HS(er) BS(ene) T Bty BS(tepety o
_ 1 ES(eh) Y HSEensS(eh) _ 1
ES({ci,ct)) HS(c)) HS(ct) |
and assuming that (.2) holds for L — 1, we show that for L:
L ¢ 1 1
211 —x
=0 j=1 #SUchel))  HS(feict,..cf))
L 1
X —X,lls i S 1,'_.’ 4
Jl;il-l HS({ci,cl,....cl)) (e\S({e ct})
Sl 1
= X
720 j=1 HSUeh o/ HS({cicl,...cl))
y L-1 1 1 y
HS(eiN\S({ct,....cf
a1 FS(Unctiene ) BS(lercl,metyy e S eD)
L
1 1
+ . XHES(e\S(fel,...,ck
DI#S({CI,...,CJ}) HS({ci,ct,....cl}) (ENSUELchD
L-1 1 1
= X
j=1 HS((cl,....c/))  HS({ci,cl,....cl))

L 1 1
+1_[ — X X HES(eN\S({c,....cL})

HS({cl,....c/})  HS({ci,cl,...,cL))
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L-1
1 1 BS(c; ¢
_ y (1+ Se\S(le!,..e }))
Jo1 HSUet, el ) HS((eret,...rct) AS((ch,...e))
L
- 1—[ ;
_1 Al el

3 BALANCE OF (111) WITH (VI):
Fors; ¢ S({c!, ..., ¢k

Pq(cl,...,cL,sl,..‘, K)X,usj =
L

X Hs;s
ﬂﬂsuc )ﬂla Lasky

K
ZPq(cl, ek st ,sk,sj,skﬂ,...,sK)
XAC(sj)\cus )

-3 [t

4 1/13({c1 ) i1 AC( i) AC((sjushs sk )

l_[ Hsi

i=k+1 AC({Sj,Sl,...,si})

X Aes\elist,....sk )

To show that the two expressions do indeed balance, we need to

show that:
K K k 1 1
X
1_[ )’C( 21:! AC({sl,...,si}) A’C({Sj,sl,...,sk})
K 1
X —— X Ay 1 k
i:l:L Ac((systsensi)) CONCHSsTD
(:3)
The proof of (.3) is similar to the proof of (.2)
O
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