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ABSTRACT
We consider three parallel service models in which customers of

several types are served by several types of servers subject to a

bipartite compatibility graph, and the service policy is first come

first served. Two of the models have a fixed set of servers. The first

is a queueing model in which arriving customers are assigned to

the longest idling compatible server if available, or else queue up in

a single queue, and servers that become available pick the longest

waiting compatible customer, as studied by Adan and Weiss, 2014.

The second is a redundancy servicemodel where arriving customers

split into copies that queue up at all the compatible servers, and are

served in each queue on FCFS basis, and leave the system when the

first copy completes service, as studied by Gardner et al., 2016. The

third model is a matching queueing model with a random stream

of arriving servers. Arriving customers queue in a single queue

and arriving servers match with the first compatible customer and

leave the system at the moment of arrival, or they leave without a

customer. The last model is relevant to organ transplants, to housing

assignments, to adoptions and many other situations.

We study the relations between these models, and show that they

are closely related to the FCFS infinite bipartite matching model, in

which two infinite sequences of customers and servers of several

types are matched FCFS according to a bipartite compatibility graph,

as studied by Adan et al., 2017.

CCS CONCEPTS
• Mathematics of computing → Queueing theory; Markov
processes;

KEYWORDS
Parallel service; FCFS; redundancy service; matching

ACM Reference Format:
Ivo Adan, Rhonda Righter, and Gideon Weiss. 2017. FCFS Parallel Service

Systems and Matching Models. In VALUETOOLS 2017: 11th EAI International
Conference on Performance Evaluation Methodologies and Tools, December
5–7, 2017, Venice, Italy. ACM, New York, NY, USA, 7 pages. https://doi.org/

10.1145/3150928.3150951

The work of Gideon Weiss is supported in part by Israel Science Foundation Grant

286.13.

Permission to make digital or hard copies of all or part of this work for personal or

classroom use is granted without fee provided that copies are not made or distributed

for profit or commercial advantage and that copies bear this notice and the full citation

on the first page. Copyrights for components of this work owned by others than ACM

must be honored. Abstracting with credit is permitted. To copy otherwise, or republish,

to post on servers or to redistribute to lists, requires prior specific permission and/or a

fee. Request permissions from permissions@acm.org.

VALUETOOLS 2017, December 5–7, 2017, Venice, Italy
© 2017 Association for Computing Machinery.

ACM ISBN 978-1-4503-6346-4/17/12. . . $15.00

https://doi.org/10.1145/3150928.3150951

1 INTRODUCTION
We consider three parallel service models in which customers of

several types, indexed by ci ∈ C = {c1, . . . , cI } are served by several
types of servers, indexed by sj ∈ S = {s1, . . . , s J }, subject to a

bipartite compatibility graph, G = (S,C,E), E ⊆ S × C, such that

(sj , ci ) ∈ E if customer type ci can be served by server type sj . We

focus on first come first served (FCFS) policy in all the models, i.e.

customers are prioritized by their order of arrivals, and servers are

prioritized by the order in which they become available. Two of

the models have a fixed set of servers, while the third model has a

random stream of arriving servers. Briefly stated the models are as

follows:

- FCFS-ALIS Queueing Model: There are J servers of types S and a

stream of customers of types C. An arriving customer is assigned

to the longest idle server which is compatible with it (ALIS -

assign longest idle server) if such is available, or else he joins the

queue of waiting customers. A server that completes a service

picks up the longest waiting customer which is compatible with

him (FCFS), if such is available, or else he joins the queue of idle

servers. This model was studied by Adan and Weiss [3].

- A Redundancy Service Model: There are J servers of types S, each
with his own FCFS queue, and a stream of arriving customers of

types C. An arriving customer splits upon arrival into several

copies that join the queues of the servers which are compatible

with it. Service of a customer can then proceed simultaneously

at several compatible servers. The customer leaves the system

when the first of his copies completes service. This model was

studied by Gardner et al. [5].

- AMatching Service Model: There is an arrival stream of customers

of types C, and an independent arrival stream of servers of types

S. When a customer arrives he joins a queue of customers waiting

for service.When a server arrives he scans the queue of customers

and matches with the longest waiting customer that is compatible

with his type, and the matched customer then leaves the system

with the server. If the server does not find a match he leaves

immediately without a match.

The matching queue model is relevant to many types of service

systems: It can describe organ transplants, where patients are

waiting to receive organs, and donated organs arrive in a random

stream, and organs are assigned to compatible recipients in FCFS

order, or are lost if no compatible recipient is waiting [9]. It can

also describe an adoption process, where families are waiting

for available babies to be adopted (this may only be approxi-

mate since unmatched babies do not disappear). It was used to

model assignment of project houses to families in Boston public

housing, by Kaplan [6, 7]. Another application is to call centers

with inbound and outbound calls, where differently skilled agents

(servers) start outbound calls if there are no waiting inbound

calls that match their skill sets. Here the state would be the set

of customers waiting in the queue, and would not include those

https://doi.org/10.1145/3150928.3150951
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in service. Our matching queue model, although it seems very

relevant to the study of organ transplants and to various other

systems, has not to the best of our knowledge, been analyzed in

any level of detail.

We assume Poisson arrivals and exponential service times for

all three models so that their evolution is Markovian and can be

described by various discrete space continuous time Markov chains.

These models are closely related to a fourth model:

- The FCFS infinite bipartite matching model: This was introduced in
[2, 4] and studied in more detail recently by Adan, Busic, Mairesse

and Weiss [1]. In this model there are two infinite sequences,

drawn independently, one is drawn i.i.d. from C the other from

S, and the two sequences are then matched FCFS according to

the compatibility graph G. This model is much simpler than

either of the above models since it does not involve arrival times

and service times, and servers and customers play a completely

symmetric role.

In this paper we explore the relations between the three service

models, and their connections to the infinite matching model. Our

results here are:

- The continuous time Markov chains that describe all three service

models share the same stationary distribution. This leads the way

to comparing their performance measures.

- We note that the redundancy service model and the matching

queue are equivalent, in that they share the same continuous time

Markov chain.

- We conjecture that the average sojourn time in the redundancy

service system is shorter than in the FCFS-ALIS system.

- We discuss embedding of the three service models in the infinite

matching model.

- We introduce a new discrete infinite matching model, which we

call the infinite interleaved matching model, that is similar to the

model of [1].

- We derive properties of this new infinite matching model, and

obtain from those properties some surprising corollaries on the

behavior of the match queue model.

The rest of the paper is structured as follows: In Section 2 we

describe the three queueing models. In Section 3 we describe the

relevant properties of the infinite matching model. In Section 4

we compare the three service models. In Section 5 we embed the

service models in versions of the infinite matching model.

Notation
We let: S (ci ) denote the subset of server types compatible with

ci , C (sj ) denote the subset of customer types compatible with

sj . For C ⊂ C, S ⊂ S we denote S (C ) =
⋃
ci ∈C S (ci ), C (S ) =⋃

sj ∈S C (sj ), and denote byU (S ) = (C (Sc ))c those customer types

that are compatible only with server types in S .
We associate with ci a rate λci , and with sj a rate µsj , these

are rates for exponential distributions. We also let
¯λ =
∑I
i=1

λci ,

µ̄ =
∑J
j=1

µsj , and define αci = λci /
¯λ, βsj = µsj /µ̄. For a subsets

C ⊂ C, S ⊂ S we let λC =
∑
ci ∈C λci , µS =

∑
sj ∈S µsj , and define

αC , βS similarly.

In what follows we will denote quantities related to the FCFS-

ALIS model by a superscript
q
, those related to the Redundancy

model by a superscript
r
, those related to the Matching model by a

superscript
m
. Finally, we denote quantities related to the infinite

matching model by a superscript
∞
.

2 THE SERVICE MODELS
2.1 A stability condition

Theorem 2.1. All three service models are stable, in the sense that
Markov chains describing them are ergodic, if and only if the following
condition holds:

λC < µS (C ) , for every C ⊆ C. (2.1)

Proof. This follows from the form of the stationary distribu-

tions, which converge if and only if (2.1) holds. □

Figure 1 illustrates the compatibility graph for an example we

will use throughout the paper. In this example there are 3 types of

customers and 3 types of servers, customers of type c2 (type c3) can

only be served by server of type s2 (type s3), while customers of

type c1 can be served by all types of servers.

c1c2 c3

s3s2 s1

Figure 1: Compatibility graph for customer and server types

The stability condition for this example is:

λ2 < µ2, λ3 < µ3, ¯λ < µ̄ .

2.2 The FCFS-ALIS parallel queueing model
Customers arrive in independent Poisson streams, with rate λci
for type ci . There are J servers of types {s1, . . . , s J }, and service

by server sj is exponential with rate µsj . The service policy as

described in the introduction is FCFS-ALIS. Figure 2 illustrates a

possible state for our example. In it all customers in the system are

c1 c2c2c2 c2 c3 c3
s3s2 s1

∗

Figure 2: A current state under FCFS-ALIS

displayed in order of arrival, with earlier arrivals more to the left,

and customers in service are shown together with their server. The

oldest customer in the system is of type c1 and it is served by server

s2, server s3 is serving a customer of type c3 after skipping two

incompatible customers of type c2. Server s1 is idle. New customers

are arriving from the right and on completion of service servers

scan waiting customers from left to right.

In [3] the system is described by the process Yq (t ) = (S1,n1,

. . . , Si ,ni , Si+1, . . . , S J ) where S1, . . . , S J is a permutation of the

servers, servers S1, . . . , Si are busy with S1 serving the oldest cus-

tomer in the system, S2 has skipped n1 customers and is serving

the second oldest customer currently in service, and so on. nj is the
number of skipped customers between Sj and Sj+1. The remaining
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servers, Si+1, . . . , S J are idle, ordered by length of time they were

idle, with S J the longest idle. This describes the system at time t .
They proved:

Theorem 2.2 (Adan and Weiss [3]). The process Yq (t ) is a con-
tinuous time discrete state Markov chain. It is ergodic if and only if
(2.1) holds. Its stationary distribution is given, up to a normalizing
constant, by

Pq (S1,n1, . . . , Si ,ni , Si+1, . . . , S J ) ∝
∏i

j=1

(λU ({S
1
, . . .,Sj }) )

nj

(µ{S
1
, . . .,Sj } )

nj +1

×
∏J

j=i+1

1

λC ({Sj , . . .,SJ })
(2.2)

Adan and Weiss [3] also calculated the normalizing constant.

We introduce an alternative process to describe the system,

Xq (t ) = (c1, c2, . . . , cL , s1, . . . , sK ) where cℓ is the random type

of the ℓth oldest customer in the system that is waiting and has

not started service yet, and sk is the type of the kth longest idling

server in the system, all this at time t . Note that L, the number of

waiting customers corresponds to n1 + · · · + ni of Y
q (t ), and can

take any value ≥ 0, while s1, . . . , sK correspond to S J , . . . , Si+1 of

Yq (t ), which are the subset of idle servers, with no replications, so

that K ≤ J . We then have:

Theorem 2.3. The processXq (t ) is a continuous time discrete state
Markov chain. It is ergodic if and only if (2.1) holds. Its stationary
distribution is given, up to a normalizing constant, by:

Pq (c1, c2, . . . , cL , s1, . . . , sK ) ∝
∏L

ℓ=1

λcℓ
µ
S ({c1, . . .,cℓ })

×
∏K

k=1

µsk
λ
C ({s1, . . .,sk })

(2.3)

The proof of this theorem is by partial balance, we present it in

the appendix. In particular, the following corollary is immediate:

Corollary 2.4. The process Xq (t ) conditional on the event that
all servers are busy, has the stationary distribution given up to a
normalizing constant by:

Pq (c1, c2, . . . , cL | all busy) ∝
∏L

ℓ=1

λcℓ
µ
S ({c1, . . .,cℓ })

(2.4)

2.3 The redundancy service model
There are servers s1, . . . , s J , and each of them has his own FCFS

queue of compatible customers, and service of server sj is expo-
nential rate µsj . Customers arrive in independent Poisson streams,

with rate λci for customers of type ci . Each arriving customer, upon

arrival, splits into copies of the same type, and one copy joins the

queue of each of the servers with which it is compatible. Service

of a customer can then be performed at several compatible servers

simultaneously. The customer departs from the system, with all

its copies, at the instant at which service of one of its copies is

complete.

Figure 3 illustrates a possible state for our example. In it we

display the list of customer types, in order of arrival, on the right

side, and on the left side are the servers and their queues. The first

customer, c1
is of type c1, and is currently being served simulta-

neously be all three servers. The second and third customers are

of types c2 and c3 and queue up for servers s2, s3 respectively. The

fourth and sixth customer, c4, c6
are again of type c1 and queue up

at all the three servers.

c1 c1c2 c1 c2c3

s2

s1

s3

c1

c1

c1

c2

c3

c4

c4

c4

c5 c6

c6

c6

Figure 3: A current state with redundant queueing

Gardner et al. [5] have studied this system and defined the follow-

ing process to describe it: X r (t ) = (c1, . . . , cL ), where c1, . . . , cL

are the types of all the customers in the system at time t , ordered
by their arrival times, with c1

the oldest. They have shown:

Theorem 2.5 (Gardner, Zbarsky, Doroudi,t Harchol-Balter,

Hyyitia and Scheller-Wolf [5]). The processX r (t ) is a continuous
time discrete state Markov chain. It is ergodic if and only if (2.1) holds.
Its stationary distribution is given, up to a normalizing constant, by:

Pr (c1, c2, . . . , cL ) ∝
∏L

ℓ=1

λcℓ
µ
S ({c1, . . .,cℓ })

(2.5)

2.4 The FCFS parallel matching queue
Customers of various types arrive in independent Poisson streams

of rates λci and queue up in order of arrival. Servers of various

types arrive in independent Poisson streams of rates µsj . An arriving
server scans the queue of customers and matches with the longest

waiting customer that is compatible with him, and the two leave

the system immediately. If the server does not find a compatible

customer in the queue he leaves immediately without a customer.

Figure 4 illustrates a possible history of this system, for our

example. The figure shows a sequence of customers and servers

c3c1 c1c2 s3s2 s1
Figure 4: A partial history of the matching queue

specified by their types, ordered in the order of arrival from left

to right. Customer of type c1 arrived first, followed by a customer

of type c2. Next a server of type s2 arrived and was immediately

matched to the first customer and they departed together. Next a

server of type s3 arrived and left immediately without a match. This

was followed by a customer of type c1, then a customer of type c3

and finally by a server of type s1 that matched immediately with

the third customer, of type c1, and departed with him. At this point

in time there was a queue of two customers, the earlier of type c2,

the later of type c3.

We describe this system by the process Xm (t ) = (c1, . . . , cL )
where there are L customers in total, their types (random) are

c1, . . . , cL , ordered in order of arrival, with c1
the longest waiting,

and the time is t .

Theorem 2.6. The process Xm (t ) is a Markov chain, it is ergodic
if and only if (2.1) holds, and its stationary distribution is given up to
a constant by:

Pm (c1, . . . , cL ) ∝
∏L

ℓ=1

λcℓ
µ
S ({c1, . . .,cℓ })

(2.6)
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The proof of this theorem is identical to the proof of Theorem

2.5. It also follows directly from Theorem 4.1.

3 THE FCFS INFINITE BIPARTITE
MATCHING MODEL

There are two independent doubly infinite series of customers

. . . , c−2, c−1, c0, c1, c2, . . . drawn i.i.d. from C according to the prob-

abilities α , and of servers . . . , s−2, s−1, s0, s1, s2, . . ., drawn i.i.d.

from S according to the probabilities β , and they are matched

FCFS according to the compatibility graph G.

Definition 3.1. We say that this system has complete resource

pooling if the following equivalent conditions hold for any S ⊂
S, S , ∅,S and C ⊂ C, C , ∅,C:

αC < βS (C ) , βS < αC (S ) , αU (S ) < βS . (3.1)

What we mean by FCFS is that if sn is matched with cm , then

there is no earlier sk ∈ S (cm ) which is unmatched, and no earlier

cℓ ∈ C (sn ) which is unmatched. Figure 5 illustrates FCFS infinite

bipartite matching in our example, for a window of the sequences.

In this figure one customer and one server were matched to an

c1 c1 c1 c1c2 c2 c2c3

s3 s3s2 s2s2 s1 s1s1s1

Figure 5: FCFS infinite bipartite matching

earlier (on the left of the window) customer and server, and one

customer and one server were left unmatched in the end of the

window, and are matched to a later (on the right of the window)

customer and server. The following theorem is proved by Adan et

al. [1]:

Theorem 3.2 (Adan, Busic, Mairesse and Weiss [1]). If com-
plete resource pooling (3.1) holds then almost surely there exists a
FCFS matching of the two sequences and this matching is unique.

We define the following transformation on the matched se-

quences:

Definition 3.3. For given matched sequences, the exchange trans-

formation exchanges the position of each matched pair, so that

if sn was matched to cm in the original system, then in the ex-

changed system we have c̃n matched to s̃m . This defines a per-

mutation of the original sequence . . . , c−2, c−1, c0, c1, c2, . . . to a

new sequence . . . , c̃−2, c̃−1, c̃0, c̃1, c̃2, . . ., and the original sequence

. . . , s−2, s−1, s0, s1, s2, . . . to a new sequence . . . , s̃−2, s̃−1, s̃0, s̃1, s̃2, . . ..

Figure 6 illustrates the exchanged sequences obtained by the

exchange transformation from the illustration in Figure 5.

c2

s2

c1 c1 c1 c1c2 c2c3

s3 s3s2 s2s2 s1s1∼ ∼ ∼ ∼ ∼ ∼ ∼ ∼

∼ ∼ ∼ ∼ ∼ ∼ ∼ ∼

Figure 6: The exchange transformation applied to Figure 5

The following reversibility result is proved in [1]

Theorem 3.4 (Adan, Busic, Mairesse and Weiss [1]). The ex-
changed sequences . . . , c̃−2, c̃−1, c̃0, c̃1, c̃2, . . ., . . . , s̃−2, s̃−1, s̃0, s̃1, s̃2, . . .,
are independent and each is i.i.d. from C and from S according to
α , β . Furthermore, the original matching is now the almost surely
unique FCFS matching of the exchanged sequences in reversed time.

Using the reversibility, it is easy to obtain stationary distribu-

tions for several Markov chains associated with this system. We

consider making all the FCFS matches of sℓ , ck for k, ℓ ≤ n, and
define the process X∞ (n) = (ci1 , . . . , ciL , s j1 , . . . , s jL ), where cus-
tomers in positions i1, . . . , iL and servers in positions j1, . . . , jL
were left unmatched, and ci1 , . . . , ciL , s j1 , . . . , s jL are the types of

these unmatched customers and servers.

Theorem 3.5 (Adan, Busic, Mairesse and Weiss [1]). The pro-
cess X∞ (n) is a discrete time discrete state Markov chain. It is ergodic
if and only if complete resource pooling (3.1) holds. Its stationary
distribution is given, up to a normalizing constant, by:

P∞ (ci1 , ci2 , . . . , ciL , s j1 , . . . , s jL ) ∝
∏L

ℓ=1

αciℓ
β
S ({ci1 , . . .,ciℓ })

×
∏L

ℓ=1

βs jℓ
α
C ({s j1 , . . .,s jℓ })

(3.2)

4 RELATIONS BETWEEN THE THREE
SERVICE MODELS

As we see from Theorems 2.5, 2.6 and Corollary 2.4, all three parallel

service systems are associated with a Markov chain with the same

stationary distribution. Furthermore this stationary distribution is

similar to that of the infinite matching model. We now explore the

relations between these models.

4.1 Equivalence of the redundancy service
system and the matching queue

Note that although the redundancy system can have idle servers,

and the matching queue cannot, the state of the redundancy sys-

tem is completely determined by the sequence of customers in the

system; servers are idle at a given time if there are no compatible

customers in the system at that time. We will show that the match-

ing and redundancy queues are sample-path equivalent in the sense

that if we start them with the same customer state, and we couple

the customer arrival processes in the two queues, and we couple

potential service completions in the redundancy queue with service

arrivals in the matching queue, then the sample paths for the state

processes of the two systems will be identical, with probability one.

Theorem 4.1. The redundancy service system and the matching
queue and equivalent in the sense that the processesX r (t ) andXm (t )
are sample path equivalent. In particular this means that for each
type of customer, the sojourn time in the system is the same for both
models.

Proof. Consider the situation at time t where the customers in

the system, ordered in order of arrival, are of types c1, . . . , cL , in
each of the systems. Then if a customer of type c∗ arrives he joins
the queue as last in both systems, which remain identical. The only

other thing that can happen is that one of the customers leaves.

In the redundancy service system, the first customer is currently

served by all servers in S (c1) simultaneously, and will depart at
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rate µS (c1 ) . In the matching model, the first customer will depart if

a server of type in S (c1) arrives, which happens at rate µS (c1 ) . Fur-

thermore, in the redundancy service system, the ℓth customer is cur-

rently served by all servers in S (cℓ )\S ({c1, . . . , cℓ−1}) simultane-

ously, if this set is non-empty, otherwise it is not being served. The

rate of departure of the ℓth customer is then µS (c ℓ )\S ( {c1, ...,c ℓ−1 }) .

In the matching system the ℓth customer will depart if a server of

type in S (cℓ )\S ({c1, . . . , cℓ−1}) arrives, which has the same rate

µS (c ℓ )\S ( {c1, ...,c ℓ−1 }) .

So in the coupled system the first change from state c1, . . . , cL

will be the same for both systems. This completes the proof. □

4.2 Comparing the FCFS-ALIS and the
redundancy service systems

In contrast, the situation is different when we compare the FCFS-

ALIS system with the redundancy system. We list some points for

comparison:

- The process Xq (t ) |busy and X r (t ) have the same stationary dis-

tribution, but X r (t ) includes all customers in the system, those

waiting and those being served, while Xq (t ) only includes wait-

ing customers, so there is an additional set of customers which

are currently in service in the FCFS-ALIS system.

It is in fact shown that the stationary distribution of the types of

customers that are in service in the FCFS-ALIS system cannot be

expressed in product form, even for the simple "N" compatibility

graph; see [10].

- One can regard the FCFS-ALIS system also as a system in which

customers split on arrival into several copies that queue up at all

the compatible servers, similar to the redundancy queue. How-

ever, at the instant that service of one copy can start, only the

longest idle server will start processing the job, and all other

copies disappear, so there is no simultaneous processing.

- It is worth mentioning that the FCFS-ALIS system is equivalent to

a system in which customers have full information about all the

processing times in the system, and each arriving customer joins

the compatible server with the shortest workload. This join the

shortest workload policy (JSW) leads to the a Nash equilibrium

determined by selfish customers.

- With the same set of customers c1, . . . , cL , and the same set

of idle servers s1, . . . , sK in the system, under FCFS-ALIS each

busy server serves a different customer, while in the redundancy

system different servers may serve the same customer simul-

taneously. Therefore, although the stationary distributions of

Xq (t ) |busy and X r (t ) are the same, they are not sample path

equivalent.

- Because all the processing times are exponentially distributed,

there is no loss of processing time when a customer is served

simultaneously by more than one server. In fact, if a set of servers

are processing jobs, the next service completion will be at the

same time whether they work on different customers or are pro-

cessing the same customer simultaneously.

- If in the two systems there is the same set of customers (including

waiting and in service), then the number of busy servers in the

redundancy system is greater or equal to the number of busy

servers in the FCFS-ALIS systems (equivalently, more idle servers

under FCFS-ALIS, than in the redundancy system). This is because

simultaneous service under the redundancy system is allowed.

The above considerations lead us to the following conjecture:

Conjecture 4.2. The expected sojourn time under FCFS-ALIS is
greater than under the redundancy system.

A natural way to prove this conjecture is by coupling, however

it is not immediately clear how to do it.

5 EMBEDDING IN THE INFINITE MATCHING
MODEL

The similarity of the stationary distributions of the processes Xq
,

X r
, Xm

and the infinite matching process X∞, suggest that they
may be more closely related. In this section we show how to embed

the three service processes in the infinite matching model.

To do so we define a new infinite matching model that is very

similar to the infinite matching model of Section 3 and [1, 2, 4]. It

is also related to the model studied by [8].

We consider a single infinite sequence of customers and servers,

which is generated as follows: each successive item in the list is a

customer of type ci with probability

λci
¯λ+µ̄

, and it is a server of type

sj with probability

µsj
¯λ+µ̄

, and successive items in the sequence are

independent. The result is a sequence . . . , z1, z2, . . ., were each item

zn indicates either a type of customer or a type of server. We then

perform FCFS matching of the customers and servers according

to the compatibility graph G, utilizing only matches of servers to

earlier customers. This means in particular that a servers zn = sj ,
for which there is no earlier unmatched compatible customer, will

remain unmatched. We call this the FCFS single stream interleaved

infinite bipartite matching model, infinite interleaved matching

model for short.

We can now define the the processXb∞ (n) = (c1, . . . , cL ) which
records the ordered list of customers that are still unmatched after

the n’th server has been matched to an earlier customer, or has

been left unmatched, because no earlier match existed.

Theorem 5.1. Xb∞ (n) is a discrete time discrete state Markov
chain, it is ergodic if and only if (2.1) holds, and its stationary distri-
bution, up to a normalizing constant, is given by:

Pb∞ (c1, . . . , cL ) ∝
∏L

ℓ=1

λcℓ
µ
S ({c1, . . .,cℓ })

. (5.1)

The fraction of servers that remain unmatched is 1 −
¯λ
µ̄

Proof. It is seen immediately that the Markov chain Xb∞ (n)
is the jump chain of the process Xm (t ). Furthermore, the process

Xm (t ) has jumps in which its state changes at the uniform times

of a Poisson process of rate
¯λ + µ̄. The theorem follows. □

We now formulate two theorems for the interleaved infinite

matching model. Their proofs are similar to the proof of Theorems

3.2, 3.4, given by Adan et al. [1] and will not be given here.

Theorem 5.2. Let . . . , z−1, z0, z1, . . . be a sequence of customer
and server types defined as above. If (2.1) holds then almost surely
there exists a interleaved matching of servers to cover all the customers,
and this matching is unique.
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c3c1 c1c2 s3s2 s1
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!z1 !z2 !z 3 !z 4 !z5 !z6 !z 7

Figure 7: Interleaved matching and its reversal

Wedefine an exchange transformation for the interleaved infinite

matching model:

Definition 5.3. For the FCFS interleaved infinite matching model,

if all matches were made on . . . , z−1, z0, z1, . . ., we define the ex-

changed sequence . . . , z̃−1, z̃0, z̃1, . . . as follows: If zm = ci was
matched to zn = sj , wherem < n, then in the exchanged sequence

we will have z̃m = sj , z̃ = ci . If z
n = sj was unmatched, then

z̃n = zn .

Figure 7 describes the state for a window in the doubly infinite

interleaved sequence of customers and servers on the top panel. In

it, z3 = s2 is matched with earlier z1 = c1, and z
7
is matched with z5

,

while z2 = c2, z
6 = c3 are not yet matched, and z4 = s3 will remain

unmatched for ever. The state at ‘time’ 7,Xb∞ (7) = (c2, c3), it is the
embedding of the state of Xm (t ) as described in Figure 4. On the

bottom panel of the Figure 7 we see the exchange transformation

of the top panel, with the matchings in reversed time.

Theorem 5.4. The sequence . . . , z̃−1, z̃0, z̃1, . . . obtained from the
sequence . . . , z−1, z0, z1, . . . by the exchange transformation is an
i.i.d. sequence. The unique matches for the new sequence, performed
in reversed time result in exactly the same matches as in the original
sequence.

There are two important corollaries on properties of the match

queue system which follow from these theorems:

Corollary 5.5. The stationary distribution of the queues in the
match queue model will remain the same if the arrival processes of
customers and servers are quite general, as long as each successive

arrivals is a customer of type ci with probability
λci
¯λ+µ̄

, and it is a server

of type sj with probability
µsj
¯λ+µ̄

, independent of all other arrivals.

Corollary 5.6. The stationary sequence of types of customers
departing from the match queue is i.i.d. with probabilities λci /¯λ.

Because the processes Xm (t ),xr (t ) are identical, we can also

embed the redundancy system in the interleaved matching model.

In particular, Corollary 5.6 holds for the redundancy service system.

It implies that not only are customers of each type served FCFS by

the system, but the system also equalizes service for the different

types.

The process Xq (t ) can also be embedded in an infinite matching

model, by considering the same sequences . . . , z−1, z0, z1, . . ., but

using a different matching mechanism: We now match each succes-

sive server zn = sj to the earliest unmatched compatible customer

zm = ci wherem < k and k is the earliest position in the sequence

with k > n, zk = sj . If no such match exists, the server zn remains

unmatched.

We define the processXq∞ (r ) to describe the system after all pos-

sible matches that involve server zk and customer zℓ for all k, ℓ ≤ r
have been made. Then Xq∞ (n) = (ci1 , . . . , ciL , s j1 , . . . , s jK ). Here
i1, . . . , ik are the positions in the sequence of customers that are

still unmatched and ciℓ are their types, and j1, . . . , j
K
are positions

in the sequence of servers that have not yet been matched, but may

possibly be matched to a later customer in position ℓ > r in the

sequence.

One can see that this process is the discrete time jump process

of Xq (t ), and analogues of Theorems 5.1 and 5.2 hold.

APPENDIX: COMPLETION OF PROOFS
Proof of Theorem 2.3. The proof is by verifying that (2.3) sat-

isfies partial balance. It is similar to the proof of Theorem 2.2 given

in [3, 10], and to the proof of Theorem 2.5 given in [5].

We consider a state x = (c1, . . . , cL , s1, . . . , sK ). We list transi-

tions in and out of the state x and their rates:

(i) Transition out of x due to arrival of type ci , that joins the
queue, rate λci , where ci < C ({s

1, . . . , sK })
(ii) Transition out of x due to arrival of type ci , that matches to

one of the idle servers, at rate λC ( {s1, ...,sK }) .

(iii) Transition out of x due to completion of service, where server

type sj becomes idle, at rate: µsj , for sj < S ({c
1, . . . , cL }).

(iv) Transition out of x due to completion of service and start of

service of a waiting customer, at rate: µS ( {c1, ...,cL })
(v) Transition into state x due to arrival of cL , at rate λcL .
(vi) Transition into state x due to an arrival that matched with idle

server s∗ that was in position k+1, at rate: λC (s∗ )\C ( {s1, ...,sk }) ,

where s∗ < S ({c1, . . . , cL })
(vii) Transition into state x due to a service completion, and server

becoming idle, at rate µsK .
(viii) Transition into state x due to a service completion, where a

server is starting service of a customer c∗ that was in position

ℓ + 1, at rate: µS (c∗ )\S ( {c1, ...,c ℓ }) .

We now show by substitution of the conjectured values from

(2.3), that partial balance equations hold.

• Balance of (iv) with (v):

Pq (c1, . . . , cL , s1, . . . , sK ) × µS ( {c1, ...,cL }) =
L∏

ℓ=1

λc ℓ

µS ( {c1, ...,c ℓ })

K∏
k=1

µsk

λC ( {s1, ...,sk })
× µS ( {c1, ...,cL }) ;

Pq (c1, . . . , cL−1, s1, . . . , sK ) × λcL =
L−1∏
ℓ=1

λc ℓ

µS ( {c1, ...,c ℓ })

K∏
k=1

µsk

λC ( {s1, ...,sk })
× λcL .

• Balance of (ii) with (vii):

Pq (c1, . . . , cL , s1, . . . , sK ) × λC ( {s1, ...,sK }) =
L∏

ℓ=1

λc ℓ

µS ( {c1, ...,c ℓ })

K∏
k=1

µsk

λC ( {s1, ...,sk })
× λC ( {s1, ...,sK }) ;

Pq (c1, . . . , cL , s1, . . . , s
K−1) × µsK =

L∏
ℓ=1

λc ℓ

µS ( {c1, ...,c ℓ })

K−1∏
k=1

µsk

λC ( {s1, ...,sk })
× µsK .
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• Balance of (i) with (viii):

For ci < C ({s
1, . . . , sK })

Pq (c1, . . . , cL , s1, . . . , sK ) × λci =
L∏

ℓ=1

λc ℓ

µS ( {c1, ...,c ℓ })

K∏
k=1

µsk

λC ( {s1, ...,sk })
× λci ;

L∑
ℓ=0

Pq (c1, . . . cℓ , ci , c
ℓ+1, . . . , cL , s1, . . . , sK )

× µS (ci )\S ( {c1, ...,c ℓ }) =

=

L∑
ℓ=0

ℓ∏
j=1

λc j

µS ( {c1, ...,c j })
×

λci
µS ( {ci ,c1, ...,c ℓ })

×

L∏
j=ℓ+1

λc j

µS ( {ci ,c1, ...,c j })

K∏
k=1

µsk

λC ( {s1, ...,sk })

×µS (ci )\S ( {c1, ...,c ℓ }) .

To show that the two expressions do indeed balance, we need to

show that:

L∏
ℓ=1

1

µS ( {c1, ...,c ℓ })
=

L∑
ℓ=0

ℓ∏
j=1

1

µS ( {c1, ...,c j })
×

1

µS ( {ci ,c1, ...,c ℓ })

×

L∏
j=ℓ+1

1

µS ( {ci ,c1, ...,c j })
× µS (ci )\S ( {c1, ...,c ℓ })

(.2)

which follows by induction on L. For L = 1:

1

µS (ci )

1

µS (ci ,c1 )
µS (ci ) +

1

µS (c1 )

1

µS ( {ci ,c1 })
µS (ci )\S (c1 )

=
1

µS ( {ci ,c1 })

µS (c1 ) + µS (ci )\S (c1 )

µS (c1 )
=

1

µS (c1 )
,

and assuming that (.2) holds for L − 1, we show that for L:

L∑
ℓ=0

ℓ∏
j=1

1

µS ( {c1, ...,c j })
×

1

µS ( {ci ,c1, ...,c ℓ })

×

L∏
j=ℓ+1

1

µS ( {ci ,c1, ...,c j })
× µS (ci )\S ( {c1, ...,c ℓ })

=

L−1∑
ℓ=0

ℓ∏
j=1

1

µS ( {c1, ...,c j })
×

1

µS ( {ci ,c1, ...,c ℓ })

×

L−1∏
j=ℓ+1

1

µS ( {ci ,c1, ...,c j })

1

µS ( {ci ,c1, ...,cL })
× µS (ci )\S ( {c1, ...,c ℓ })

+

L∏
j=1

1

µS ( {c1, ...,c j })
×

1

µS ( {ci ,c1, ...,cL })
× µS (ci )\S ( {c1, ...,cL })

=

L−1∏
j=1

1

µS ( {c1, ...,c j })
×

1

µS ( {ci ,c1, ...,cL })

+

L∏
j=1

1

µS ( {c1, ...,c j })
×

1

µS ( {ci ,c1, ...,cL })
× µS (ci )\S ( {c1, ...,cL })

=

L−1∏
j=1

1

µS ( {c1, ...,c j })
×

1

µS ( {ci ,c1, ...,cL })

*
,
1 +

µS (ci )\S ( {c1, ...,c ℓ })

µS ( {c1, ...,cL })

+
-

=

L∏
j=1

1

µS ( {c1, ...,c j })

• Balance of (iii) with (vi):

For sj < S ({c
1, . . . , cL })

Pq (c1, . . . , cL , s1, . . . , sK ) × µsj =
L∏

ℓ=1

λc ℓ

µS ( {c1, ...,c ℓ })

K∏
k=1

µsk

λC ( {s1, ...,sk })
× µsj ;

K∑
k=0

Pq (c1, . . . cL , s1, . . . , sk , sj , s
k+1, . . . , sK )

× λC (sj )\C ( {s1, ...,sk })

=

K∑
k=0

L∏
ℓ=1

λc ℓ

µS ( {c1, ...,c ℓ })

k∏
i=1

µs i

λC ( {s1, ...,s i })

µsj

λC ( {sj ,s1, ...,sk })
K∏

i=k+1

µs i

λC ( {sj ,s1, ...,s i })
× λC (sj )\C ( {s1, ...,sk }) .

To show that the two expressions do indeed balance, we need to

show that:

K∏
k=1

1

λC ( {s1, ...,sk })
=

K∑
k=0

k∏
i=1

1

λC ( {s1, ...,s i })
×

1

λC ( {sj ,s1, ...,sk })

×

K∏
i=k+1

1

λC ( {sj ,s1, ...,s i })
× λC (sj )\C ( {s1, ...,sk })

(.3)

The proof of (.3) is similar to the proof of (.2)

□
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