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ABSTRACT such information alone to estimate the source node. These depend

In this work, we examine the problem of rumor source inference
on a network whose topology is known, given infected nodes and
pairwise information in the form of pairwise partial orders on the
set of nodes of the underlying graph based on the order in which
they were infected. We analyze the Maximum Likelihood Estimator
(MLE) of the rumor source, assumed unique, and compare it with
other estimators popular in literature, e.g., rumor center, distance
center and Jordan center. We propose an approximation to the
MLE and a class of estimators based on this approximation that is
agnostic to the underlying rumor model. We also propose MCMC
algorithms to implement them. Further, we assess the robustness of
the proposed estimators to different graph topologies via extensive
simulations on the Erdds-Rényi and Barabasi-Albert models.
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1 INTRODUCTION

Locating the source of a branching process from its observed spread
on a network is a very relevant contemporary problem that is
receiving a lot of attention. From locating faults in electricity grids
to triangulating locations of contagions in networks, its applications
are widespread. A particularly interesting case is when the source
of such a process is unique. The source node infects its neighbor(s)
who in turn infect their neighbor(s) and so on. The problem is to
infer the source given a snapshot of infected nodes. Distance center
and Jordan center are two estimators popular in literature that use
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purely on the topological properties of the infected network and
are agnostic to the underlying stochastic model of rumor spread.
There is also a wide body of literature that uses information about
the underlying rumor spread model in addition to such snapshot
information (set of infected nodes at time t) to estimate the source
(see [6, 8-10, 12, 13] etc). In this work, we investigate and propose
a class of rumor source estimators that is agnostic to the underlying
stochastic rumor model and robust to different graph topologies,
assumimg additional availability of information in the form of
pairwise partial orders on the set of nodes of the underlying graph
based on the order in which they were infected. This scenario is
typical to ranking problems. The rumor source inference problem
has a natural interpretation as a raking problem and vice-versa. We
however refrain from elaborating on the connection between the
two in this paper. In our knowledge, our work is the first systematic
study of rumor source inference using pairwise information after [7]
and follows in spirit the ideas introduced in [7]. We propose a class
of model free approximations to the Maximum Likelihood Estimator
(MLE) of the rumor source that is agnostic to the underlying rumor
model and propose MCMC algorithms to implement them. The
novelty in our approach lies in the generality of our MCMC setup
which can be extended to the case of multiple rumor sources and
also, to the problem of rank aggregation from pairwise comparisons.
We however do not pursue these extensions in this paper.

Our model is as follows. Let G(Vy, Eg) denote the graph un-
derlying the network where V} := the set of nodes connected by
bidirectional edges in Ey. A unique source node v* on G(Vj, Ep)
starts a rumor at time t = 0 which spreads along the edges E¢ of
the graph. An infected node can spread the rumor to its hitherto
uninfected neighbors and the propagation times along the various
edges are random and unknown. A node once infected stays as
such thereafter, i.e., there is no recovery. After sufficient time has
elapsed, we observe a set of infected vertices V. Let G(V, E) de-
note the subgraph induced by V on G(Vy, Eg). We call G(V, E) the
rumor infected graph. We define a pairwise partial order on V as
{(a,b) : a < b | a,b € V}; where a < b indicates that a was infected
before b. The pairwise information is modeled by the matrix I 7|x,
where |I| is the number of available pairwise comparisons and the
i-th row of I is (a, b) if a < b. The problem is to estimate the root of
this order given G(V, E) and I|1xy. It is easy to see that if [V]| = n,
then there can be at most () pairwise comparisons available. If
all (%) comparisons are available, identifying the rumor source is
trivial. We restrict our attention to the interesting case when only a
fraction f < 1 of the (};) possible pairwise comparisons is available.

Recall that an arborescence is a directed tree with at most one
outgoing edge for each node and maximal w.r.t. this property. It
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perforce has a unique node with no outgoing edge, called its root.
A rumor tree or a spreading pattern on G(V, E) rooted at v € V is
defined as an arborescence of G(V, E) rooted at v with the directions
of all edges reversed. A rumor permutation rooted at v or starting
from v on G(V, E) is defined as an ordering (permutation) of the
nodes in V with v as the starting element. We also define the
notion of compatibility for rumor trees and rumor permutations.
Let [a b] denote any row of I. A rumor tree is said to be compatible
with this row if there does not exist any directed path from b
to a on it, and with I if it is compatible with all rows of I. A
rumor permutation is said to be compatible with [a b] if a features
before b in the permutation and compatible with I if it is compatible
with all rows of I. It is compatible with G(V, E) if it respects the
graph structure of G(V,E). Let 0 = {v,1,..., V|V‘} be a rumor
permutation on G(V, E) where {vi};—; __ |v| € V and v; is the root
of the permutation. If for each k-length (k = {1,2,...,|V]| - 1})
subsequence o} = {v1,...vx} of 0, v, is a direct neighbor of a
node in oy, then o is said to be compatible with G(V, E).
We will use the following notation throughout:

1. G(V,E) : A connected graph on the set of vertices V with E as a
bidirectional edge set.

2. V(G) : Set of vertices of G.

3. E(G) : Set of edges of G.

4. E1(V) : Set of edges with only one end vertex in V.

5. Eo(V) : Set of edges with both end vertices in V.

6. P(G,I|v* = v) : Probability of observing the rumor infected
graph G and pairwise information I, given that the rumor spread
started from v € V(G). All other conditional probabilities P(y|x)
are to be interpreted in similar spirit, treating x and y as random
variables.

7. S(v(G),v} : Set of rumor permutations on V(G) starting from
v € V(G).

8. Q(G, v) : Set of rumor permutations on V(G) starting from v €
V(G) that are compatible with the graph topology G

(Q(G, V) C S{V(G),v}) .
9. Q(G, 1, v): Set of rumor permutations starting from v € V(G) that

are compatible with G and I both (Q(G, Lv) c Q(G,v) C Sqv o), v}) .

10. T(G, v) : Set of rumor trees of G rooted at v € V(G).
11. T(G, I, v) : Set of rumor trees of G rooted at v € V(G) that are
compatible with I (T(G, I,v) ¢ T(G, v)).

The rest of the paper is organized as follows. In section 2, we
analyze the Maximum Likelihood Estimator (MLE) and investigate
different approximations leading to other estimators popular in
literature. We also propose an approximation to the MLE and a
class of estimators based on this approximation. In sections 3,4, we
propose algorithms for implementing these estimators. In section
5, we discuss a graph sparsification technique to speed up our algo-
rithms. Finally, in section 6, we present the results of simulations
on the Erdds-Rényi and Barabasi-Albert models.

2 DIFFERENT ESTIMATORS

Given the infected graph G(V, E) and the additional pairwise infor-
mation I, our goal in this paper is to design estimators for recovering
the rumor source v*. We assume that a priori each node is equally
likely to be the source and hence the best estimator in terms of the
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estimation error probability is the Maximum Likelihood Estimator

(MLE) given by

% € arg max P(G,I|v
ML gvev(c) (G, I|v)
=arg ma P(G,I,olv

g max, > PG.Lolv)

TESV(G). v}

=arg V]énva()é) Z P(G,I|o)P(c|v)

TESV(G).v)
=arg m‘?)é Z P(o|v). (1)
veV(G) L GG y)

In [8], the authors proposed an estimator specific to the Sus-
ceptible Infected (SI) model of rumor spread with the propaga-
tion time along the edges of the graph assumed to be IID expo-
nential random variables. Their work, however, does not assume
availability of any pairwise information. It can be observed from
equation (1) that the MLE in absence of pairwise information is
VML € arg max, ey (G) Lo eQ(G,v) P(o|v). It was shown in [8] that
the MLE in this case is simply the node with the maximum value of
R(v, G) := |Q(G, v)|, called the rumor centrality of v in G(V, E). The
node with the maximum rumor centrality is called the rumor cen-
ter of the network. The authors in [8] also proposed an O(|V(G)|)
message passing algorithm to evaluate R(v, G) on a tree graph G.
However, the MLE is computationally infeasible on arbitrary graphs.
For general graphs, [8] proposed an approximate estimator that
uses a Breadth First Search (BFS) heuristic whereby only the BFS
rumor propagation trees are considered. The reasoning behind this
heuristic is that an SI infection is likely to spread out from the
source in a BFS manner. The rumor centrality estimator in [8] for
general graphs is given by:

Vearg VQ}E‘(’(G)R(V’ Tprs(v)) 2

where R(v, Tprs(v)) is the rumor centrality of v with respect to a
BFS tree Tpf(v) of G rooted at v.

Unlike [8], we will propose an approximation to the ML estimator
which scores each node based on the number of compatible rumor
propagation trees rooted at the node. Note that the ML estimator
from equation (1) can alternately be written as:

VML € arg VIEI'{?()E;) P(G,I|v)

=arg max Z P(G, I, 7|v)
VeV L e1(G,1,v)
= arg max Z P(G, I|o)P(c|7)P(z|v)

T€T(G,I,v) 0 €Q(r,v)

=arg max Z Z P(o|t) |P(z|v). (3)
veV(G)
T€T(G,I,v) \o€Q(r,I,v)
Our approximation to the MLE is based on the following assumption

in equation (3):

Z P(olr) = 1

o€eQ(r,1,v)

VY eT(G,ILv). 4)

This would mean that on a rumor tree 7 that is compatible with the
pairwise information I, almost all permissible rumor permutations
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also comply with I. This simplifies the estimator to:

v € arg max Z P(zr|v) (5)

veV(G) LG, v)

Equation (5) represents the form of the general rumor source esti-
mator we study in this work. The probability P(z|v) represents the
likelihood of the rumor propagating along a given tree 7 given the
source v* = v. This probability can be computed if the underlying
rumor spreading model is known. Since we do not assume this
information to be available, a key objective of this work is to study
and identify good proxies for the true probability P(z|v) to enable
robust estimation of the rumor source.

To complete the discussion, we discuss below two popular rumor
source estimators that are agnostic to the stochastic model of rumor
spread: Jordan center and distance center. These depend on the
network’s topological properties alone and are defined as:

Vic € i d(v, 6

Vjc carg min  max (v,u) (6)

pc € arg min Z d(v,u) 7)
)uEV(G)

where d(v, u) is the shortest distance between v and u on G. As we
will discuss later in the section, both of these estimators are in fact
special cases of our general estimator in equation (5). In the absence
of pairwise information, the Jordan center is the root of the smallest
diameter! BFS tree of the rumor infected graph and the distance
center is the root of the BFS tree on which the sum-of-distances
metric (3, ev(c) d(v, u)) is minimized. These estimators therefore
have fast polynomial-time algorithms for implementation in the
absence of pairwise information. When pairwise information is
available, there might not exist a BFS tree of the rumor infected
graph which is compatible with the available information. In this
case, the problem of finding the Jordan center (distance center)
requires finding an acceptable arborescence of the rumor graph
on which the diameter (the sum-of-distances metric) is minimized.
This is a hard combinatorial problem. We therefore do not consider
these estimators under a pairwise information setting. Our work
instead focuses on the study of estimators that are agnostic to the
stochastic model of rumor spread but at the same time are also
amenable to implementation under a pairwise information setting.

For an estimator of the form (5), we need good proxies for P(z|v).
This prior probability associated with each potential rumor propaga-
tion tree of G(V, E) will be a function of its topological parameters.
Let 7, denote a rumor propagation tree rooted at v. We consider
the diameter D(t, ) (distance of the farthermost node on 7, from v)
and size of rumor boundary L(t,) (number of leaf nodes on 7,) as
two important topological parameters of 7, and define P(z, |v) in
terms of D(z, ) and L(7,) in two ways:

(1) Assign equal prior probabilities to all rumor trees rooted
at a node v, independent of their topological parameters,
ie.,

P(zy|v) = TG ®)

where T(G, v) is the set of all rumor trees of G(V, E) rooted
at v. This choice of our proxy for P(z|v) simplifies the

!distance of the farthermost node from the root
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estimator in equation (5) to:

R 1
V € arg max —_—
vevV(O) G IT(G,v)|
T(G, I,
= arg max TG, Lv)l )

vev(G) |T(G,v)|

(2) Assign prior probabilities to rumor trees based on their
topological parameters as:

P(zy|v) o« a(Dy = D(ty)) + (1 — a)L(y) (10)

where 0 < a < 1 and Dy is a graph constant that corre-
sponds to the largest diameter of any arborescence of G.
Such a definition of P(z, |v) assigns higher probabilities to
rumor trees with a short diameter and a long rumor bound-
ary, i.e., short and fat trees. This is a reasonable assignment
since most epidemic models lead to higher likelihoods for
the rumor to spread along propagation trees that broadly
fall in this category. Hence this proxy for P(z, |v) defined
is a natural choice and we explore the performance of
estimators based on this assignment.

In addition, we also consider threshold versions of our general
estimator defined in equation (5):

Ve arg max Z P(T|V)1{P(f\v)>5} (ll)
VeV(G) L TG, v)

V € arg max Z L(p(z|v)>6) (12)
veV(©) L 1(G,1,v)

where § is the threshold parameter. Notice that (11) is a threshold
version of (5) and (12) is a threshold version of (9) with P(z|v)
defined as per (10).

Depending on the particular choice we make, the general estima-
tor defined in equation (5) can lead to several different estimators:

(1) E1 - node with the maximum fraction of compatible rumor
trees rooted at it i.e.,
. IT(G, L, v)|
VEL € A9V TG, )]
(2) E2-node with the maximum average weight of compatible
arborescences rooted at it i.e.,

YreT(G,1,v) P(z]v)
IT(G, L, v)]
where P(z|v) is set according to (10).

(3) E3 - root of the shortest diameter compatible rumor tree
(Jordan center) i.e.,

VEg € arg max
9 veV(G)

VEs € arg vglV}{lG)urer{?()é;) d(v,u).
As discussed before, implementing the Jordan center un-
der a pairwise information setting is a hard combinatorial
problem and hence we will not pursue this in the course
of this paper. We however keep E3 in the discussion here
since it is a special case of estimators E5 and E6 (see below).
(4) E4 -node with the maximum measure (2, e7(G, 1, v) P(7]V))
on the set of compatible rumor trees T(G, I, v) rooted at it
ie.,
VE4 € arg max Z P(z|v)
T€T(G,1,v)
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where P(7|v) is set according to (10).
(5) E5 - E4 with a threshold parameter ¢ i.e.,

€

Pps € arg max TET(ZG;LV)P(TIV)H{P(T|V)>5}
Observe that for § = 0, E5 = E4. Also observe that if
d = max, ey max; (G, 1,v) P(r|v) where P(z|v) is set ac-
cording to (10) with @ = 1, then estimator E5 reduces to E3
(Jordan center). It is also noteworthy that if the definition
of P(z|v) is altered to P(z|v) o« |V|? = X, ey dr (v, u) where
dr (v, u) is the distance between v and u on 7, with J set as
before, E5 reduces to the distance center.

(6) E6 - E1 with a threshold parameter § i.e.,

VE¢ € arg max 1
E6 gVGV(G)TeT(ZG:IV) (B(z|v)>6)

where P(r|v) is set according to (10). Observe that for
d = 0,E6 = E1. With 6 and P(z|v) set as per the preceding
discussion for E5, E6 also reduces to E3 (Jordan center) or
the distance center.

The rest of paper is devoted to describing schemes for imple-
menting the various estimators discussed above.

3 REJECTION SAMPLING ON RUMOR TREES

In this section, we first present an efficient way of checking com-
patibility of rumor trees with the given pairwise information I. We
next propose an MCMC-based algorithm to implement E1-E6 that
invokes this compatibility check procedure.

3.1 Checking compatibility of rumor trees

Recall that each rumor tree corresponds to an arborescence with
the directions of the edges reversed. Given this equivalence, we will
describe a rejection sampling algorithm for arborescences. Recall
that any row of the information matrix I looks like [a b], with the in-
terpretation that a was infected before b. We reject an arborescence
if there exists a directed path from a to b on it since this would
imply that the rumor reached b before a on the propagation tree.
If the arborescence survives compatibility checks with all rows of
I, it is accepted. A brute force way of checking compatibility is to
check the existence of b on the directed path from a to the root,
for all rows of I. This is computationally intensive. The problem is
aggravated by the high sample correlation of the MCMC processes,
as successively generated arborescences differ only in a few edges
(see section 3.2). This leads to a large number of samples in a rejec-
tion episode, slowing the algorithm down. We present a scheme to
make the compatibility checks faster and computationally cheaper
to implement.

Let P denote the adjacency matrix of an arborescence 7. Let
R = (I - P)"!. For the it" row of R, all columns with a value > 0
indicate the nodes that are visited on the directed path from node
i to the root. Thus if R(a,b) = 1, 7 is rejected. Matrix inversion,
however, is a costly operation. We leverage the fact that successively
generated arborescences differ only in a few edges (see section 3.2),
so the adjacency matrix of the (k + 1)-th arborescence Py, is
a perturbation of Py by a low rank matrix and we can use the
Sherman-Morrison-Woodbury formula ([4], section 2.1.3) to evaluate

A. Kalvit et al.

(I = Pryq)~! from (I — P)~! given (Pg.q — Py). This drastically
speeds up the runtime.

3.2 MCMC-based inference algorithm

Here, we describe an MCMC-based algorithm to implement E1-E6.
We begin with an MCMC scheme to generate an arborescence-
valued Markov chain with a desired stationary distribution, based
on a simple random walk on G(V, E) biased using a suitable Metropolis-
Hastings [5] filter H(-) to improve the sampling process. This is
then used to implement the estimators E1-E6 using the procedure
described in section 3.1.

For any arborescence 7, rooted at node r, let h(z,) := P(z/|r)
denote the score of 7, where P(z,|r) is defined as per (8) or (10).
We also set a parameter T > 0 which controls the mixing rate of
the underlying Markov chain and the Metropolis-Hastings filter
H(z,) which is supposed to be representative of the ‘energy’ of
arborescence 7. As shown below, the sampling process favours
low energy arborescences. We do not explicitly define H(z,), but it
can conveniently be set as a function of the topological parameters
or the score of 7,. For instance, a natural choice is H(z,) = =P(z,|r)
so that the arborescences with a higher score will be sampled more
often.

The algorithm goes as follows. Generate an arborescence 7, of
G rooted at r. Initialize a vector of counts {c} and scores {sc} of
nodes in V to all zeros.

(1) Select a neighbor r’ of r on G(V, E) uniformly at random.
Add the directed edge r — r’ to 7, and remove the unique
outgoing edge from r’ in the resulting graph. Denote the
arborescence so formed by 7/,.

(2) Do:

H(z),)-H(zr)
T

(/,,r") with prob. min{1,e (

(Tr,r)<_

H(z),)-H(zr)
T

(zr,r)  with prob. 1 — min1 1, e_(

(3) Do: c(r) « c(r) + 1.
(4) Check compatibility of 7, as described in section 3.1. If 7.

H(zr)
is accepted, do: s¢(r) « sq(r) + h(rr)%,
(5) Goto (1).

It can be easily proved that this arborescence-valued Markov chain
is reversible and has a unique stationary distribution over the set of

_H(zr)
arborescences of G(V, E) given by n(z,) = % % where

(1)
d(r) denotes the degree of r on G(V,E), Z = Y. c1(G) e_HT and

T(G) is the set of all arborescences of G(V, E). Notice that a correc-

tion factor of e% /d(r) is introduced in step (4) to account for the
non-uniformity introduced in the sampling process. At stationarity,
the unbiased score of a node v is given by s(v) = sc(v)/c(v). The
estimated rumor source is given by ¥ = argmax, ¢y (c) s(v) with
ties broken uniformly at random.

Another way of generating an arborescence-valued Markov
chain is following. At each node v in V, do:

(1) Generate a spanning tree 7 of G(V, E).
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(2) Sample an edge e uniformly at random from E(G)\E(r) and
add to 7. The resulting graph G(V, E(r) U e) has a unique
loop.

(3) Select and remove one of the edges e’ of the loop so formed
in G(V, E(r)Ue) (other than the edge just added) uniformly
at random. The resulting graph G(V, E(t) U e\e’) is a tree.
Denote it by 7’.

4) 71

(5) Goto (2).

It can be easily proved that the ensuing Markov chain is re-
versible and has a unique stationary distribution that is uniform
over the set of spanning trees of G(V, E). To any tree in this process,
there is a unique way of assigning directions to edges so to turn
it into an arborescence rooted at v. Consequently, the stationary
distribution over the set of arborescences rooted at v is also uniform.
A total of |V| such chains is simulated, one for each v € V and all
chains are run for the same number of steps. This MCMC algo-
rithm therefore can be useful when parallel computing resources
are available.

4 SIMULATING RUMOR GROWTHS

The algorithm we present in this section can be used to implement
all estimators E1-E6 and the MLE as defined in section 2, as well as
the rumor center as defined in [8] (without the BFS heuristic) which
counts the number of compatible rumor permutations starting from
each node v. This algorithm is different from the one discussed
in the previous section in that the samples generated are IID. In
this method, we simulate a rumor growth starting from each v €
V(G) according to the Susceptible-Infected (SI) model with IID
exponential clocks. This results in a rumor permutation o, of V(G)
on arumor tree 7, of G rooted at v with probabilities p(oy ) and p(zy,)
respectively. We generate an IID sequence of rumor permutations
and rumor trees and use the samples to compute the measure on the
set of acceptable rumor permutations and rumor trees respectively.
The following is a |V(G)|-step rumor growth algorithm:
(1) Initialize as: U = {v}, p(ry Noy) = 1, p(oy) = 1.
(2) Sample an edge e uniformly at random from E;(U) (recall

definition from section 1). Let v, denote the vertex at the
end of e that is outside U. Add v, to U. Also do:

p(ty Nay) = p(Ty Noy) X EO)]

Ze'eEl(U) :[l{vel:Ue}
[E1(U)]

(3) If|U| = |[V(G)|, STOP; Else go to (2).

This results in a rumor permutation ¢, on a rumor tree 7, rooted
at v with p(r, N oy) and p(oy|G) = p(oy) computable in runtime.
The conditional p(oy |7y ) is required to compute the marginal p(zy ).
p(ov|ry) can be computed using the same growth algorithm on ¢
instead of G. The marginal p(z, ) is then given by Bayes’ theorem as

p(ry) = % Once the marginal probabilities associated with

plov) = poy) X

oy, and 7, have been calculated, what remains is to use these to
assign scores to the various nodes based on the particular estimator
amongst E1-E6, MLE, or rumor center we are implementing. This
is done using the inference algorithm we describe next.
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Inference algorithm
At each node v € V, do the following:

(1) Initialize the score s(v) zero. Let h(ty) := P(r,,|v) denote
the score of 7, where P(z, |v) is defined as per (8) or (10).
(2) Simulate a rumor spread starting from v. Check for its
compatibility?. If the rumor spread is accepted, go to (3);
if rejected, repeat (2).
(3) For E1-E6, do:
h(zv)

s(v) « s(v) + TCH)

For rumor center (w/o BFS heuristic), do:
1
s(v) « s(v) + 50w
For MLE, do: s(v) « s(v) + 1.
(4) Go to (2).

Equal number of rumor spreads are simulated from each v €
V. The estimated rumor source is given by V € argmax, ey s(v)
with ties broken uniformly at random. Furthermore, this method
of generating arborescences/permutations is amenable to on-the-
go compatibility checks, i.e., a rumor subtree (and a permutation
thereon) need not have spanned the entire infected graph before it
can be checked for compatibility. This offers huge computational
as well as runtime savings.

5 GRAPH SPARSIFICATION BY EFFECTIVE
RESISTANCES

The number of spanning trees of a graph G is given by paps3...ppn /n
[1] where {y;}i>2 is the set of non-zero eigenvalues of the Lapla-
cian of G. For a complete graph on n nodes, this value is n" 2.
Even for graphs that are far from complete, the size of the set of
spanning trees/arborescences scales exponentially with the number
of nodes in the graph. This is clearly a point of concern and graph
sparsification helps address this issue. In particular, we sparsify
the graph based on the effective resistances R,y of its edges. The
effective resistance of an edge is known to be equal to the proba-
bility that the edge appears in a random spanning tree of G [11].
The main idea in sparsification by effective resistances is to include
each edge of G in the sparsifier with a probability proportional
to its effective resistance. This is known to maintain the essential
structure and connectivity of the graph. An infection spread over a
network strongly follows its connectivity and link structure. We
therefore expect this sparsification scheme to retain a significant
amount of information about the underlying rumor spread.

We use the tree-valued MCMC algorithm (described towards
the end of section 3) to estimate edge resistances. In particular, we
simulate a Markov chain with a uniform stationary distribution
over the set of spanning trees of G. The effective resistance of an
edge is then simply the long run fraction of times it featured in a
random spanning tree generated by the Markov chain. In order
to sparsify the graph, we only retain edges occurring more than a
threshold fraction p; of times. In section 6, we examine the effect
of this threshold p; on the detection rate of the different estimators
via simulations.

Zsection 3.1 describes the rejection sampling procedure for arborescences which can
be used for estimators E1-E6; for the MLE and rumor center, a similar procedure has
to be conducted for rumor permutations
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6 SIMULATION RESULTS

The rumor spread is simulated from a single source node using the
Susceptible-Infected (SI) model with IID exponential clocks. The
rumor starts from the source node and propagates along edges of
the underlying graph with propagation times along edges modeled
as IID exponential random variables. We simulate this on Erdds-
Rényi (ER) graphs [3] and scale-free networks (SFN) generated
using the Barabasi-Albert model [2] with 1000 nodes and stop
when n = 400 nodes get infected. The pairwise information matrix
I LF (™) )x2 consists of rows sampled uniformly at random without

replacement from all (}) possible pairwise comparisons, where
0 < f < 1. We perform experiments on ER graphs G(1000, p)
over a range of values of the parameter p := the probability of any
given edge existing in the graph. We also perform experiments on
SFNs over a range of values of the parameters my := the starting
number of nodes in the graph and m := the number of nodes that is
added during each successive iteration of the generative model. The
performance measure used is the detection rate, which is the fraction
of experiments in which the correct rumor source is detected.

We compare the performance of the various estimators defined
in section 2. We also compare the performance of all our estimators
with random guessing. At an available fraction f of the pairwise in-
formation, the nodes that feature in the second column of I LF(™) 2

are disqualified as potential rumor source. Using this observation, it
is easy to verify that the detection rate for a scheme which randomly
guesses the source from amongst the set V\V,(f) is asymptotically
equal to the fraction of available information f, as the number of
infected nodes becomes large.

Figures 1,2 show the performance of E1 on ER graphs and SFNs
with different graph parameters. On the ER graph, the performance
hardly changes with the p-value, possibly because of the growth
isotropy inherent to the ER model. Figures 3,4 compare the perfor-
mance of estimator E1 when the detection rate computed is based
on exact detection of the rumor source and when the criteria is
relaxed to detection within a 1 or 2 hop neighborhood of the rumor
source. Figures 5,6 show the performance of E1 on sparsified ER
graphs and SFNs for different sparsification thresholds p;, as dis-
cussed in section 5. Thus p; = 0 corresponds to the original rumor
infected graph. As p; is increased, performance of the estimator
degrades. A comparison of the performance of E1, E2 and E4 on
ER graphs and SFNs can be seen from figures 7,8. E4 expectedly
outperforms E1. Perhaps surprisingly, E2 is outperformed by E1
and E4 both, and is only slightly better than guessing randomly.
This could possibly be because of a high variance in the scores of
compatible arborescences that the expectation does not take into
account. This variance decreases as the available fraction f of pair-
wise information I increases since a lesser number of arborescences
survive compatibility checks. Thus, the performance of the estima-
tor E2 is expected to improve with increasing f. This is reflected in
figures 7,8. Figures 9,10 show the performance of E6 with different
score thresholds s;. Recall from section 2 that E6 is based on using a
threshold parameter § on the value of the chosen proxy for P(z, |v).
We set s; as a suitably chosen monotonically increasing function of
the threshold parameter § that maps [0, 1] to (—oo, 00). This is done
in order to increase the dynamic range of the threshold parameter
to enhance the observability of performance trends with varying
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Figure 1: Performance of the estimator E1 on ER graphs
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Figure 2: Performance of the estimator E1 on SFNs with dif-
ferent graph parameters mg, m.

thresholds. At s; = —co, E6 = E1. The performance improves with
increasing thresholds up to a certain value and starts degrading
as the threshold is increased beyond this optimal value. The set of
arborescences with scores above this optimal threshold is the most
informative set about the rumor spread. As the score threshold is
lowered from this optimal value, arborescences that are unlikely to
have been the propagation tree start contributing to the estimator
value. This amounts to noise and hence the performance degrades.
The performance also degrades as the threshold is increased be-
yond the optimal value as arborescences that well qualify to be the
propagation tree start getting ignored. A similar trend is expected
for estimator E5 as well. Figures 11,12 show the performance com-
parison of E5 and E6 with the best score thresholds s; against the
rumor source MLE. As expected, E5 outperforms E6 and the MLE
outperforms them both. It is however very important to note that
the performance disparity between E5,E6, and the MLE is quite
limited, especially considering the huge computational as well as
runtime savings that E5,E6 offer over the MLE.
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Figure 10: Performance of E6 with different thresholds on
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Figure 11: Comparison of E5 and E6 with the best thresholds
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Figure 12: Comparison of E5 and E6 with the best thresholds
against the MLE on SFN.

To conclude, we comment on the convergence rates of our
MCMC schemes. Note that our MCMC scheme can be viewed
as a random walk on the set of arborescences (or spanning trees) of
the underlying graph. Using results on the mixing time of a simple
random walk [1], it can be verified that the mixing times of our
MCMC algorithms are at most polynomial in n log n.
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