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ABSTRACT

The min-plus convolution and deconvolution operations are fre-
quently needed in the network calculus for computing performance
metrics. However, due to their computational complexity, the op-
erations can become impractical with large data sets. We provide
a GPU-accelerated implementation that achieves a 400x speedup
for a data set with a half million data points, reducing the com-
putation time from more than an hour to about 10 seconds. We
also determine the maximum ranges for which the convolution
and deconvolution of data traces finite support can be correctly
computed.
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1 INTRODUCTION

This paper addresses numerical issues that arise in computations in
the network calculus [13]. The network calculus is a framework for
the analysis of communication networks that has been applied to
avionic networks [5], automobile networks [7, 8], network-on-chip
systems [15], energy storage in smart grids [6, 19], and map-reduce
computations [4]. In the min-plus network calculus, arrivals and
departures at a network element (see Figure 1) are represented as
functions of time, where A(t) and D(t) describe the cumulative
amount of arriving or departing traffic until time ¢. Here, a network
element can be a packet switch, a buffered link, a network cable, or
any combination thereof. The available service in a time interval of
length 7 is expressed by a function S(7). The functions describing
arrivals, departures and available service are non-decreasing and
non-negative, and, by convention, these functions are set to zero
for values of t < 0. The set of functions of this type is frequently
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Figure 1: Network element with arrivals and departures.

denoted by F,. There are discrete-time and continuous-time for-
mulations of the network calculus. Since this paper is concerned
with computational aspects, we will consider a discrete-time setting
with t € Z.

The min-plus network calculus defines two operations, the min-
plus convolution and deconvolution, that play an important role
in the characterization and analysis of a network. The min-plus
convolution for two functions F and G is defined as

F® G(t) = inf{F(s) + G(t —s)},
SEZ

and the min-plus deconvolution is given by

F @ G(t) = sup{F(t +s) — G(s)} .
S€EZ

If F,G € F,, the operations simplify to
F® G(t) = min {F(s) + G(t —s)},
0<s<t

FoG(t) = mf())({F(t +5)—G(s)}. 9

This paper is concerned with the numerical computation of these
operations.

As we will briefly discuss in Section 2, the min-plus convolu-
tion operator enables a concise description of service guarantees
at a network element or a sequence of several network elements.
The min-plus deconvolution operator is used to express bounds
on backlog, delay, and output burstiness, as well as time-invariant
descriptions of traffic. From (1), we see that the computational com-
plexity of the convolution and deconvolution grows quadratically
in ¢, and hence, may result in long computation times when the
data set is large. Moreover, computing the deconvolution F @ G is
not entirely straightforward when the function values of F and G
are only available for a finite set of time values, e.g., t = 0,1,...,T,
since a correct computation of the deconvolution F @ G(T) requires
F(t) and G(t) for values t > T.

For concave functions F and G, the min-plus convolution sim-
plifies to F ® G(t) = min{F(t),G(t)}. This has been exploited in
existing tools for network calculus analysis [1, 2, 18] of piecewise
linear functions. Without an approximation by piecewise linear
functions, the convolution and deconvolution of general functions
is known to execute slowly on large data sets. In this paper, we show
how to accelerate the computations with a GPU implementation of
the min-plus convolution and deconvolution. Our tool is developed
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in the NVIDIA CUDA language for general-purpose computing
on Graphical Processing Units (GPUs) [16, 17]. GPUs have hun-
dreds (sometimes thousands) of computing cores and are highly
suitable for compute-intensive applications with a high degree of
parallelism. Originally conceived for the acceleration of computer
displays, GPUs have led to breakthroughs in many fields, such as
data analytics, deep learning, and fluid simulations. Compared to a
generic MATLAB computation [14], our implementation reduces
the computation time of the convolution and deconvolution for
functions with 500 000 data points by a factor of more than 400,
from more than an hour to 10 seconds. Even for close to 1 million
data points, the GPU acceleration can compute the convolution in
less than one minute. Our software, referred to as turboNC [10], can
be adapted and integrated into existing tools to reduce computation
times.

The contributions of this paper are as follows. We present a fast
computation of the min-plus convolution and deconvolution on
GPUs. We provide a comparative evaluation of the computation
times as a function of the length of a data trace. Furthermore, ex-
tending results in [11, 12], we address how to correctly compute
F ® G and F @ G when the function values of F and G are only
available for a limited range.

The rest of the paper is structured as follows. In Section 2, we
briefly explain the role of the convolution and deconvolution in the
min-plus network calculus. In Section 3, we show how to achieve
a correct computation of the convolution and deconvolution of
functions when function values are limited to a given range. In
Section 4, we discuss our CUDA implementation. In Section 5, we
evaluate the computation times of the CUDA implementation. We
briefly conclude in Section 6.

2 ROLES OF THE (DE-) CONVOLUTION

The min-plus convolution and deconvolution operations in the net-
work calculus play an important role in computing traffic envelopes
and performance bounds. Given a network element as shown in
Figure 1 with a cumulative arrival function A and departure func-
tion D with A, D € F,, a function S € ¥, is called an (exact) service
curve of the network element if, for all t € R, D(¢t) = AQ S(t). If
the network element is a work-conserving link with rate C, it has
an exact service curve S(t) = max{Ct, 0}. A network element that
delays arriving traffic by d time units has the exact service curve
S(t) =0ift < d, and S(t) = oo if t > d. Functions that satisfy the
inequality D(t) > A ® S(t) for all t € R are called lower service
curves. Lower service curves express lower bounds on the offered
service at a network element. The convolution operation is also
used to express the available service on a network path. Given a
sequence of network elements, with service curves Si, ..., Sy, the
convolution S1 ® ... ® Sy is a service curve for the entire sequence
of network elements.

For an arrival function A, a function E € ¥, that provides a
time-invariant bound on A in the sense that

E(t) = A(t+ 1) - A(t), Vt,t >0,

is called a traffic envelope for A. We write A ~ E to indicate that E
is a traffic envelope for A. The property A ~ E can be equivalently
expressed in terms of the deconvolution by E(r) > A @ A(r). The
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smallest possible envelope for an arrival function A, referred to as
the empirical envelope of A [9], is therefore given by A @ A.

Given a network element with lower service curve S, and an
arrival function A with traffic envelope E, i.e., A ~ E, the min-plus
deconvolution of E @ S yields performance bounds at the network
element. The function E @ S(r) is a min-plus traffic envelope for
the departure function D for 7 > 0, that is, D ~ E @ S. The backlog
for arbitrary times ¢ > 0 is bounded by E @ 5(0). Finally, as long
as traffic is served in the order of arrivals, the delay at all times
t > 0 is bounded by the smallest number d > 0 that satisfies
E®S(—d) < 0.Note that the computation of delay bounds evaluates
the deconvolution E @ S for negative arguments.

3 CONVOLUTIONS AND DECONVOLUTIONS
OF FUNCTIONS AND DATA TRACES

This section addresses questions that arise in the numerical com-
putation of the convolution and deconvolution for data traces and
functions that are available only for a finite time interval. Sup-
pose that we want to compute the deconvolution F @ G for two
functions, that are provided as data traces. That is, function F(t) is
available for the interval Tyin p < t < Tnax F and G(t) is available
for the interval Tyyin G < t < Tax, G- Then the question arises for
which time interval we can correctly compute the convolution or
deconvolution? To see that this is a non-trivial question, note that
the deconvolution expression in (1) requires function values for
t > max{Tmax, F> Tmax, G} In this section, we identify the ranges for
which the convolution and deconvolution can be computed.

3.1 Extrapolations

Consider the construction of a cumulative arrival function from
a trace, e.g., a data trace of captured packet sizes on a network
link or a video trace consisting of the frame sizes of a compressed
video sequence. Data of a trace is provided in the form of a time
series (t1,y1), (t2,Y2), ..., (tn, yn) With t; < t;,if i < j, where the
tuple (¢;,y;) describes that an amount of data y; is associated with
time ¢;. A cumulative function F is constructed from the trace by

Since

Vt<t,
YVt > ty,

we can extrapolate the values of the cumulative function F to all
values t € Z. We can view the function F as having two ‘plateaus’:
a plateau at zero for values t < #; and a plateau at F(t,) for values
t =ty

A generalization of the extrapolation to an arbitrary, that is, not
necessarily cumulative, function, defined for a finite time interval
Tmin < t < Thmax leads to

F(Twin)»  t < Tuin »
F(t) = F(t), Trin <t < Thax, (2
F(Tmax) ] TmaX < t'

We say that a function F has a ‘left plateau at T", if F(t) = F(T) for
all t < T. We say that F has a ‘right plateau at T, if F(t) = F(T) for
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all t > T. The purpose of the plateau extrapolation is to capture a
function whose support is known only for a limited range.

The concept of extrapolation is also useful for vector represen-
tations of functions F € %y, e.g., F(t) = Vi for t > 0. With tools
such as MATLAB, function values are stored in vectors with a fixed
length, and each vector element is assigned a function value on a
discrete-time scale, e.g., the value of \5 may be stored in the 5th
field of the vector. Since function values are computed only up to
the length of the vector, the stored function reflects F only up to a
maximum time value, which we denote by T,y r. To distinguish
the original function F from the stored function, we define F| [T
using extrapolation as

ax,F]

0, t<0,
F[Tmax,F] (t) = F(t) ’ 0 < t S Tmax,F b
F(Tmax,F) , t> Tmax,F .

We can think of F as the actual function and Fj, ] as its vector
representation in a data structure.

3.2 Computations for functions in 7,

Our first result, which corresponds to [12, Lemma 1], is on the con-
volution of two functions F and G in ¥, whose values are available
from zero until Tiax F and Tpax, G, respectively.

Lemma 3.1. IfF,G € Fy, then, for allt < min{Tyay F, Tmax, G}
FiTpa #1 ® Ol Tna 61(t) = FO G(2) .

Thus, if the function values of each function are available up to a
time limit, then the convolution can be computed up to the smaller
of the time limits.

Proo¥. Since Fi1,., 1] C[Tma.c] € F0, we have that each ¢ <
min{Tay, F» Tmax, G} satisfies
F[Tmax,F] ® G[Tmax,G] (t) = Orsnshslt{F[Tmax,F] (S) + G[Tmax,G] (t - S)}

=FQG(t). O

For the deconvolution of two functions in %, the constraints are
more involved, since the deconvolution of two functions is defined
as the maximum difference of a time-shifted version of the first
function and the second function over an unlimited range. We can
provide a range where the deconvolution is valid, as long as there is
a last time when the two functions intersect. Specifically, we define
7+(F, G) to denote

7:(F,G) = sup{s | F(s + t) > G(s)},

that is, 7(F, G) denotes the last intersection of a right-shifted ver-
sion of F with G. The following result extends [12, Theorem 1] by
relaxing assumptions on F and G.

LEMMA 3.2. Let F,G € F, and let Tyyax F, Tmax, G and 7;(F, G) be
as defined above. Then,

FTas, £ @ Ol 61 () = FO G(1),,
if Tmax,G > 74(F,G) and Tmax,F =2t+ TmaX,G‘

To compute F @ G(t) correctly, we hence have two constraints on
the time limits of F and G. First, the values of G must be available
up to the last intersection of a left-shifted function F and G. Second,
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the values of F must be available for ¢ time units more than the
time limit of G.
Proor. Fix a value of t. Since, by definition of 7;(F, G),
sup {F(t+s)—-G(s)} <0,
s>1;(F,G)
and since F,G € F, implies F(t) — G(0) > 0, and with Tynax G >
7+ (F, G), we have

sup {F(t+s)—-G(s)} < sup ({F(t+s)—G(s)}

$>Tmax, G s>1;(F,G)
< sup {F(t+s)—G(s)}
s<7;(F,G)
< sup {F(t+s)—G(s)}.
SSTmax,G

Thus,

FoG(t) = max{ SUp <7,  (F(t +5) = G(s)}, }

supS>TmXYG{F(t +5) — G(s)}
= sup ({(F(t+s)—G(s)}

s< Tmax, G

supssTmaX,G{F(t +5) —G(s)},

= max Sumeava<ngmaxvp—t{F(t + s) - G(Tmax,G)} s
Sumeava—t<g{F(TmaX,F) - G(Tmax,G)}
= F[Tmax.F] © G[Tmax,G] (t) : o

3.3 Computations for data traces

When convolving or deconvolving data traces, the function F rep-
resenting the data trace has the extrapolated form given in (2),
with a left and a right plateau. The following lemma states that the
convolution of such functions also has left and right plateaus.

LEMMA 3.3. LetF, G be arbitrary single-variable functions with left
and right plateaus at Tin F, Tmax, F a1d Tnin, G> Tmax, G» respectively.
Then F®G has left and right plateaus at Tyyin, F +Tmin, G and Tiax, F+
Tmax, G-

Note that, different from assumptions in [11, 12], we do not
require F,G € ¥,. In particular, the functions need not be non-
decreasing, and may have negative values. A consequence of the
theorem is that the convolution must only be computed for values
of t with Thin,F + Timin,6 £t < Tmax, F + Tax, G-

Proor. First consider that t < Tinin F + Tiin, G- We obtain

FG(t) = sirél%{F(s) +G(t —s)}
inf {F(Tmin,F) + G(t - S)} s
S<t—Tmin,G
= min I*Tmin,glﬁi?STmm,F {F(Twin, F) + G(Tmin,G)} »
inf {F(s) + G(Tmin,G)}
Tmin, F<S
inf {F(s) + G(Tmin,F + Tmin,G - 5)} s
$<Tin, F
= min F(Tmin, F) + G(Tmin,G) »
inf {F(S) + G(Tmin,F + Tmin,G -s)}
TmimF<5

inf {F(s) + G(Tmin,F + Tmin,G -s)}
SEZ

=F® G(Tmin,F + Tmin,G) .
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Similarly, for t > Trnax F + Tmax, G We get

inf {F(S) + G(Tmax,G)} 5

S<Tmax,F
F ® G(t) = min Tmax,FSir;f;_Tmin,G{F(Tma&F) + G(Tmax,G)} ,
inf  {F(Tiax,F) + G(t = s)}
s<t=Tmin,G ?

=F® G(Tmax,F + Tmax,G) .

O

The computation of F ® G in the range given by Theorem 3.3
follows from the next theorem.

THEOREM 3.4. Let F, G be arbitrary single-variable functions with
left and right plateaus Tiin F, Tmax, F and Tmin, G» Tmax, G» respec-
tively, and define

I= maX{Tmin,F, - Tmax,G} s
r= min{Tmax,F, - Tmin,G} s
Also define the following modified convolution operations:

F®;,G(t) = min {F(s) + G(t - s)},

I<s<r
F(Tmin,F) + t—Tinf < {G(S)} > t< Tmin,F + Tmax,G 5
FeG() =1 e, <5
inf {F(s)} + G(Tmax,G) , b= Tmin,F + Tmax,G B
s<t—Tmﬂx,G
>ti}%f_ {F(s)} + G(Tmin,G) , t <Tmax F + Thmin,G »
F&G(t) = {°" 7 mn¢ ,
F(Tmax,F) + inf {G(S)} , b2 Tmax,F + Tmin,G .

s< t—Tmax,F
Then, for each t € [Tin, F + Tnin, G> Tmax, F + Tmax, G, it holds that

F ® G(t) = min{F ®; , G(t), F®G(t), FRG(t)} .

Proor. Consider at € [Tyin, F + Tmin, G» Tmax, F + Tmax,]- Then
I < r and we have

infl{F(s) +G(t—s)} = {F(s) + G(t — 5)}

in
s<max{Tmin, Fs ~Tmax, G }

inf {F(Tmin,F) + G(t - 5)} s Tmin,F >t - Tmax,G 5
S<Tmin,F

inf {F(S) + G(Tmax,G)} ,

S<t—Tmax,G
_ F(Tmin,F) + inft—Tmm,F<s{G(s)} s t < Tmin,F + Tmax,G s
infs<t—Tmax,G{F(s)} + G(Tmax,G) , t= Tmin,F + Tmax,G >
= FRG(t).

Tmin,F =t- Tmax,G 5

Similarly,

Sir>1fr{F(s) +G(t—s)} = inf

5>min[Tmax,F’ t_Tmin,G }

{F(s) + G(t - 5)}

inf  {F(s) + G(Tmin,G)} >

$> t_Tmin,G

inf {F(Tmax,F) +G(t -5s)}, Tmax,F <t- Tmin,G s
5> Tnax, F

F&G(t) .

Tmax,F >t - Tmin,G 5
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Thus,
irifl{F(S) +G(t —s)},
F ® G(t) = min lrsnsigr{F(S) +G(t-9)},
rir<1fs{F(s) +G(t—s)}
= min{F®; ,G(t), FG(t), FRG(t)} .
m]

With Theorem 3.4, we have a computational method for the
convolution for arbitrary functions with left and right plateaus. We
can use the theorem to compute a deconvolution. This is our final
result.

THEOREM 3.5. Let F, G be arbitrary single-varied functions, and
define
F'(t) = -F(t) and G'(t) = G(-t).
Then
FoG(t)=-F ®G'(t).

Note that if F and G have left and right plateaus, so do F” and G’.

Proor. Consider
F o G(t) = sup{F(t +s) — G(s)}
seZ
= —inf {—F(s) + G(—(t — s))}
SEZ

= sig%{F’(s) +G'(t - s)}

=-F'®G'(t).

4 CUDA IMPLEMENTATION

We have developed a GPU-accelerated computation of the min-plus
convolution and deconvolution for arbitrary data traces. As GPU
architecture, we selected NVIDIA CUDA [16]. The algorithms from
the previous section are evaluated on a Tesla C2050 computing
processor with 448 cores. The processor is installed on a Linux
desktop equipped with an Intel Xeon 2.13 GHz CPU. By avoiding
any architecture specific code, our implementation can be run on
any CUDA-enabled device.

4.1 General-purpose computing on graphics
processing units

General-purpose computing on graphics processing units (GPGPU)
is a technique for using GPUs to perform computations in applica-
tions that are traditionally handled by a CPU. Since GPUs greatly
outperform CPUs in arithmetic throughput and memory bandwidth,
they are ideal for applications that are compute-intensive and with
opportunities for parallel computations. The most common perfor-
mance limitation in modern computing is that on-chip data cannot
be served to the processors of a chip fast enough. CPUs try to reduce
the effects of large on-chip memory latencies by exploiting data
locality with large on-chip caches and instruction-level parallelism.
GPUs take a different approach to the same problem in that they
hide memory latency with calculations. That is, while some tasks
are waiting for data to continue their computation, other tasks are
computed at the same time. The key to reach high performance in
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__global__ void convolve(
const double *const F, const int lenF,
const double *const G, const int lenG,
double *const FG, const int len) {

const int t = blockDim.x * blockIdx.x + threadIdx.x;
if (t >= len) return;

double result = INFINITY;
const int r = min(t+1, lenG), 1 = max(@, t-lenF+1);
for (int s = 1; s < r; s++)
result = fmin(result, F[t-s] + G[s]);
FG[t] = result;

Figure 2: CUDA code segment for F ® G.

// Invoke kernel

const int threadsPerBlock = 256;

const int blocks = (len + threadsPerBlock - 1) / threadsPerBlock;
convolve<<<blocks, threadsPerBlock>>>(F, N_F, G, N_G, FG, N_FG);

Figure 3: CUDA kernel in C.

GPGPU is to keep all processors of the GPU busy at all times by pro-
viding enough computational tasks with a high ratio of arithmetic
operations to memory operations.

CUDA GPUs consist of several streaming multiprocessors (SM),
which, in turn, consist of several scalar CUDA cores. The Tesla
C2050 processor has 16 SMs. The basic unit of work in terms of
CUDA is a thread, which is executed on a single CUDA core. Threads
are defined as kernel functions in C and work on a specified subset of
data. A CUDA core can perform a context switch between threads
with negligible overhead. This allows the core to hide memory
latency by switching between the contexts of threads that are ready
for execution. Multiple threads are combined to a common work-
group called a block, which is executed on the same SM. A block is
the basic unit of scheduling in CUDA. Once all threads of a block
have finished execution, the next block is scheduled for execution
on the same SM. Several blocks create a grid, which represents the
entire computational task executed on the GPU.

4.2 Mapping to CUDA Architecture

The min-plus convolution and deconvolution are a good fit for an
independent execution by parallel threads, since the result for each
value of ¢ can be computed independently. In our implementation,
we have mapped the computation for each value t to a separate
thread. This mapping allows the computation of the optimization
(minimum or maximum) for each ¢ in parallel.

Consider the convolution of two functions F, G € ¥, which are
specifiedfort = 0,1,...,lenF-1andt =0,1,...,1lenG—1. We only
concern ourselves with the modified convolution ®; ,, as it is the
only computation from Section 3 with quadratic time-complexity
and will benefit most from parallelism. The other modified convo-
lutions (®, ®) are of linear time-complexity and are implemented
outside of CUDA.

The convolution operation is divided into N subproblems, whereby
the n-th thread computes

F®;,G(n-1) = in {F(s)+G(n—1-s)}.

m:
s=max(0,t—N+1),...,min(n—1,t)
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The CUDA code for this computation is shown in Figure 2. Mapping
the function values to threads in this fashion may appear naive,
but it leads to an efficient use of the CUDA architecture. The com-
putation in Figure 2 is then formulated as a CUDA kernel in the
C programming language. The relevant code segment is shown in
Figure 3. Note that we set the number of threads per block to 256.
This code is compiled for execution on NVIDIA GPUs.

The partitioning of a task into blocks and threads are design
parameters, which need to be carefully selected. The block size
determines the number of threads running parallel on the same SM.
Since all threads on an SM share a register file, the block size must
be set so that the total number of registers used by the threads does
not exceed the size of the register file. This may reduce the number
of concurrent threads, which, in turn, may expose the memory
latency of other threads. When designing a CUDA application,
these and many other trade-offs need to be carefully considered to
achieve maximum performance from a given architecture.

The full CUDA implementation requires additional wrapper func-
tions for memory allocation of data structures, data transfer to and
from GPU memory and thread synchronization with the CPU. In
total, our implementation has approximately 1500 lines of code.

The CUDA C code of the min-plus convolution and deconvo-
lution can be run without any additional software packages. For
ease of use, we have compiled the implementation into a MATLAB
executable file that can be called from within MATLAB. We point
out that there are several toolboxes available for accelerating MAT-
LAB with CUDA [20]. These toolboxes obviate the need to write
the above mentioned wrapper functions.

5 EVALUATION

In this section we evaluate the achievable speedup with our GPU
implementation. As data set, we use a one-second packet trace from
a 10 Gbps link of a Tier-1 service provider [3] containing more than
400 000 packet transmissions. Time is measured in microseconds,
which results in one million data points. The data set is converted
into a cumulative arrival time function A. For our evaluation, we
compute the deconvolution A @ A, which yields the empirical en-
velope of the packet trace. The evaluation was done on the Intel
desktop described at the beginning of Section 4, with a Tesla C2050
computing processor.

We compare the required completion times for four different
implementations:

MATLAB programming language,

compiled C program,

CUDA C program as described in the previous sections,
the same CUDA C program, but invoked with the MATLAB
Parallel Computing Toolbox (PCT).

The first two versions run exclusively on the CPU, and the last
two version take advantage of the GPUs. All implementations are
called from within MATLAB. In Figure 4 we show the computation
times of all four implementations for 1 000-950 000 data points from
the data trace. Since the computation times diverge quickly, we
provide the results on a linear time scale (Figure 4(a)) as well as on
a logarithmic time scale (Figure 4(b)).

From the figures, we observe that the computation times of
methods that run on the CPU of the desktop (MATLAB and C) are
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Figure 4: Computation time of A0 A.

significantly longer than those that take advantage of the GPUs
(CUDA and CUDA/PCT). The MATLAB implementation takes more
than one hour to compute the empirical envelope for 500 000 data
points, whereas the CUDA implementations only require around 7
seconds for the same data set. This is speedup of more than 400x.
Note that our CUDA code has similar performance when invoked
with the MATLAB PCT toolbox or our own wrapper function, with
the customized wrapper functions resulting in a small improvement.

6 CONCLUSIONS

Applications of the network calculus must frequently perform min-
plus convolutions and deconvolutions of functions. Due to their
quadratic computational complexity, these operations can become
impractical for large data sets. To reduce the computation time, we
have developed a GPU implementation that exploits opportunities

Natchanon Luangsomboon, Robert Hesse, and Jorg Liebeherr

for parallel computations. We showed that, for a data set with half
a million data points, our implementation exceeded a 400x speedup.
We also addressed issues that arise when performing convolutions
and deconvolutions of data traces, by identifying the ranges where
the operations are computed correctly.
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