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ABSTRACT

We present an extension of Whittle networks with multiple
classes of customers and some signals as defined by Gelenbe.
Customers are queued and served according to the balance
rules defined for Whittle networks. Signals are not queued
and interact with the customers present in the queue. We
consider the reset signal previously introduced for single class
networks. A reset signal entering a non empty queue deletes
a customer but if the queue is empty, it fills the queue with a
random number of customers. The distribution of this random
variable is closely related to the steady-state distribution of
the queue. We prove that these networks have a product form
steady-state distribution.
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1 A BRIEF INTRODUCTION TO
WHITTLE NETWORKS AND
NETWORKS WITH CUSTOMERS
AND SIGNALS

Whittle networks have been used in the last decade to analyze

flows on Internet (see for instance [3H7) 27]). Indeed Whittle

networks exhibit two very interesting properties: first, their
steady-state distributions (when they exist) have a product
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form solution and second, they are insensitive [28] [29]. The
insensitivity property implies that the probability distribution
does not really depend on the service time distribution but
only on the first moment of this distribution. Thus, we can
replace an arbitrary distribution for the service times by an
exponential distribution with the same mean which gives
an easier model to analyze. Clearly, flows do not have an
exponential duration but some load balancing mechanisms
are very similar to the balance equation for Whittle networks
and these properties and the balance among flows explains the
success of Whittle networks as a modeling tool for Internet.
In a Whittle network, customers of some class (say k) receive
a fraction ¢*)(Z) of the service capacity of the server (Z is the
state of the queue) and these fractions obey some constraints
(see definition in section 2).

In [9] we have added into Whittle networks, some signals as
defined by Gelenbe for Generalized networks with customers
and signals. The present paper is a sequel of this first paper
and we consider a type of signal which was not studied in [9].
We prove that such a network also has a product form steady-
state distribution when the flow equation has a solution.

The theory of queues with signals have received a con-
siderable attention since the seminal paper on positive and
negative customers [I5] published by Gelenbe more than 20
years ago. Traditional queueing networks model systems are
used to represent contention among customers for a set of re-
sources. Customers moves form server to server, they wait for
service, but they do not interact among themselves. Signals
are used to change these rules. In a network of queues with
signals (also denoted as a G-network of queues) customers
are allowed to change to signals at the completion of their
service and signals interact at their arrival into a queue with
customers already backlogged in the queue. However signals
are never queued. They try to interact and they may fail or
succeed. In both cases they disappear immediately. Despite
this deep modification of the model, G-networks still preserve
the product form property for the steady-state distribution
of some Markovian queueing networks.

In [15], Gelenbe introduced the first type of signal denoted
as a negative customer. A negative customer deletes a posi-
tive customer at its arrival at a non empty queue. A negative
customer is never queued (i.e. they are not customers, de-
spite their name). Positive customers are ordinary customers
which are queued and receive service as usual. But they
can be deleted by negative customers and they can become
a negative customer when they join another queue at the
end of their service. Note that in this case, we may have
the instantaneous departure of two customers: the positive
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customer which completes its service, becomes a negative
customer which routes to another queue to delete a positive
customer. Under typical assumptions for Markovian queueing
networks (Poisson arrival for both types of customers, expo-
nential service time for positive customers, Markovian routing
of customers, open topology, independence of routing) and
despite these new transitions in the Markov chain Gelenbe
proved that such a network has a product form solution for
its steady-state behavior when the chain is ergodic. Note that
the open topology is mandatory because in a closed queu-
ing network with negative customers, the positive customers
disappear and all the queues are empty at steady-state with
probability one under some topological constraints.

Clearly, G-networks are more complex than Jackson net-
works. The G-networks flow equations exhibit some uncom-
mon properties: they are neither linear as in closed queueing
networks nor contracting as in Jackson queueing networks.
Therefore the existence of a solution had to be proved [22] by
new techniques from the theory of fixed point equation, and
a numerical algorithm was also developed to solve the flow
equations [13]. G-networks have been used to model random
neural networks [I8, 19} [26] and complex operations involved
in work deletion [I]. Many applications of G-networks have
been proposed: the most notable being the CPN architecture
[21] (see [12] for a bibliography).

G-networks had motivated new important results on queues,
flows of customers and synchronizations. First as negative
customers lead to customer deletions, the original description
of quasi-reversibility does not hold anymore and new ver-
sions have been proposed. At the time being, the description
proposed by Chao and his co-authors in [8] looks sufficient
to study queues with customers and signals. A different ap-
proach was proposed by Harrison (see for instance [23] [24]).
His theory is based on Stochastic Process Algebra. The main
results (Reversed Compound Agent Theorem (i.e. RCAT)
and its extensions [23H25] [2]) give some sufficient conditions
for product form stationary distributions. RCAT clearly has
a broader range of applications as it allows to represent com-
ponent based models which are much more general than
networks of queues. An interesting topic is to mix both re-
sults to obtain a quasi-reversibility characterization directly
from a PEPA specification using a master-slave description
of the system (like in RCAT) rather than arrivals, departure
and internal transitions as proposed in [§]. Both approaches
are very important to the development of new performance
results.

Here we use the detailed global balance technique and the
quasi-reversibility characterization by Chao [8] because they
look easier in the context of an abstract queueing discipline.
RCAT, quasi-reversibility and global balance equation analy-
sis have been used to study several new types of signal which
all leads to product form solution: triggers which redirect
other customers among the queues, catastrophes which flush
all the customers out of a queue [I7, [16], resets [20], synchro-
nized arrivals in a set of queues [I1], signals which change the
class of the customer in service [I0]. Multiple class versions
of these models have also been derived for resets [14] with
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a closed network topology. Note that the closed topology is
possible in the reset case as the reset signal increases almost
surely the number of customers in an empty queue. Therefore
the empty state is not reachable (see [I4] for more details).

The technical part of the paper is as follows. In section
2, we present a brief introduction to Whittle networks and
we introduce the reset signal in a queue which follows the
Whittle balance condition. We present how the reset signals
make the population of the queue jump to any state with a
distribution related to the steady-state distribution. As some
proofs are based on Chao et al. version of quasi-reversibility
we also give a short presentation of this new version of the
theory. We first consider the model of one queue, and then
we apply the approach to the network model. In section
3, we prove that the network has a product form steady-
state distribution under some classical assumptions about
the stochastic processes used to described the model.

Let & be the vector of number of customers in the queues
and let *)(Z) be the service rate for class k when the network
state is Z. Here we assume that the queues all have a constant
capacity equal to 1:

> (@) =1.
k

This implies that all the service capacity is shared between
the flows.

2 RESET IN A WHITTLE
MULTI-CLASS QUEUE

2.1 Whittle Queue

Whittle networks are queuing networks with exponential
services and state dependent transition probabilities which
obey a balance property . Again, let & be the vector of number
of customers in the queues and let & — e) be the state &
with one customer less at queue j. Let ¢<k)(:f) be the service
rate for class k when the network state is .

Definition 2.1. The service rates ¢ (&), functions of the
state vector Z, are balanced if

¢(i) (;i’)(;ﬁ(j)(f— e(l’)) _ ¢(i)(f)¢(i) = 6(]‘))7 Vi, j.

The balance property has a very simple physical interpre-
tation. Given a state #, and < &, ¥ —e'l, ¥ —e't —e'2,...,0 >
a direct path from state Z to state 0, the balance property
says that the following expression, which is the product of
the service rates along the path, does not depend on the
considered path:

() = !

1)

In a Whittle network, the service rate functions ¢ (Z) are
exclusively characterized by the balance function ®:

7 (4)

(i)#sz(x—e ) 1 N 2@ 9

0@ =G s NS0 )

Consider the example of two direct paths from X to 0

depicted in Fig. 1. Assume that the rates are ¢(1)(m1, x2) to

¢ (B)pli2) (F — e(i)) ... plim) (T — elit) — . — e(im—l))'
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Figure 1: Two paths in the Markov chain of a Whit-
tle network.

decrease x1 and ¢® (z1,22) to decrease z2. For a Whittle
network, the product of the rates along the path are all equal.
Therefore, the product of the rates along the black arrows
path is equal to the product of the rates along the white
arrows path.

This balance property is very similar to the fairness prop-
erty needed by flow schedulers on the Internet. A data network
is considered as a set of links shared by some competing flows
and fairness among the flows is mandatory. Many authors
(7, [B], 27]) have used Whittle network balance property to
model balance fairness. The most famous example of Whittle
networks is a network of Processor Sharing queues. In [3],
many well-known models (including the Erlang model) which
are all useful for studying communication networks, were
shown to satisfy the Whittle network balance property, thus
enhancing the potential applications of Whittle networks.

2.2 Quasi-Reversibility of Queues with
signals

Let us first introduce the definition of quasi-reversibility
before we can prove that the queue with resets is quasi-
reversible. In [8], chap 3, Chao, Miyazawa and Pinedo gave
a definition of quasi-reversibility for queue with or without
trigger. Let us introduce the definition with trigger which is
more general because it includes simultaneous transitions.

Consider a queue where the queue-content evolves as a
continuous time Markov chain on state space S. For a pair
of states (Z,¥), we decompose the transition rate function
q(Z,7) of the queue into three types of rates: ¢2(Z,%),u €
T; ¢2(2,7),u € T; ¢'(Z,7), where T is the set of the classes
of arrivals and departures, which is countable. The transition
rate of the queue can be written as:

@ 9) =D ql @D+ 0 (@D +d @7, TFES.

ueT ueT
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The transition rate functions ¢2, ¢2 and ¢’ generate the
point processes corresponding to class u arrivals, class u
departures and the internal transitions, respectively. “A”, “D”
and “I” stand for “arrival”, “departure” and “internal”.

Suppose that ¢ admits a stationary distribution 7. Fur-
thermore, assume that when a class u arrives and changes
the state of the queue from Z to ¥, it instantaneously triggers

J
)

a class v departure with probability f. (%, ), where:
S fun@ P <1, weT, FjES.

With probability 1 — > fu.»(Z, %), the class u arrival does
not trigger any departure. Function fu. (&, %) is the triggering
probability. When }~ . fu (%, %) =0forallu € T, Z,5 € S,
no instantaneous movement between queues may occur due
to signal. The quasi-reversibility of queues with instantaneous
movement is defined as follows.

Definition 2.2. If there exist two sets of non-negative num-
bers {ay,u € T} and {Bu,u € T} such that: for all & € S,

ueT,
Sal@h = o ©)
jeS
> w1 @|al @D+ Y @l @D oG D] = Bun(@),
yeES veT

(4)
then the queue with signal is said to be quasi-reversible with
respect to {q, fuw, w,v € T}, {¢2,u € T} and {¢'} .

The non-negative numbers «,, and 3, are called the arrival
rate and departure rate of class u customers. Chao et al.
proved that this definition of queue without instantaneous
movements is equivalent to the usual definition of quasi-
reversibility. This implies that the arrival processes and the
departure (triggered and non-triggered) of class u customers
are Poisson processes.

2.3 Resets

We consider a simple Whittle multi-class queue. The ar-
rivals of customers and signal follow independent Poisson
processes and the service times distributions are exponen-
tially distributed. The rates are A" for the arrivals of class-k
customers, A" for the arrivals of signals, and p<k) for the
service of class-k customers. Upon arrival, if a queue is not
empty, then the signal will delete a customer of class k£ with
probability ¢®) (&) if the state of the queue is Z. If the queue
is empty, then the signal resets the queue. The queue jumps
to an arbitrary state & with distribution 7(Z) which will be
precisely defined later. Note that as >, ¢®) (&) = 1, a signal
entering the queue always have an effect.

If 7 is a steady state distribution, then the following con-
ditions must be satisfied:

e When the network is empty

T(O)Q_A® +27) = w() ()N + 1) (5)

k
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e When the network contains at least one customer

{Z A LT L5 10,68 (3) (k)}
>k Lot 5 (@ — eP)AR)
+ m(0)T(@)A"
+ 3, 1@+ )™ (7 + P (u® 4 A7),
We would like to study if there exists a multiplicative

structure form for the steady state distribution. Suppose that
the stationary distribution has the form

(@) = w(0)2(@) [J ()", (7)

k

where ®(0) = 1 to be consistent and 3, p* < 1 for stability.

Lemma gives the relation between 7(0) and o) when we
have constant capacity: »_, qb(k)(f) =1,VZ #0.

LEMMA 2.3. Assume that the stationary distribution of a
Whittle network with constant capacity 1 is given by Equation
[@ then we have:

0)=1-> p". (8)
k

PROOF. Denote by ||Z|| the number of customer in the
queue ( [|Z]| = 3, ™ ). We will prove by induction that,
for all n > 1:

Z (@) =m0 ") (9)
For n = 1, one has that

Z w(Z) = ZF(O)

(k) (k) (k)
=2_m(0) <k> (k)) '
I7l=1 k [
By assumption, _, oD (e®) = 1, and if I # k we also
have ¢V (e®)) = 0. Therefore we obtain ¢ (™) = 1. As
®(0) = 1, then we also get ®(e®) = 1. Finally,

> oa@ =Y m(0)p".

ll#l=1 K

Hence, Equation [J]is true for n = 1.
Suppose that Equation [J] holds for n. We will prove that
it is also true for n + 1. As > 9 (&) = 1, we have:

(@) = w(0)2(@) 3 ¢ (@) [[ (")

k
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But the balance function is such that ® ()¢ (Z) = &(Z —
(C>)]lz(c)21. Thus,
Z||i’\|:n+1 (@) = Z||5H:n+1 m(0) X, ]]‘QC(C)Zl(I)(f - e(c>)P(C)

TLeze(0®)™ " (pe)™ "

= 2. ’0<C) Z:\Iﬂ?H:n-~-1 ”(0)1x(c)21‘1’(f - e(c))

TLese(0®)™" (pe)™ "

= . pt ZHgH:n m(y).
(10)
By induction Equation [J]is true for all n. It yields that
Equation [8{ holds as >, p(’“) < 1. This completes the proof
of the Lemma.
a

Let us now find the form for probability distribution 7.
Substitute 7 in Equation [5 one has:

SR 4= 3 oW 4 ). (11)
k k

Using the form of 7, the relation ® (%) =
e®) and Equation [11] one has:
w(@ (YA 447 = 3w (@)™ (@) (™ + 7).
k k
Then Equation [f] can be simplified as:
TEN = YL e ¢ (B)p®

O(T+e™)p™) (74

(12)
k) m F—e(F)
— Ly AW e
Hence, taking into account the multiplicative solution of
m, the form of 7 is given by

(k) (k) (k)
. . E (e)y A
z) = E 1,5, 2(F — e™) I |(p(c))($ )7/\7«[,(1@) .

(&
And it suggests a relation between 7(Z) and 7(Z — e'®)). We
would like to find p in the form:
* AF) ,Y(k))\r
Pr= T
with >, ~®) = 1. Note that if the values of p*) satisfy Equa-

tion |13 with >, ~*) = 1, Equation [11] also holds. Moreover,
one has

; (13)

(8) (k) _ \(8)

© _ k) K
G =7 P
Assume that v*) = EP(ZZL) > 7v® =1, and
p®p® A 4 ( ok (k)) 1
AT m(0) IO p 1-3, p(e)
— p)
e Pt
= ~®),
Finally, after substitution, 7 is given by:
(@) =) Lo, m(@— M)y ®, (14)

k
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We must now check that 7 is a distribution of probability.
We have that

D@ =D Lmsm(@—e™)® =3 "4 Wrp = 1.
Z#0 Z#£0 k kg

Hence, if p® is given by Equation where 4®) =
(p(k))/(zc p9) and 7 is given by Equation then the
balance equations [5| and |§| are satisfied by a stationary distri-
bution 7 given in Equation [7

LEMMA 2.4. The system of equations

o _ AY + (/5 0N
p - ‘u(k) +)\r I

has a positive solution.

ProoOF. Consider the compact and convex set B defined
by:

B={5e R [p™ >0,> pM (" +17)=> A" 4"}
& k
Consider the function ¥ : B — R, where:

m _ A+ (03 PN
1) ar :

U(p)

One has that:

() (N = SN N
k
then W (B) C B. Moreover, ¥ is a continuous function.
Applying the Brouwer’s Fixed point theorem, one has that
there exists a solution in B to the function p® = W(p)*) .

This completes the proof.
O

LEMMA 2.5. The stationary queue is quasi-reversible in
the sense defined by Chao et al in [8] as for all Z, one has
S (@R ™M (4, 7)

(Z) - o(7)

0@+ @)

where C)D’(k)(g'7 Z) is the transition rate caused by a departure
of class k from state § to state .

We now have all the ingredients to state the theorem on
the stationary distribution of the queue. For the sake of
readability, we give again all the assumptions.

THEOREM 2.6. Consider a simple Whittle queue with mul-
tiple classes of customers and with constant capacity 1 and
the balance function ®(&) (T = (z®)). The arrival rate and
service rate for class-k customers are respectively A\ and
,u““). The reset signals arrive to the queue according to a
Poisson process of r ate A". If the state of the queue is T,
then the signal will chose a customer of a class k as a target
to delete with probability ¢ ().

Assume that the system of equations

w _ AP+ "/, p)N
P = OESY
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has a solution (p*)) such that 3", p™ < 1. Let
p(k)

Zc p(C) ’

Consider the measure 7 defined by

(@) = 7(0)2(@) [[ ("),

k

k
48—

where (0) =1 -3, p*.
When a reset signal arrives to an empty queue, we assume
that the queue jumps to state T with distribution of probability:

- - k)N (k
(@) = 3 Loy (@ — @)y ®.
k
Then the stationary distribution of the network is (&)
and the queue is quasi-reversible with the departure rate for
class-k customers equal to p* p*) .

PROPOSITION 2.7. Note that in the case where the capacity
is a constant C (not equal to 1), one has that

> @) = o) (2220

[|Z]|=n
and

(k)
m(0)=1— E%.

In this case, we modify the system as follows: when a signal
arrives to a nonempty queue, it will chose a customer of class
k to cancel with rate:

2 69),
and all v, T are defined as before, p is given by:

my _ A® 4
N I U To

and we still have the same result.

3 RESET IN A NETWORK OF
WHITTLE MULTI-CLASS QUEUES
WITH CONSTANT CAPACITY

We consider a network of N quasi-reversible queues and we
see how we can combine these queues into a network with a
product form solution. Again, this part is a short presentation
extracted from [8] for the sake of completeness. We consider
the same set of arrival and departure classes, T. Let Z; be
the state of queue i. Let S; be the state space. The Poisson
source has index 0 and we assume that the source has only
one state which is denoted as 0. For each queue, we need to
specify the arrival effects, the departure rate, the internal
transition rate and the triggering probability. For queue 7, we
introduce functions p?,, ¢2, ¢! and fiu,o on the state space
Si:

e p (&, 7:) is the probability that a class u arrival at
queue ¢ changes the state from #; to ¢;, where it is as-
sumed that > . pi (Zi, 7)) = 1, & € Si; We simply
have:



VALUETOOLS 2017, December 5-7, 2017, Venice, Italy

p @) = LED
Zz q{? (1:7 z)

o ¢l (Z;,7:) is the rate at which class u departures change
the state of queue i from Z; to #;;

o ¢! (Z;,7:) is the rate at which internal transitions change
the state of queue i from Z; to ¥i;

o fiu,o(%s,7s) is the triggering probability that when a
class u arrival occurs at queue ¢ and the state changes
from Z; to @, it simultaneously induces a class v de-
parture, where > _r fiu,o(Zi, %) < 1,4 < N, u €
T, fi, :lj@ cS;.

e ¢ and ¢’ are the departure and internal transition
functions already defined in the previous section.

For source 0, we set pgs, (0,0) = 1, pés,(0,0) = Bou, ¢&(0,0) = 0
and fou,» = 0. Here, B3, is the arrival rate to the network
from the outside (the source).

The dynamics of the network are described as follows.
Customers of class u arrive to the network from the outside
according to a Poisson process with rate (3o, and are routed
to queue i as a class v arrival with probability To4,iv. A
class u departure from queue ¢, either trigger or non-trigger,
enters queues j as a class v arrival with probability 7y, jo-
Furthermore, whenever there is a class u arrival at queue
i, either from the outside or from other queues, it makes
the state of the queue change from Z; to ¢; with probability
p (%, i), it also triggers a class u departure with probability
fiuw(Zi, ¥i), and it triggers no departure from queue ¢ with
probability 1 — 37 - fiu0(Z:, %), i =0,1,...,N.

The transition rate function of the network is denoted by
q(Z,79), T, € S = &1 x -+ x Sy (note that we accept the
case where ¢(Z, ) # 0).

Consider for each queue i the following auxiliary process:
o @ ) = 3 (cwpla (@ 50) + aBF 7)) + 0 (@50,

ueT

where (&;) = (@iu,u € T') are considered as dummy parame-
(@)

i

ters. Suppose that qgai) has a stationary distribution =
We always have:

Ao oy
AiuPiu (Iiv yi) = Qju,
Y €S

i=1,...N, ueT.

Hence, the quasi-reversibility of qidi) fori=1,...,N is
equivalent to the existence of a set of non-negative numbers
Biw,uw € T such that:

S r @) [aR G @) + D wudle s @) fiva 7 7))

Vi veT
= B (), (15)

forall Z; € S;,i=1,...,NandueT.

Queue 7 in isolation is said to be quasi-reversible with &;
if is satisfied. Since ay,, and ;. are the arrival and the
departure rates of class u customers at queue i, we have the
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following traffic equations:

N
Qjy, = g § ﬁjvrjv,iu 5

j=0 w

i=0,1,...,N. (16)

The stationary distribution of the network process has prod-
uct form (see [§] for a proof).

THEOREM 3.1. Under the assumptions on the routing, if
each queue with signals is quasi-reversible (with d; as the
solution to the traffic equations@), then the queueing network
with signal has the product form stationary distribution

(@)
1

where T 1s the stationary distribution ofqgai), i=1,...,N.

Let us turn back now to the network of queues with resets.
We have proved that the queues are quasi-reversible in the
previous section. One can use Theorem to conclude. How-
ever, we think that the proof of the product using the Global
Balance Equation technique is more informative in that case.
Thus, we establish the main theorem of this paper using the
Chapman Kolmogorov equation. Let us first describe how
the queues are combined in the network.

We still assume that the capacity of each queue is 1 and
that the balance function only depends on the state of the
queue.

o0 (@) = 2E—e)
D, (Zs)

As before, the reset signals arrive to queue ¢ according to
a Poisson process of rate \]. At its arrival, a signal chooses
a class k-customer of queue ¢ as a target to delete with

(17)

probability ¢§’“>(£Z) If a reset signal arrives to an empty
queue i, the queue jumps to the &; with probability:

Tz(x_”l) = Z]lz(_k)>1ﬂ'i(fi - egk))ﬂi(k),
ko

which will be determined later.

The routing probabilities were defined in the previous
sections: dgk) and matrices Pi(f;’c). We now also consider the
probability that a customer of class k in queue i at its service
completion jump to queue j as a reset signal denoted as the
entries of matrix Pi(”;)’r. Of course, one still has that: for all

i and k:
dP + 35" PR LS pr =1
ioe j

Consider the Traffic Equations

k k Jk
Ai ) )\E )+ Z M§C)p§'C)Pj(,ci )7 (18)
J,ceC
AL = X+ Y WP (19)
j,ceC

where pj; is the solution to the system

w _ AP+ BN
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and

(k)
k Pi
Bk =

DN
Using the result in Theorem [2.6) and by applying the
Theorem of network with quasi-reversible queues in [§] to the
network model, one has the following theorem.

THEOREM 3.2. Consider a network with reset signals where
each queue is a Whittle-queue. If the Traffic Equations has a
solution such that p(k) < 1 for all i, then the steady-state
distribution of the network is given by

= H T(i(a_:’i)7
i<N
where

7 [T z{"

k

Zp(k)

Let us give the proof by writing now the Chapman Kol-
mogorov equation:

. k k) n g (K)o v A
(%) Xiskec {Az( ) +1z<k)21¢z(' '@ (" + A7) "’1@:6)‘1‘} =

R ONN
>ikec ]lz(_k)217f(z - eg ))Al(. ) [
+ Yiee T@ + )M @+ A7 2]
+ 2 ikec 1@;&67"(5@ (2, 6))7'1(51))\: (3]
b Eanee @+ 4+ P 4P ’
_ k k), k

+ Ziimece L@, @ + el = f)oP @+ el — )

J -

WP ik 5
+ Yinee 7@ + e + el (@ + e 4 ) lF)

Pi(,l;)mﬂsg'e) (er 67(:6)) [6}

+Z’L kGC:H‘_’ ;éOﬂ-((xJ’_e(k)) (]7 6))

oM (@ +e) @ (GO PH @), )

where ¥ @ (i,¥;) denote for the vector which is equal to &
except component &; which is equal to vector ;.

Let us give some explanations about the right-hand side
of this equation. The first term corresponds to external ar-
rivals of customers of class k£ in queue i. The next two terms
correspond to an arrival of a signal at queue 4 (a cancellation
if queue ¢ is not empty (i.e. Term 2), or a reset if queue i is
empty (Term 3)). The fourth term corresponds to an end of
service and a departure to the outside. Term 5 represents the
migration of a customer of class k leaving queue i for queue
j as a customer of class c. In the last two terms, we describe
a customer of class k leaving queue ¢ for queue j as a signal
which deletes one customer if queue j is not empty (Term 6)
or resetting empty queue j (Term 7).
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Divide both side of the equation by 7 (Z), using the balance
equation (i.e. Eq. , the routing condition, the form of m,
then the left-hand-side is given by:

Ly D ikec {)\ +1 (k)>1¢(k>( )(u<k)+)\'r)

D TR DIPHED D NS T
And the right-hand-side is given by:

k k k r
Ri = Tiecl,ms, Ms”( DA+ 3 N

T s S @M +

¢>(c)( Y PO

+ 2 gikeec 1, <‘)>1 (c)

k k
t Yimeec i 0w PET

(k)P(k)w 75 (0)

(k)
+ Zz k Z ]lz £0Pi (zl)

Using the form of 7 and 7;(0), one has that

k)= k k
S Lopsr 8" (#) -l A7 (L= Ty ")

75 (&)

; (0
1<( 3) 7i(73)

(k)
(@) k
(k? (8™

k
— ).

Zk 1 zk>1
The form of the Traffic Equations implies that:
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The Traffic Equations also implies that:

Zi,k AEM + Zz A7 = sz )‘EM + Zz A7
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It yields that
Ri=Y 2430+ > 1,00 (@),

the balance equation L; = R; is proved and the theorem is
established.

4 CONCLUSION

Note that in [9], we have considered a slightly more general
balance condition: system state & takes into account not only
the customer number in each queue, but the customer number
xz(.m of each class k in every queue i. The service rates are
then functions of these variables and the balance property is
defined with respect to classes. The global balance approach
in section 3 can be generalized to deal with this more general
balance property.

As previously mentioned both G-networks and Whittle
networks have many applications. Whittle networks have
been used to model flows over the Internet while G-networks
received considerable attention and allowed many applica-
tions, most of them to model random neural networks and
to build cognitive packet networks.

This paper is mainly theoretical, extending the first results
on the introduction of signals to Whittle networks presented
in [9]. We hope this new extension will allow new theoreti-
cal developments (for instance on insensitivity as ordinary
Whittle networks are insensitive) and new applications.
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