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ABSTRACT

Two approaches have been presented for the analysis of HPnGs, (i)
a tree-based approach and (ii) a state-space representation based
on computational geometry. We present a translation of the tree-
based representation into a geometric representation using the C++
library HyPRro, which has been developed for the analysis of hybrid
automata. This allows the representation and efficient and accurate
analysis of HPnGs with multiple stochastic firings.
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1 INTRODUCTION

Hybrid systems are systems that combine continuous and discrete
behavior. Motivated by their frequent appearance and safety-critical
nature, a variety of modeling languages and (exact or approximate)
analysis methods for hybrid systems have been proposed in com-
puter science and control theory. Hybrid automata are one of the
most popular modeling formalism, shown to be suitable for model-
ing industrial applications as well as academic problems. For the
reachability analysis of hybrid automata and subclasses thereof,
different approaches based on theorem proving, bounded model
checking or flowpipe construction have been proposed and imple-
mented in numerous tools and libraries (see Section 3).
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Hybrid Petri nets [1] are another modeling formalism for hybrid
systems, which extend the notation of Petri nets by continuous
behavior. Hybrid Petri nets with general transitions (HPnGs) further
extend hybrid Petri nets by adding so-called general transitions, that
fire after being enabled for a random amount of time. The firing of
such a general transition is called a stochastic firing. As proposed in
[15], they provide a high-level formalism and have recently been
used to model critical infrastructures like water sewage facilities
[11], smart homes [18] and electric vehicle charging systems [17].

There are two forward symbolic reachability approaches for
HPnGs. They both represent time-bounded system executions sym-
bolically in the form of a tree, where the nodes represent state sets
and the paths represent system executions. The first method named
parametric reachability analysis [16] generates a tree called para-
metric location tree (PLT), whereas the second method computes a
stochastic time diagram [10].

However, the two methods use different representations for the
state sets in the tree nodes: the first method uses logical specifi-
cations and the latter one uses convex polyhedra as a geometric
representation. Both representations are symbolic, but they have
different strengths and weaknesses: the logical representation can
be computed fast but it is expensive to compute intersections (to
determine the subset that satisfies a certain property), whereas it
is time-consuming to compute the second representation but then
the intersection computation can be done fast.

In its original form, the parametric reachability analysis approach
is restricted to one general transition firing. Stochastic time dia-
grams do not have this restriction, but for each general transition
firing they introduce an extra dimension in the state space. Further-
more, their generation relies on two well-kown geometrical prob-
lems, namely hyperplane arrangement and halfspace intersection.
To the best of our knowledge no implementation for hyperplane
arrangement exist for more than three dimensions, hence, current
approaches for analyzing HPnGs [12, 14] are restricted to three
dimensions.

To overcome the limitation in the number of general transition
firings this paper presents a transformation which generates a
geometric representation for each node of the parametric location
tree and fully relies on halfspace intersection, which is dual to the
convex-hull problem and can be solved e.g. using quick hull [3] also
for higher dimensions. This combines the computational speed of
the parametric reachability analysis with the exact analysis based
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on STDs. We use the C++ library HYPRro to create a region for each
parametric location. HYPro allows creating the convex polyhedron
representing a region also for higher dimensions using convex hull
algorithms. This allows the analysis of Hybrid Petri nets with a
finite number of multiple stochastic firings.

The contribution of this paper is the construction of the state
space of HPnGs with an arbitrary but finite number of stochastic fir-
ings using HYPro. This is done by first constructing the parametric
location tree up to a maximum time of analysis and by then building
the geometric representation for each location in the tree. Note
that we extended the existing algorithm for parametric reachability
analysis for multiple stochastic firings. In case multiple general
transitions are present or / and may fire multiple times, we obtain
competing random variables which results in a tree with a larger
node degree. Furthermore, we explain how subsets of the cross
product of the domains of all random variables present in the sys-
tem can be found that fulfill certain properties of the model at a
given time t.

This paper is further organized as follows. Section 2 recalls the
HPnG formalism and the model definition. Section 3 describes
the library HyPRro used for the analysis. Section 4 extends the
parametric location tree for multiple stochastic firings and Section
5 introduces the translation of parametric locations into regions
represented as H-polyhedra. The paper concludes in Section 6.

2 HYBRID PETRI NETS WITH MULTIPLE
GENERAL TRANSITION FIRINGS

Hybrid Petri nets with multiple general transition firings model
systems with hybrid, i.e., mixed discrete-continuous behavior. The
formalism extends hybrid Petri nets [1] with so-called general tran-
sitions, that fire according to an arbitrary but fixed probability
distribution. A HPnG consists of three main model components, as
shown in Figure 1.

The modeling formalism of HPnGs is discussed in Section 2.1
and a small model is introduced as running example in Section 2.2.

2.1 Model definition

Places can be discrete or continuous. Discrete places are repre-
sented by single circles and continuous places by double circles.
The number of tokens in a discrete place and the amount of fluid in
a continuous place constitute the marking of the Petri net. Tran-
sitions change the marking of the Petri net. Discrete transitions
(general, deterministic and immediate) trigger a change of the dis-
crete marking upon firing. Deterministic transitions fire after be-
ing enabled for a constant predefined amount time. General and
immediate transitions can both be considered as special types of
deterministic transitions. As mentioned above, general transitions
fire according to an arbitrary probability distribution. Immediate
transitions can be considered as deterministic transitions that fire
after being enabled for zero time. Continuous transitions change
the fluid level of connected input and output places with a constant
nominal rate, which may however be adapted, when one of the
connected places reaches its upper or lower boundary, i.e. so-called
rate adaptation. Arcs connect places and transitions. They define
the change of marking that is triggered by the firing of a transition,
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Figure 1: Primitives of the hybrid Petri nets with multiple
general transitions formalism.

by defining input and output places and assigning their correspond-
ing weight and priority. Guard arcs enable transitions based on the
discrete or continuous marking of connected places.

Following the definition in [12, 16] we define hybrid Petri nets
with multiple stochastic firings.

Definition 2.1 (HPnG). AHPnG s defined as a tuple (P, T, A, My, D).

P is the set of places, 7 the set of transitions and A the set of arcs.
The initial marking is denoted as My and the tuple of mappings as
® which defines the behavior of the hybrid Petri net.

The finite set ? = PP U PC consists of discrete and continuous
places. The finite set of transitions 7= 77 U 7P U 7% U TC holds
immediate, deterministic, general and continuous transitions. The
set A is divided into three subsets: (i) The set of discrete arcs AL C
(PP xTP)U(TP xPP)) connecting discrete places and transitions.
(ii) The set of continuous arcs AC € (P€ x TC) U (TC x PO))
connecting continuous places and transitions. (iii) The set of guard
ares A € (TP x (PP UPC)) U(TC x PP)) connecting discrete
transitions to either discrete and continuous places; and connecting
continuous transitions only to discrete places.

The initial marking My = (my, x¢) denotes the initial number of
tokens and fluid levels of the places. The tuple

o= (@] ) 0] 0 0] o o7 o)
contains eight parameter functions that further define the behavior
of the Hybrid Petri net. Each function is used to define the model
in the following. However we refer to [10] for further details of the
mapping.

Marking. A discrete place PiD € PP contains a non-negative
number of tokens denoted as m; € N and a continuous place ch €

PC has a of non-negative level of fluid xj € Rx¢. The content of all
places is called marking and combines the discrete marking m =
(ml,...,mwm‘) and the continuous marking x = (xl,...,x|;oC|)
into M = (m, x). We use m(SDiD) and x(SDl.C) to denote the number
of tokens and the fluid level of the i-th discrete and continuous
place, respectively.

Enabling rules. Every continuous place has an upper boundary
defined in <I>f : P¢ — R*Y U 0. (The lower boundary is always

T
St

each continuous transition. (Dg : 76 — CDF assigns a cumulative

zero.) ®7 : 7€ — R* defines the constant nominal flow rate for

distribution function (CDF) to each general transition. CD{? c A% =
{«,R} with « = {>, <} assigns a comparison operator and a real
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number to each guard arc. This mapping implicitly encapsulates
the weight of the guard arc determining the amount of fluid or
tokens needed to enable the connected transition. @31 : AP — R*
assigns an integer to each discrete input or output arc to determine
the number of tokens moved when the transition fires. A transition
may only fire if it is enabled.

We define the set I7(T) as the set of all input places of transi-
tion T. Accordingly Or(T) defines the set of all output places of
transition T. The set G7(T) denotes the set of places connected to
transition T via guard arcs. A discrete transition T4 € 7P is said
to be enabled if one of the following conditions hold:

(i) Discrete guard arc reaching its weight q:

vP? e PP 0 G(TY), (<, q) = 24 (TP, P4)) : m(P?) g,
(ii) Continuous guard arc reaching its weight q:

VPC € PC N G(TY), (v,q) = D4 ((TP, Pe)) : x(P°) < g,

(iii) Connected input place reaching the minimum amount of
tokens:

vP? e 1(T9) : m(P?) > o4((P?, T%)).

Continuous transitions are only allowed to be connected to dis-
crete places via guard arcs. Hence there are only two conditions to
test if a continuous transition T¢ € 7C is enabled:

(i) Discrete guard arc reaching its weight q:
vP? e PP 0 G(T°), (<, q) = D (T, PY)) : m(P?) < g,
(iif) Connected input place having any level of fluid:
VP¢ € I(T¢) : x(P%) > o.

System evolution. Discrete transitions are associated with clocks.
Let c; be the clock associated with transition Tl.d € 7P If transition
Tid is enabled c¢; evolves with dc;/dt = 1, otherwise dc; /dt = 0. A
deterministic transition fires when c; reaches the transitions firing
time defined by CID;,r : 7P — R*. When a discrete transition fires,
the corresponding marking changes according to the weights of
the input and output arcs, as specified in (D,&:( A - R

A continuous transition that is enabled fires according to the
nominal in- and out-flow rates. The rates of transitions that are con-
nected to a place that is either at its upper or lower boundary have
to be adapted using rate adaptation. Then the inflow is decreased
to match the outflow or the outflow is reduced to match the inflow
changing the actual fluid rate of a transition. Let #(T) be the actual
rate of the continuous transition T¢ € 7C. The in-flow f;n(P°) of
a place P¢ € PC is defined as fi,(P°) = 2T, e1p(pe) T(TF), ie., the
sum of rates of all the incoming transitions. Similarly the out-flow
is the defined as fou:(P€) = X1, e0p(pe) r(T€). A continuous place
then evolves with the drift d(P€) = fin(P€) — four(P€). Moreover
we have dx(P¢)/dt = d(P°). We refer to [15] for the advanced
concepts of concession, shares and conflict resolution, and do not
explicitly define them as they are not needed to understand the
introduced analysis concept.

State. The concept of a state of an HPnG summarizes all infor-
mation necessary for the analysis of an HPnG.

Definition 2.2 (State). The state of a HPnG is defined as a tuple
I = (m, x, ¢, d, g) where
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Figure 2: Example of a reservoir model with a scalable num-
ber of general transitions.

e m and x are the markings of the discrete and continuous
places respectively,

e c=(c,..., ¢|rp ‘) is the vector of discrete clocks,

ed=(dy,..d ITC|) contains the drift of each continuous place,

® g =(g1,...g76 ) indicates the enabling time of each general
transition.

The initial state is defined as I € S with I = (myg, x¢, 0, dg, 0).
It is the starting point for the analysis method described in Section
4 and Section 5. The state space S = {I' = (m, x, ¢, d, g, e)} contains
all reachable states of an HPnG. States are separated by events, i.e.
an event leads to a state change. Three types of events can occur:

(i) A continuous place reaching its lower or upper boundary.
(if) A continuous place reaches the weight of a connected guard
arc.
(iii) The firing of an enabled discrete transition.

The concept of events is later used to construct the parametric
location tree (PLT) and to explain the relation to stochastic time
diagrams (STD).

2.2 Running example

We will illustrate the algorithms presented in this paper using a
small example, that is inspired by [15], but is scalable in the number
of general transitions and their respective firings. Figure 2 shows the
HPnG model of a tank, represented by the continuous place T with
a maximum capacity of B = 10 units. It is initially empty and can
be filled using possibly n different producer pumps, represented by
continuous transitions Iy...I,. Each of these pumps has a different
nominal rate rj. The general transitions Gy, ..., Gy model the failure
of the corresponding producer. The continuous transition D models
the consumer pump with nominal rate ry = 1. In contrast to [15] a
general transition Gp is used to control the consumer pump. Note
that the number of pumps and general transitions is scalable in
order to increase the model complexity.

3 HYPRO

The algorithm presented in Section 4 heavily relies on the C++ li-
brary HyPro [22], that is dedicated to the safety verification of
linear hybrid automata. Originally designed to support fast and
easy implementation of flowpipe construction based reachability
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analysis methods for hybrid systems [19], HYPRoO incorporates
datastructures and utility functions required as well as implemen-
tations for the most commonly used state set representations for
hybrid systems reachability analysis. Among representations such
as boxes [21], support functions [20] or zonotopes [13], HYPrO
includes an implementation of convex polytopes [24] as well as a
wrapper class to the well-known Parma polyhedra library (PPL)
[2]. All implemented state set representations are unified under a
common, convenient interface and are convertible into each other
(guaranteeing over-approximation). Furthermore, all representa-
tions are templated in the used number type, allowing to utilize
either native floating point arithmetic or rational number types
such as provided by the GNU multiple precision arithmetic library
(GMP).

When utilizing the proprietary convex polytopes implemented
in HYPRo, the user can choose between two representations: Ei-
ther a polytope P (a bounded polyhedron) is represented as the
intersection of a finite set of halfspaces stored as a pair of a ma-
trix A and a vector b such that P = {x | A-x < b}. This rep-
resentation is referred to as H-representation and the resulting
polytope is called H-polytope. Equivalently, a convex polytope
can be represented as the convex hull of a finite set of vertices
vj,ie. P = {x | x = £I'A; - v;,24; = 1}. This representation is
known as “V-representation. Note that while the H-representation
almost naturally supports polyhedra (unbounded polytopes), the
V-representation requires an extension: a general polyhedron P
in V-representation is a tuple (V, C), where V is a set of vertices
v; and C is a cone. The resulting polyhedron P = cHull(V) @ C is
the Minkowski sum of a cone and the convex hull of a finite set of
vertices.

Computational effort varies for set operations depending on the
utilized representation: e.g. an affine transformation is easier to
compute in V-representation (polynomial time) while the intersec-
tion of two convex polytopes requires less computational effort in
H-representation (linear). However, both representations can be
converted into each other via convex hull or vertex enumeration
algorithms in worst case exponential time (average: polynomial).
For further details about convex polytopes we refer the reader to
[24].

Our implementation is based on H-polytopes of HYPRO (see Sec-
tion 4.2), where previous implementations [12, 14] utilized CGAL,
which implements Nef-polyhedra but is limited to three dimen-
sions. Nef polyhedra are closed under Boolean set operations such
as union, intersection and set difference and thus are not necessar-
ily convex. The need for Nef polyhedra is rooted in verifying until
operators, which implies non-convexity as set difference is required
during the verification. In contrast to this, HYPrRo does not limit
the number of dimensions and provides most of the required set
operations required for our analysis of HPnGs.We are aware that
there exist various implementations of convex polyhedra, e.g. PPL
[2], poLYMAKE [8], CGAL [23], cpD [7] which can be used as well
but do not provide intuitive, convenient interfaces and conversion
functions. Furthermore we can exploit other features of HyPro for
future work regarding analysis methods originating in flowpipe
construction.
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4 EXTENDED DATASTRUCTURE

The parametric location tree (PLT) was introduced in [15] for the
analysis of HPnGs with a single general one-shot transition. We
extend the formalism to support multiple general transition firings
and translate the resulting locations into a geometric representa-
tion, as explained in Section 5. Note that each stochastic firing
corresponds to one random variable that is distributed according
to the CDF of the general transition that fired. The value of that
random variable then corresponds to the time the general transition
has been enabled before said firing.

Section 4.1 adapts the definition of a PLT to multiple stochastic
firings. The PLT for the running example is constructed in Section
4.2.

4.1 Parametric Location Tree

Although the state of the system changes continuously, its bounded
evolution up to some maximum time 7max can be described in
a symbolic way using a tree-based structure. Each node of the
tree represents a parametric location, which is defined as a tu-
ple A = (t,m,x,d, c, g,S, p). The time at which the system enters
the parametric location is denoted t and m, x, d, ¢ and g follow
Definition 2.2.

Each random variable may be concurrently enabled and their
enabling time may depend on each other. Vector g collects the
enabling time for each general transition present in the model.
Hence, the size of vector g is |7C| and the entry g; is reset to
zero when transition Tl.G fires. The potential domain S provides the
bounds for each general transition firing per parametric location.

For each parametric location the range of possible values is
summarized in the potential domain S = ([ly, ro], ..., [In, 7n]). The
size of the vector S is equivalent to the number of random variables
present in the system. A new random variable is instantiated each
time a general transition is enabled for the first time or after a
previous firing. Hence, in total the number of random variables
n equals the number of stochastic firings that occurred plus the
number of general transitions that have been enabled but have not
fired before Tinax. The vector s = (s, ...,sp) collects all random
variables representing said stochastic firings, and we define

seSiffs; € [l;,ri] YO<i<n.

Time ¢, vector x, ¢ and S are all linear functions of the firing times
of the general transitions s. To simplify the presentation we will
not show their dependency explicitly. Finally, p is the probability of
choosing a particular location if two or more events are scheduled
at the same time, as discussed in Section 2.1.

Tree generation. The PLT is generated using a depth-first search
by extending all parametric locations until 7,y is reached. We start
from the initial parametric location

Ao = (0, my, Xg, do, o, g0, So, 0),

where Sy is a n-dimensional vector ([0, Tmax], - - - » [0, Tmax]), specify-
ing all considered values of s in this computation. The initial mark-
ing My = (myg, Xo) contains the initial number of tokens m(PiD)
of each discrete place and the initial amount of fluid X(Pic ) of
each continuous place respectively. dy denotes the initial drift of
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each continuous place. Note that the initial clock values ¢y and the
general transition enabling times gy are initially set to 0.

In each location the time until the next event 7y, is computed
relative to the entry time ¢ of the respective location. The computa-
tion of the next location considers all possible events that occur at
the next minimum event time. A new parametric location is reached
with each possible event happening at that time, after which the
procedure is called recursively. Instead of the deterministic events
taking place at time ¢ + 7y, each enabled general transition may
fire before that point in time. Hence, an additional successor needs
to be scheduled for each enabled general transition and the potential
domains have to be set accordingly.

The next minimum event time Ty, is unique before the first
stochastic firing. In that case, the new minimum time to fire is the
minimum of the remaining times to fire of all enabled deterministic
transitions with highest priority. Then all fluid places P° € P with
non-zero drift have to be checked, whether they reach their upper or
lower boundary or enable a guard arc connected to it before 7y, has
elapsed. The time to reach a threshold 0 < y < @i (P°) is given by
Tmin = (y — x[P€])/d[P€]), where x[P€] is the continuous marking
and d[P¢] the corresponding drift. For the exact computation of the
next event, we refer to [9].

After a single stochastic firing s;, the time in which a location
is entered, the clocks, the continuous marking and the potential
domains may linearly depend on the value of the corresponding
random variable s;. Since an arbitrary but finite number of random
variables is present in the system and the computation of the next
minimum event (for all event types) may depend on all transition
firing times, it is based on polynomials and not scalars.

Note that for the case of multiple general transition firings, we ob-
tain a vector of s, which leads to multi-dimensional linear equations.
Again the potential domains S linearly depend on s. Recall that Sis a
vector of intervals. We define a corresponding vector I that collects
all left interval bounds and a vector r that collects the right interval
bounds, respectively. Let fi(s) be the linear equation describing the
firing time of an event. Then m; = {s € R}|fi(s) < ... < fu(s)}
contains a set of vectors s denoting the boundaries for which event
fi occurs next. Each left interval bound /; € 1and each right interval
bound r; € r for the event f; is defined as [; = min{s;|s € m;} and
rj = max{si|s € m;} and computed using HyPro.

After finding the next minimum event, a new parametric location
is being generated with a marking that changed according to the
event that triggered the change. The marking is updated and the
procedure is repeated recursively on the newly created parametric
location.

4.2 Running example

Figure 3 shows the PLT for the running example using tmax = 10.
In general four different events are possible: On the one hand,the
model allows the general transitions G1 and Gp to each fire once,
represented by labels Ty and T, resulting in a model with two
random variables. On the other hand the continuous place T can
reach its upper boundary (T3) or its lower bound (T4).

Starting in the root node (1) the minimum next event happens at
time ¢ = 5 when the continuous place T reaches its upper boundary,
represented by node (4). However, both general transitions G; and
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T1: Firing of G1 (disables the input pump)
T2: Firing of GD (cisables the output pump)

T3: S reaching its upper bound
T4: S reaching its lower bound

Figure 3: The Parametric Location Tree created from the run-
ning example given in Section 2.

Gp are enabled and possibly fire before time 5, leading to parametric
locations (2) and (3), respectively. For each of the three successors
of the root the procedure is called recursively and the bounds on
s are adapted for each parametric location to ensure the order of
events. The latter is done as follows:

Recall that before a general transition has fired, the intervals
are scalars and do not depend on s, after the firing of one or more
general transitions, the bounds of s may linearly depend on those
firing times. Hence, as shown in Figure 3, (4) is defined for s €
([5,10], 5, 10]), allowing both general transitions to take values
larger or equal to 5. The siblings (2) and (3) are defined for s €
([0,5],[0,10]) and s € ([0, 10], [0, 5]), respectively. These intervals
are computed using halfspace intersection and vertex enumeration
in HyPro.

Note that events T1 and T, lead to a similar system evolution in
this example, with the only difference that one will possibly lead
to an empty tank (represented by parametric location (6)) and the
other to a possibly full one (as in (8)).

In node (4) either event Tq or T, occurs next, since no determin-
istic event is scheduled. Event T leads to node (9) for values of s €
([5,10], [s1, 10]) and T, leads to location (10) for s € ([s2, 10], [5, 10]).
If T happens first, i.e. the production stops and place T possibly
reaches its lower bound before the demand stops. As we have cho-
sen Tmax = 10, this event is not considered in the current execution.
Hence, node (9) has only one successor, i.e., node (13). In node (10)
only Tq can happen, as the place is at its upper boundary and the
output pump is already disabled.

5 ANALYSIS OF HPNGS USING HYPRO

We propose an analysis method for HPnGs that combines the tree-
based approach of parametric reachability analysis with the geo-
metric representation of stochastic time diagrams. Note that the
implementation of the presented algorithm allows the analysis of
multiple general transition firings. Using the library HYPro [22], we
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construct a geometric representation for each parametric location,
which corresponds to a region in an STD.

The concept of regions is repeated in Section 5.1. The transfor-
mation of locations into regions is shown in Section 5.2 and the
computation of validity intervals is discussed in Section 5.3. Finally
Section 5.4 computes the regions for the running example.

5.1 The concept of regions

Recall, that vector s = (s, ..., sp) represents the n firing times of the
general transitions that may occur or may become newly enabled
before Tmax. As the geometric representation also includes time,
this results in an n + 1-dimensional representation of the region.
Following [10], we define a region as a maximal set of states, that
while no event occurs remains unchanged.

Definition 5.1. A region reg is a maximal connected set of (s, t)
points, for which:

['(s1,t1).m = ['(s2, t2).m
V(s1,t1),(s2,t2) € reg r(S1, tl).d = r(Sz, tz).d
I(s1,t1).8 = T(s2,12).8

Hence within a region, the initial marking I'(s, t).m, the drift
I'(s, t).d and the vector of general transition firings I'(s, t).g do not
change. As shown in [9] the amount of fluid and the clock valuations
are linear equations of s and t. Hence the boundaries between
regions, which represent the occurrence of an event, are likewise
characterized by linear functions of s and t and thus represent a
halfspace in n dimensions. Due to the linearity of all events, these
halfspaces are convex polyhedra, for a proof, we refer to [9].

5.2 Transforming locations into regions

In the following, we explain how HyPro [22] is used to create the
polyhedra representing each parametric location as a region.

Algorithm 1 createHalfspaceFromEvent(event, createlnverse)

. direction = createVector(event.getGeneralDependencies())
: hsp = halfspace(direction, event.getTime())

. if (createlnverse is true) then

return -hsp

: end if

: return hsp

=T B N SR RN

Algorithm 1 turns an event into a halfspace based on its time
of occurrence. This is done using a direction vector representation
(line 1), where the scalar offset is represented by event.getTime()
(line 2). Thus each halfspace corresponds to one element of the
H-polytope. By default, the halfspace vector points upwards in
the direction of t. However, if parameter createlnverse is true, the
algorithm returns the inverse halfspace (line 4). This is needed in
Algorithm 2, which creates a region based on halfspace intersection
of multiple events.

Starting from the parametric location tree, a region is formed
based on the entry time of that specific location, which corresponds
to the occurrence time of the event leading to that parametric
location. In the following this event is called source event. The
region is then further bound in the direction of t by the entry times
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of the children of that location. The events leading to the children of
the considered node are called destination events in the following.

Algorithm 2 createRegion(baseRegion, sourceEvent, destEvents)

: region = baseRegion

: region.insert(createHalfspaceFromEvent(sourceEvent, true))
: for (Event e in destEvents) do
region.insert(createHalfspaceFromEvent(e, false))

: end for

U W =

: return region

To form the region the source event’s halfspace (line 2) as well
as one halfspace corresponding to each child node (line 3+4) are
created. The halfspaces corresponding to destination events are
not inverted and the one that corresponds to the source event is
inverted, to obtain a representation of the region that is enclosed
by those halfspaces. This iterative process is illustrated in Figure 4
for the root of the parametric location tree. Its entry time (¢ = 0)
corresponds to the orange halfspace and inserting the halfspaces
t =s1,t = sy and t = 5 corresponding to the destination events
leads to the region as presented in step (4).

The baseRegion that is initialized in line 1 of the algorithm forms
an n + 1-dimensional polyhedron that contains all possible values
of s and the time bounds t = 0 and t = Ty, as defined in the
corresponding parametric location. As such, it provides a context
for inserting the halfspaces that represent the occurrence time of
the source and destination events.

Algorithm 3 createSTD(node)

1: baseRegion = region(node)

2: childNodes = getChildNodes(node)

3: region = createRegion(baseRegion, node.getSourceEvent(), get-
SourceEvents(childNodes))

: node.setRegion(region)

: for nodes n in childnodes do

createSTD(n)

: end for

N U

While Algorithms 1 and 2 allow to compute a geometric repre-
sentation of each parametric location, it is also possible to compute
the complete STD (up to some maximum analysis time). This is
done using a depth-first visit of the parametric location tree as
presented in Algorithm 3. The algorithm creates a region for each
location (lines 2-4) and recursively visits each node of the tree (lines
5-7). Note that in contrast to [10], the presented approach allows
for parallelization, as each region can be created independently.

5.3 Computing validity intervals

We want to identify the so-called validity intervals, which specify
those values of s that lead to a system state that satisfies a certain
property at time t. Hence, to compute the probability to be in a
specific system state at time 7, one would perform a multidimen-
sional integration over those intervals, which are subsets of the
crossproduct of the domains of all random variables present in the
system. We want to identify all regions in which the system can
be at time ¢t = 7 and that fulfill a certain property, which can be
defined following [12]:
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y=t | -y | YAy | mi=a | x<b,

where m; denotes the number of tokens in the discrete place
P; € PP and xy, is the fluid level in the continuous place P, € PC.

Algorithm 4 validityIntervals(pltree, i/, time)

1: candidates = pltree.getCandidateLocationsForTime(time)

2: for (Node c in candidates) do

3:  baseRegion = region(c)

4 childNodes = getChildNodes(c)

5 region = createRegion(baseRegion, c.getSourceEvent(), get-
SourceEvents(childNodes))

c.setRegion(region)

: end for

: parse(candidates, /, time)

: return intervals

© o N o

Algorithm 5 parse(candidates, , time)

: intervals = vector()

. if = tt then

return S,

: elseif ¥ = Y1 A ¢, then

return parse(candidates, Y, time) N parse(candidates, V, time)
: else if ¥ = =y then

return S\ parse(candidates, i, time)

: else if ¢ is atomic property then

return intervalSetsAtTime(candidates, {/, time)
: end if

: return intervals

Nl - N R e

—_
[T

Algorithm 6 intervalSetsAtTime(candidates, i, time)

1: intervals = vector()
2: for (Node c in candidates) do
3:  if ¢.isContinuous() then

4: fillLevelHsp = createFillLevelHsp(c, 1)

5: region = c.getRegion().insert(fillLevelHsp)

6:  else if !c.discreteMarking == ¢/.value then

7: return 0

8:  endif

9:  timeHyperplane = createTimeHyperplane(time)
10:  i= region.getIntersectionPoints(timeHyperplane)
11:  intervals.insert(i)
12: end for

13: return intervals

For a specific parametric location tree, formula  and predefined
analysis time, Algorithm 4 computes the validity intervals, by first
collecting all locations from the parametric location tree in which
the system can be at time 7 (line 1) as candidates. The validity
intervals are computed using the geometric representation of the
candidates, hence for each of them the child nodes are identified
and the corresponding region is created (line 2-7). Then Algorithm 5
is called to parse formula ¢ (line 8) and for each type of formula
the corresponding computation is called, recursively.
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Figure 4: Halfspace intersection used to create root region.

In case of tt, the algorithm returns Sg, which has been defined
as the n-dimensional vector ([0, Tmax], - - - » [0, Tmax])- In case of a
negation and conjunction the algorithm is called recursively for
the respective subformulas and the results are subtracted from S
and intersected, respectively. For a discrete (m; = a) or continuous
(xx < b) atomic property, Algorithm 6 is called to perform the geo-
metric operations on the regions. When dealing with a continuous
property (x; < b), recall that the value of the continuous variable
x is a linear function of the vector s. Hence we construct a hyper-
plane representing the value of the continuous variable x (line 4)
and intersect it with each candidate region (line 5). The resulting
halfspace fulfills the continuous property in all points. A discrete
property either holds in the entire region or not at all. Hence, it
suffices to check whether the desired property holds somewhere
in the region (line 6). Then we call HYPro to identify the validity
interval(s) by intersecting the (remaining) polyhedron with z and
projecting the result onto the domains of the random variables (line
9-10). This n-dimensional interval is then added to the resulting set
of validity intervals (line 11) and returned by the algorithm.

5.4 Running example

Figure 5 illustrates the method of finding validity intervals for the
formula { = xo < 1 at time ¢ = 2. First, seven locations are iden-
tified as candidates in the PLT, i.e., locations (1), (2), (3), (5), (6),
(7) and (11). Their graphical representation is provided in Figure 5
(1). Then for each of these candidates the given property has to
be checked. Following Algorithm 6 we construct a halfspace rep-
resenting the event that the place reaches the desired continuous
level. This is the blue halfspace in part 5 of the figure and it is then
intersected with all candidate regions. For one candidate, i.e. the
halfspace corresponding to location (2), the result of this intersec-
tion is shown in Figure 5 (3). Note that the part of the green region
which lies behind the blue halfspace is cut off. Finally, we project
the part of the remaining region in which the system can be in at
time 7 on the domains of s; and s3. The resulting validity interval
which fulfills the property is shown in (4). Using the bounding box
functionality in HyPro then allows to identify the vertices that
would be needed to perform a multi-dimensional integration over
all random variables. Running on a Intel Core i7 2.5GHz with 16GB
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(2) Fill level intersection

(1) Candidate regions

v

(3) Intersection with time (4) Bounding box operation

Figure 5: Computing intervals for s; and s, testing that the
continuous place remains below a value of 1 at time ¢ = 2.

of Memory, based on a given PLT the STD is create in 50ms. The
satisfaction intervals are computed in another 20ms.

6 CONCLUSIONS AND FUTURE WORK

This paper extends the algorithm that has previously been pro-
posed to construct a parametric location tree to HPnGs with mul-
tiple stochastic firings. The main contribution of this paper is the
transformation of parametric locations into their corresponding
graphical representation as regions. A region corresponds to a poly-
hedron and is constructed using the library HyPRro. Furthermore,
we present algorithms to compute the validity sets of simple nested
formula at a certain time ¢. The presented approach allows the
efficient and exact analysis of HPnGs with multiple stochastic fir-
ings, as the graphical representation of nodes is only induced for
so-called candidate, i.e., those nodes of the PLT that the system can
be in at time t. We expect that this will considerably speed up the
analysis, as it prevents the costly graphical representation of the
complete state space and also allows for parallelization. Note that
the approach is still able to compute the exact validity intervals,
using the graphical representation of the candidate regions.

The main advantage of the proposed method is that it allows
HPnGs with a large number of multiple stochastic firings, which
was not possible with previous approaches. This has been made
possible by the library HyPro that allows for a H-representation of
multi-dimensional convex polyhedra and their construction using
half space intersection. Note that half space arrangement, which
was previously required to construct the full STD is no longer
necessary. As an added benefit, the proposed approach is able to
deal with HPnGs, where several timed transitions are scheduled to
fire at the same time, which was previously excluded for the analysis
using STDs. While currently, this intrinsic non-determinism in the
firing behavior is resolved probabilistically, as is often done in Petri
nets, in future work, we will strive to provide min/max schedulers
to resolve the nondeterminism.

Furthermore, we plan to provide a direct transformation of the
parametric location tree into a hybrid automaton, that hides the
stochastic behavior in a global variable s. This would allow using
existing tools for the analysis of hybrid systems to determine the
set of reachable states. Since the continuous behavior is limited to
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constant derivatives, we could use e.g. PHAVER [5] to compute the
set of reachable states. When extending the dynamics of continuous
transitions to (non)-linear ODEs, existing analysis tool, e.g. SPACEEX
[6] or FLow™ [4]) could be used via a proper transformation.

In addition, we plan to construct a larger case study in future
work to gather run time information and compare the complexity
of the new approach to the existing algorithms.
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