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ABSTRACT

The rapidly growing demand for wireless communication
makes efficient power allocation a critical factor in the net-
work’s efficient operation. Power allocation in cellular net-
works with interference, where users are selfish, has been
recently studied by pricing methods. However, pricing meth-
ods do not result in efficient/optimal power allocations for
such systems for the following reason. Because of interfer-
ence, the communication between the BS and a given user is
affected by that between the BS and all other users. Thus,
the vector consisting of the transmission power in each BS-
user link can be viewed as a public good which simultane-
ously affects the utilities of all the users in the network.
It is well known [11, Chapter 11.C] that in public good
economies, standard efficiency theorems on market equilib-
rium do not apply and pricing mechanisms do not result in
globally optimal allocations. In this paper we study power
allocation in the presence of interference for a single cell
wireless CDMA network from a game theoretic perspective.
We consider a network where each user knows only its own
utility and the channel gain from the base station to itself.
We formulate the downlink power allocation problem as a
public good allocation problem. We present a game form
the Nash Equilibria of which yield power allocations that are
optimal solutions of the corresponding centralized downlink
network.

1. INTRODUCTION

1.1 Overview and literature survey

With rapidly growing demand for wireless communication
the need for efficient use of spectrum has drawn significant
attention of researchers. One of the factors that governs the
efficiency of spectrum usage is power and interference con-
trol. The growth in the size of wireless networks also makes
it desirable to use decentralized mechanisms for power con-
trol because centrally operated mechanisms involve added
infrastructure. However, the increasing intelligence of end-
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user/intermediate network devices which are owned by self-
ish users, puts decentralized mechanisms at risks of failure
against strategic behavior of users. Therefore it is desirable
to develop decentralized mechanisms for power allocation
which are robust against the strategies of selfish users.
Decentralized mechanisms for power allocation/control in
cellular networks that study game-theoretic/strategic be-
havior issues have received considerable attention in the lit-
erature. One of the earliest works which introduced an in-
dividual utility maximization formulation for uplink power
control in a single cell Code Division Multiple Access (CDMA)
data network can be found in [4]. An uplink problem sim-
ilar to that of [4] in which users’ utilities are taken to be
functions of their respective Signal to Interference Ratio
(SIR) was investigated in [8]; in this paper the existence
of an equilibrium was shown and a decentralized algorithm
for solving the power control problem was suggested. The
problem formulated in [4] was reinvestigated in [15] using
pricing; it was shown that pricing results in multiple equi-
libria which are Pareto superior to the equilibria obtained
in [4] and [8]. Pricing-based analysis of the uplink power
control problem was also done in [1]; in [1] the authors in-
troduced user specific parametric utility functions and pro-
posed two decentralized algorithms, the parallel update and
the random update algorithms, that converge to the unique
equilibrium of the problem. In [14] pricing-based ideas for
uplink power control were extended to multi-cell data net-
works. The authors of [6] studied uplink power allocation
under an Interference Temperature Constraint (ITC); the
authors proposed a power auction run by a manager that
achieves a power allocation arbitrarily close to the globally
optimal one. The conditions under which the power auction
achieves an optimal solution however requires in essence,
that the manager should know the users’ utility functions.
Game theoretic study of downlink CDMA data networks
can be found in [9,10,21]. In [10] and [21], optimal power al-
location strategies were determined for a single class CDMA
system under the assumption that the utility functions of
the users are common knowledge (see [2,20] for the defini-
tion of common knowledge). The authors of [9] studied a
downlink power allocation problem for multi-class CDMA
networks; the authors proposed a decentralized mechanism
based on dynamic pricing and partial cooperation between
the mobiles and the base station that achieves a partial-
cooperative optimal power allocation which was shown to
be close to a globally-optimal power allocation. In [16] the
authors presented a decentralized mechanism for power al-
location that works for both uplink and downlink networks,



and also takes into account multiple ITCs. The mechanism
obtains an optimal power allocation under the assumption
that the users are cooperative.

In this paper we consider a single cell wireless CDMA
data network. We study power allocation for the downlink
communication in a given carrier frequency where the com-
munication between the Base Station (BS) and a user gen-
erates interference to that between the BS and other users.
We consider a decentralized network where users are self-
ish, and where each user’s utility and the channel gain be-
tween the BS and the user is that user’s private informa-
tion. For the downlink network, we consider a centralized *
power allocation problem that corresponds to the decentral-
ized problem under consideration. The objective is to de-
velop a game form/decentralized mechanism for determining
power allocations such that the allocations obtained at the
Nash equilibria of the game form are optimal solutions of
the corresponding centralized problem. Below we explain
the motivation for considering the above problem.

1.2 Motivation

A network resource is said to be a public good if: (i) the
presence of the resource simultaneously affects the utilities
of all network users without getting divided among them;
and (ii) each user obtains a different individual utility from
the consumption of the resource. For single cell wireless
networks, power allocation problems in the presence of in-
terference can be treated as problems of a public good al-
location where the public good for the downlink network is
the power vector transmitted by the BS to all the users,
and that for the uplink network is the power vector received
by the BS from all the users. Power allocation problems in
cellular wireless networks with interference have been previ-
ously considered in the literature cited in Section 1.1. The
solution approach in all the references [1,4,6,8-10,14,15,21]
is based on different variations of pricing mechanisms where
each user pays some money for the power allocated to it.

In general, in decentralized resource allocation problems
involving a public good, pricing mechanisms that fix a com-
mon price for the public good for all the users, fail to obtain
globally optimal allocations. The reason is that in a public
good economy the same good is simultaneously consumed
by users having different valuations of the good; thus, indi-
vidual valuations of the public good are different from the
system’s valuation and this results in inefficiency. This ex-
plains why the pricing mechanisms employed in [4,6,8,15] do
not achieve globally optimal allocations and why the mech-
anism proposed in [1] does not achieve optimal allocations
unless the users vary their utilities according to their target
SIRs.

The pricing mechanism proposed in [9] is different from
the above references in that it obtains close to globally op-
timal allocations. The reason for this is the following. The
authors of [9] introduce a constraint on the total power
transmitted by the BS. Due to this constraint the origi-
nal problem, where each user’s utility depends on the entire
power vector transmitted by the BS, reduces to one where
each user’s utility depends only on the power transmitted
to it. Thus the problem changes from a public good allo-
cation problem (when explicit interference is present) to a
private good allocation problem. This is why the pricing

91 A centralized problem is the one in which the BS has complete
knowledge of the network.
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mechanism proposed in [9] results in efficient allocations.
In systems where there is no constraint on the maximum
sum power, the above-stated reduction is not possible and
therefore, pricing mechanisms do not yield optimal alloca-
tions. The failure of pricing mechanisms to produce globally
optimal power allocations for wireless networks affected by
interference, provides the key motivation for the formulation
and solution methodology presented in this paper.

In [16] an optimal power allocation mechanism that is not
based on pricing was proposed. However, the network stud-
ied in [16] assumes cooperative users. The results of [16]
motivated us to explore optimal power allocation mecha-
nisms for networks in a non-cooperative setup; this setup is
adopted in this paper.

1.3 Contributions of the paper

The key contributions of this paper are: (i) The formula-
tion of downlink power allocation problem with interference
as a public good allocation problem; (ii) The development
of a game form/decentralized mechanism (based on public
good formulation) whose Nash equilibria result in the power
allocation that is the optimal solution of the corresponding
centralized downlink problem. Our approach to the power
allocation problem is game-theoretic. As explained below,
our proposed mechanism is distinctly different from the pric-
ing mechanisms studied in the aforementioned literature.
Our formulation properly captures the valuation of inter-
ference by each individual user as well as the system and
hence, the proposed mechanism leads to globally optimal
power allocations.

The rest of the paper is organized as follows: In Section 2
we present the downlink model and formulate an equiva-
lent centralized power allocation problem. In Section 2.2
we model the power llcoation problem in the framework of
implementation theory. In Section 3.1 we present a game
form that obtains the solution of the centralized power al-
location problem at its Nash equilibria. The proofs of the
theorems that assert the above properties of the game form
are presented in the appendix. We conclude in Section 4.

Before we present the model in Section 2, we describe here
the notations that we will use throughout the paper.
Notation:

We represent vectors by bold letters and scalars by normal
letters. Vector elements are represented by subscripting the
vector symbol. A bold subscripted-symbol means that the

vector-element is also a vector e.g. in ¢ = (x1,22,...,TN),
each x;, 1 =1,2,..., N, is a vector; in © = (z1,Z2,...,ZN),
each x;, 1 =1,2,..., N, is a scalar. Unless otherwise stated,

all vectors are treated as column vectors. Bold 0 is treated
as a zero vector of appropriate size determined by the con-
text. The notation (z;,x* /i) (or (x;,x* /1)) is used to rep-
resent the following: (z;,x* /%) (or (z;,x"/i)) is a vector of
dimension same as that of *; the ith element of (z;,x*/7)
(or (s, /1)) is z; (or x;), all other elements of it are the
same as the corresponding elements of £*. We represent a
diagonal matrix of size N x N whose diagonal entries are
elements of vector & € RY by diag(x).

2. THE MODEL (M1)

We consider a single cell CDMA wireless data network
consisting of a Base Station (BS) and multiple mobile users.
For simplicity of presentation we focus on the downlink trans-



mission from the BS to the mobiles ? as shown in Fig. 1. We

Figure 1: A downlink network with N mobile users
and one base station

assume that there are N mobile users® in the network; we
denote the set of users by N := {1,2,..., N}. We consider
the BS transmissions in a given carrier frequency; we assume
that the signature codes used by the BS are not completely
orthogonal, hence each user experiences some interference
due to the BS transmissions meant for other users. Due
to interference the Quality of Service (QoS) received by a
given user i,i € N, depends not only on the power p; of
the BS’s transmission meant for user ¢ but also, on power
Dj,j # i, of the BS’s transmissions meant for all other users
j € N\{i}. More specifically, due to the path loss from the
BS to the mobiles, user i’s QoS depends on its received pow-
ers pjhoi, 7 € N, where hog; is the channel gain from the BS
to user i. We assume that the BS periodically transmits pi-
lot signals to the users so that each user i € A can measure
its respective channel gain ho;. We also assume that the
maximum power the BS can transmit to any given user is
Pi** and that this upper limit Pi"** is common knowledge
in the network.

Every user pays some money to the BS which we call the
tax, for using the wireless network. We quantify user i’s,
i € N, aggregate satisfaction from the tax ¢; it pays and the
QoS it obtains from the power profile p := (p1,p2,...,PN)
transmitted by the base station, by a wutility function u;
RN — RU {—o0} defined as,

lt19) = —ts-+ i

where, S, == {p|pel0, Py} 2)
1, ifpes;
Is;(p) = { 0, otherwise ®

The transmission power for each user and the tax that each
user must pay are determined by the BS. The tax t; can be
either positive or negative depending on whether user ¢ pays
money to the BS or receives money from the BS. Sometimes
in order to compensate for the users who are in need of high
QoS, the BS pays a user to accept a lower QoS and this
results in a negative tax. The BS does not make any profit

92In [17] we also treat the uplink transmission from the mobiles
to the BS. For this problem we derive results similar to the ones for
the downlink problem presented in this paper.

9°In the paper we will use the terms “mobiles” and “users” in-
terchangeably to mean mobile users.

9%This helps increase the capacity of the network.
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from the tax; it charges the tax in such a way that the users’
money is just redistributed among them, i.e.,

Zti =0 (4)

The last term in (1) signifies that an allocation (¢;,p) is of
no use to user ¢ if p ¢ S;, since such a power profile can
never be transmitted by the BS. For p € S; the function u; :
RY — R quantifies the influence of the BS’s transmission
on user i’s QoS. The functional form of u; depends on the
technology user ¢ uses to decode its received data as well as
on the personal preference/perception of (human) user 4 for
the decoded data. For p ¢ S; u;(p) := 0 since, as mentioned
above, user ¢ cannot receive any QoS from a power profile
which is infeasible for the BS to transmit. It is important
to note that u{* is known to user ¢ but not to the other
users. Specifically, only user ¢ knows the channel gain ho;
that specifies how the power profile p influences its QoS and
thus, specifies uf*. The parameters in the first and last terms
of (1) are trivially known to .

We assume that each user uses a Multi User Detector
(MUD) decoder. Since in the downlink transmission the
BS can synchronously transmit to all the users and it can
announce the CDMA codes it uses for each user, it is feasible
for the users to employ MUD [18]. In [16] it is shown that
when each user uses MUD, the utilities u;,i € N, can be
assumed to be concave in p. Hence we assume that,

ASSUMPTION 1. for each i € N, u;(p) is strictly concave
i p over S;.

We assume that the time scale in which the BS determines
the transmission powers and taxes is sufficiently small and
therefore, the system remains static for that period. Specif-
ically, we assume that,

ASSUMPTION 2. the number of users, their utilities and
the channel gains from the BS to the users remain fized
throughout a power allocation period.

We assume that before any power allocation period, the BS
announces the total number of users in the network, there-
fore,

ASSUMPTION 3. the number of users N is common knowl-
edge. °

Furthermore, we assume that,

ASSUMPTION 4. the users in the network are non-cooperative

and selfish.

Assumption 4 implies that the users have an incentive to
misrepresent their private information ¢ so as to increase
their own benefit, e.g. a user i € N’ may not want to report
to other users or to the BS its measured channel gain ho;
correctly or its true preference for the BS transmission, if
this results in a power allocation in favor of user 7. Hence
we assume that,

ASSUMPTION 5. for each i € N, the channel gain ho; and
the utility function ui* is user i’s private information.

95See [2,20] for the definition of common knowledge.
95Private information of a user is defined as the information that
is known only to that user and nobody else in the network.



It should be noted however that none of the users i € N
has any incentive to measure its respective channel gain ho;
incorrectly because it is to each user’s advantage to know
the correct influence of the channel gain on its utility.

In the following section we formulate the power allocation
problem for the network model (M1).

2.1 The downlink power allocation problem

For the network model (M1) we want to develop a power
and tax determination mechanism that works under the con-
straints imposed by the model and obtains a solution to the
following centralized problem corresponding to it.
Problem (Pcp)

max Z u?(ti,p) (5)

(t,p)

ieN
s.t. Z ti = 0
ieN
= max Uj 6
(X ;v (p) (6)
where, S:={(t,p)| Y t:=0,teR"; pe[0, Py"“IV} (7)

ieN

The optimization problem (5) is equivalent to (6) because for
(t,p) ¢ S, the objective function in (5) is negative infinity by
(1). Thus S is the set of feasible solutions of Problem (Pcp).
Because of Assumption 1, the objective function in (6) is
strictly concave in p. Therefore, there is a unique optimal
power profile p* of Problem (Pcp). Furthermore, since the
objective function in (6) does not explicitly depend on ¢,
an optimal solution of Problem (Pcp) must be of the form
(t,p™), where t is any feasible tax profile for Problem (Pcp),
i.e. a tax profile that satisfies (4).

As described in Section 2 it is the job of the BS to de-
termine taxes and transmission powers for the users. As-
sumption 5 implies that the BS does not completely know
all the parameters that describe Problem (Pcp). Therefore,
we need to develop a mechanism which enables the BS to de-
termine optimal solutions of Problem (Pcp) via some com-
munication with the network users. Since a key assumption
in Model (M1) is that the users are non-cooperative and
selfish, the mechanism we develop must take into account
the possible strategic behavior of the users in users to BS
communication.

A systematic approach to the development of resource al-
location mechanisms for informationally decentralized net-
works (as the one described by Model (M1)), where users
behave strategically, is provided by implementation theory
in Mathematical Economics. In the context of our prob-
lem, implementation theory deals with designing mecha-
nisms that provide rules/guidelines for; (i) how the BS should
“communicate” with the mobile users, and (ii) how the BS
should “use the information communicated by the users to
determine allocations” so as to induce the strategic users to
send information that results in network objective maximiz-
ing allocations.

In this paper we use an implementation theory-based ap-
proach for the solution of the power allocation problem pre-
sented in this section. Therefore, in the next section we
provide a brief introduction to implementation theory and
set the preliminaries for our solution to the power allocation
problem.
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2.2 Embedding the power allocation problem
for Model (M1) in the framework of im-
plementation theory

Implementation theory is a branch of the theory of mecha-
nism design developed by mathematical economists. Mech-
anism design provides a systematic methodology for the de-
sign of decentralized resource allocation mechanisms for in-
formationally decentralized systems that achieve optimal al-
locations of the corresponding centralized systems. In the
mechanism design framework, a centralized resource alloca-
tion problem is described by the triple (£, A, 7): the envi-
ronment space &£, the action/allocation space A and the goal
correspondence 7.

The environment e of a resource allocation problem, cen-
tralized or decentralized, is defined to be the set of resources
and technologies available to all the users, their utilities,
and any other information available to them, taken together.
These are circumstances that cannot be changed either by
the users in the network or by the designer of the resource
allocation mechanism. For the network described by Model
(M1), the environment e; of user 4, i € N, consists of the
channel gain ho;, its utility function u#, and the common
knowledge about the number of users IV as well as the fact
that the number of users, their utilities and the channel gains
remain fixed throughout a power allocation period. The en-
vironments of all the users collectively define the system
environment e := (e1,ez2,...,en). The set of all possi-
ble environments e; of a user defines its environment space
&i. The environment spaces of all the users collectively de-
fine the environment space £ := (€1,&2,...,EN) of the sys-
tem/problem.

The action / allocation space A of a resource allocation
problem, centralized or decentralized, is defined to be the
set of all possible resource allocation / exchange actions that
can be taken by the users. For the network described by
Model (M1), A is the set S of all tax and power profiles
(t,p) that the BS can possibly allocate to the users.

The goal correspondence m of a centralized resource al-
location problem is a map from & to A which assigns for
every environment e € &, the set of allocations in A that
are solutions to the centralized resource allocation problem
according to some pre-specified system goal. For the central-
ized power allocation problem (Pcp), the system goal is the
maximization of the sum >, uf(t;, p) of users’ utilities,
and 7 is a mapping that maps every environment e € &,
defined in the previous paragraph, to the set of solutions of
(Pcp). Since in a centralized scenario one of the users (or
a controller such as the BS) has complete system informa-
tion, i.e. it knows e, it can determine optimal allocations
m(e) in A corresponding to any given e using centralized
optimization methods (such as mathematical programming
or dynamic programming).

In an informationally decentralized system as the one de-
scribed by Model (M1), the controller (BS in Model (M1))
does not completely know e, therefore it is not possible for
the controller to determine optimal centralized allocations
m(e) by methods similar to those for the centralized prob-
lems. Therefore, for resource allocation in a decentralized
system, it is desirable to devise a communication/message
exchange process between the users and the controller that
eventually enables the controller to determine optimal cen-
tralized allocations. However, when the users in a system are
selfish, they have an incentive to misrepresent their private



information while communicating with the controller so as
to shift the allocation determined by the controller in their
own favor. The users may also choose not to participate in
the communication process if they know that the resulting
allocation will not be in their favor (or if by not participat-
ing they are better off). This may defeat the objective of
maximizing the system objective function (3, ui (ti, p)
for the power allocation problem). Therefore, for the success
of a communication process in leading to desirable outcomes
it is required that the allocation rule employed by the con-
troller induces the users to behave in a desirable manner (i.e.
it ensures voluntary participation of the users in the com-
munication process and furthermore, it induces the users to
communicate information that results in system objective
maximizing allocations). In the context of mechanism de-
sign, a formal treatment of the design of such communication
and allocation rules is provided by implementation theory.

In implementation theory, a decentralized resource allo-
cation mechanism is specified by a game form. An N-user
game form is defined by the pair (M, f). M := [[L, M;
is the message space which specifies for each i € N the
set of messages M, that user ¢ can communicate to other
users and the controller. f is the outcome function which
maps M — A; it specifies for each message profile m € M,
(m = (m1,ma2,...,mn), m; € M;, i € N), the resulting
allocation f(m) € A.

Since the participation of the users in a resource allocation
mechanism requires that they be aware of its protocols, it is
assumed that the game form is known to all the users in the
system. In order that the decentralized mechanism specified
by a game form obtains centralized solutions when the users
in the system are selfish, it is required, as discussed before,
that the allocation rule f induces the users to behave in a
desirable manner. To specify this requirement on a game
form, we must first specify the users’ behavior. In the con-
text of implementation theory, users’ behavior is specified by
specifying games and associated equilibrium concepts corre-
sponding to the game forms.

A game is specified by a game form (M, f) together with
the utilities uf',7 € N, specified by an environment e € .
Such a game is represented by (M, f, {u}},). In this game
the players are the users in N, the set of strategies of a user
is its respective message space M;,i € N, and the payoff of
a user corresponding to a given strategy/message profile m
is the utility ui'(f(m)),i € N, it obtains from the resulting
allocation f(m). Given a game, the users can be assumed
to behave according to different “behavioral concepts” which
lead to different types of “equilibrium concepts”. One such
equilibrium concept is Nash Equilibrium (NE). A Nash Equi-
librium of a game is defined as a message profile m™ such
that none of the users finds it profitable to unilaterally de-
viate to any other message. Mathematically, m* is a NE of
the game (Ma f7 {uf}iil) 1f7 7

97Nash equilibria describe strategic behavior in games of com-
plete information. Since the users in Model (M 1) do not know each
other’s utilities, the NE (8) in the context of Model (M 1) should be
interpreted as follows: The NE can be viewed as a “stationary point
of an iterative adjustment process” in which the users continually
revise (the revision of messages can be done via best response or
any other strategy) their messages until a point is reached where
unilateral deviation no longer pays [12, 13].
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ul(f(m")) > uf(f((ms,m"/i)))
Vm; e M;, Vie N (8)

Let NE(M, f,{uf}_,) represent the set of all Nash equi-
libria of the game (M, f, {u*},), and let,

Ave(M, £t 1) = {a e Al a = f(m)
for some m € NE(M, f, {uf‘}f\le)} , 9)

that is, Anxg is the set of allocations corresponding to all
Nash equilibria of the game.

Now consider a decentralized resource allocation problem.
Let £ = Hf\;o &; be the environment space and A the allo-
cation space associated with the problem, let 7w : £ — A be
a goal correspondence, and let uft, ust, ..., uf, be the users’
utilities corresponding to a given environment e € £. Then,
we have the following:

DEFINITION 1.

Implementation in Nash equilibria: =« is said to
be “fully implemented in Nash equilibria” by the game form
(M, ) if Avp(M, f,{ul})) = 7(e) for all e €E, i.e.
for any given environment, the set of allocations resulting
(through the outcome function f) from the Nash equilibria
of the game (M, f,{u}X.|) is ezactly the same as the set
of allocations w(e) that are optimal solutions of the corre-
sponding centralized problem (e, A, ).

Definition 1 implies that a game form that implements in
NE a goal correspondence, takes into account users’ strate-
gic behavior and obtains centralized solutions, given that the
users participate in the message exchange process specified
by the game form. However, in order that the users volun-
tarily participate in a mechanism specified by a game form,
the game form must satisfy an additional property defined
as follows. Let the initial endowment of a user be defined as
the amount of resources the user has before participating in
a game form; e.g. for the network model (M1), the initial
endowment f of user i,i € N, is the tax and transmission
power profile before the power allocation mechanism is run,
ie. ff = (t?,p°) = (0,0), Vi€ N. We then have the
following,

DEFINITION 2.

Individual rationality: A game form (M, f) is said to
be individually rational if ¥ i € N, u(f(m)) > u(ff) for
all m € NE(M, f,{u{*}}L,), i.e. at any NE allocation the
utility of each user is at least as much as its utility before
participating in the game form.

Definitions 1 and 2 imply that a game form that is indi-
vidually rational and implements in NE a goal correspon-
dence, obtains optimal allocations of a centralized system
(corresponding to a decentralized one) by having the users
voluntarily participate in the allocation process. These are
exactly the properties that we want in a tax and power allo-
cation mechanism for the network model (M1). The theory
of implementation introduced above thus provides us with a
framework to develop the desired decentralized power allo-
cation mechanism for the network model (M1).

In light of the discussion provided in this section, we now
state our objective for the power allocation problem pre-
sented in Section 2.1.



The objective:

Let £ and A be respectively the environment space and
the allocation space corresponding to the downlink network
model (M1) as defined in Section 2.2. Let 7 : &€ — A be
the goal correspondence corresponding to Problem (Pcp)
as defined in Section 2.2. Our objective is to design an
individually rational game form (M, f) that implements in
NE the goal correspondence 7.

In the next section, we present a game form that achieves
the above objective.

3. SOLUTION OF THE DOWNLINK POWER
ALLOCATION PROBLEM

In this section we present a game form that provides a
decentralized mechanism for solving the downlink power al-
location problem presented in Section 2.1. We first present
the structure of the message space M and the outcome func-
tion f that constitute the game form. We then present theo-
rems that assert that the proposed game form is individually
rational and that it fully implements in NE the goal corre-
spondence 7 corresponding to Problem (Pcp). At the end
we present a discussion on the intuition behind the structure
of the proposed game form.

3.1 The Game form

To obtain an appropriate game form for the power allo-
cation problem it is useful to observe that in the downlink
network, the power profile p = (p1,p2,...,pn) transmitted
by the BS can be treated as a public good [11]. This is be-
cause, analogous to a public good in an economy, the same
vector p affects the utility of all the users in the network.
Furthermore, like a public good, the exact amount of utility
a user obtains from p differs from user to user and depends
on its individual utility function w;,i € N. Game forms
that implement in NE efficient allocation of public goods
have been proposed by Groves and Ledyard [5], Hurwicz [7]
and Walker [19]. In this section we present a game form
for the downlink power allocation problem that is derived
from Hurwicz’ mechanism [7]. Below we specify each of the
elements of the proposed game form, the message space and
the outcome function.

The message space:

Since we are interested in determining transmission pow-
ers and taxes for the network model (M1), the communica-
tion between the users and the BS should contain informa-
tion that is helpful in determining the optimal amounts of
each of these. We let each user i € N send to the BS a
message m; € M; := Rf x RY that has the following form:

m; = (ﬂ',-,pz-); ™ € Rf, pi € RN (10)

The message m; consists of two elements: p; = (piy, Digs - - -
pi ) which can be interpreted as the power profile that user
i(i € N) suggests to be allocated to all the users j € N
and ; = (m;1, Tia, ..., i n) which can be interpreted as the
price that user i (i € ') suggests to be charged to the users
j € N for using the network.

Outcome function:

Based on the message profile m = (mi,ma,...,mn),
the BS sets the taxes t;(m),i € N, and determines trans-
mission powers p(m) = (p1(m),p2(m),...,pn(m)) for the
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users as follows:
1 &
p(m) = ﬁ;ph (11)

ti(m) =17 (m)p(m) + (pi — pi+1)” diag(m;)
(pi — Pit1) — (Pit1 — Pitz)’ diag(miy1)
(Pi+1 — Pit2), ieN, (12)

where  lij(m) = w41 — Tiq2 (13)

In (12) and (13), i +2 =1 for ¢ = N — 1, and for ¢ = N,
i+1=1landi+2=2.

The game form defined by (10)—(13) together with the
users’ utility functions in (1) specifies a game. The strategy
of user 4,7 € N, in this game is its message m;. It should be
noted that the message m; of user i,7 € N\, is allowed to take
any value (which can be unboundedly large) in the space
RY xRY; in particular p; is not restricted to lie in S;. Thus,
a Nash equilibrium ® of the above game is a message profile
m™ from which no user wants to unilaterally deviate (see (8))
even when arbitrary deviations are possible by unbounded
magnitude of messages.

As discussed in Section 2.2, our objective is to develop a
game form for which the set of tax and power allocations
obtained at all its NE is the same as the set of optimal tax
and power allocations for the centralized problem (Pcp).
Below we present theorems that assert that the proposed
game form achieves this goal.

3.2 Optimality of the game form

The main results of this paper are summarized by Theo-
rems 1 and 2 below.

THEOREM 1. Let m™ be a NE of the game specified by
the game form presented in Section 3.1 and the users’ utility
functions (1). Let (E(m*), p(m*)) =: (£*,p") be the taz and
power allocation at m™ determined by the game form. Then,

(a) (£*,p") is individually rational, i.e. all users weakly
prefer (£,p") to the initial allocation (0,0), and

(b) (£*,p*) is an optimal solution of the centralized prob-
lem (Pcp).

Furthermore, all NE of the game result in the same optimal
power allocation, i.e. if M is any other NE, then, p(Th) =

p(m”).

THEOREM 2. Given the optimum power profile p* of Prob-
lem (Pcp), there exists at least one NE m™ of the game cor-
responding to the game form presented in Section 3.1 such
that, p(m™*) = p*. Furthermore, given p*, the set of all NE
that result in p* can be characterized.

The proofs of Theorem 1 and Theorem 2 are given in the
Appendix. In the next section we provide a brief discussion
on the intuition behind the structure of the proposed game
form.

98See footnote 8 for a discussion on the interpretation of Nash
equilibria.



3.3 Intuition behind the game form

To understand how the proposed structure of the game
form achieves the desired goal, let us look at the properties
the game form induces in its NE. A NE of the game corre-
sponding to the proposed game form can be interpreted as
follows: Since the allocated power profile, given the users’
messages mj,j € N, is 1/N vazl Ppi, user i’s proposal p;
can be interpreted as the increment user ¢ desires in every-
body’s power over the sum of other users’ proposals so as to
bring the allocated power profile p(m) to ¢’s desired value.
Thus, if the average of the power profiles proposed by users
other than user 7 does not lie in .S;, user ¢ can propose an ap-
propriate power profile and bring the allocated profile within
Si. It should be noted that the flexibility of proposing any
power profile in RY gives each user i € A the capability to
make the constraint p € S; satisfy by unilateral deviation.
It follows that any NE power profile must lie in N;earS;.
Furthermore, it can be seen from (12) that the game form
formulation enures that the allocated tax profile satisfies (4)
(even at off-NE messages). The above two features imply
that all NE allocations (¢, p) lie in S and hence are feasible
solutions of Problem (Pcp).

To see why NE allocations are optimal, let us look at the
form of the tax (12). The tax for user ¢ consists of three
types of terms. Type-1 is I7 (m)p(m) that depends on the
power proposals of all the users, and the price proposals of
users other than user ¢. Type-2 term is the one that depends
on p; as well as 7;, and type-3 term is the one that depends
only on the messages of users other than user ¢. Since 7;
does not affect the power allocation and affects only the
type-2 term in t;, the NE strategy of user i,i € N, that
minimizes its tax is to propose for each j € N, m;; = 0
unless at the NE, pi; = pit1;. Since all the users i € N
choose the aforementioned strategy at the NE, the type-2
and type-3 terms vanish from every users’ tax t;,i € N, at
the NE. Thus, the tax that users pay at a NE m™ is of the
form I;T (m*)p(m*), i€ N'. The NE price term ;T (m*) =:
177, i€ N, can therefore be interpreted as the “personalized
price” ? of the NE power profile p(m*) =: p* (treated as a
public good) for user ¢; at the NE this price for user i is
not controlled by i’s message. The above reduction of tax
terms in terms of the allocated power profile implies that,
at the NE, the utilities of the users i € N effectively depend
only on the allocated power profile. Since each user has the
capability (by choosing appropriate p; € RY) to shift the
allocated power profile to its desired value given that the
proposals of all other users are fixed, the NE strategy of
each user is to propose a power profile that results in an
allocation that maximizes its corresponding utility. Thus,
each user maximizes its net utility at the NE, and this results
in the maximization of the system objective function at the
NE.

It is worth mentioning at this point the significance of
type-2 and type-3 terms in the users’ tax. As explained
above, these terms vanish at NE. However, if these terms
are not present in t;, user i, € N, can propose arbitrarily
high price for other users in m; as m; would not affect user
i’s utility at all. 1° Tt is also important that the NE price
l; is not affected by mr;, otherwise user ¢ may influence its

9°In Economics literature, these personalized prices for the pub-
lic goods are called “Lindahl” prices.
9%Note that I; depends on 7r; 41 and 7342 and not ;.
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own price in an unfair manner. However, since 7; would
affect other users’ price, it is necessary to prevent user %
from proposing unfair prices for other users. Type-2 and
type-3 terms in ¢; do the above job by imposing a penalty
on user ¢ at off-equilibrium messages if user ¢ proposes a high
value of 7r; or if it deviates too much from other users in its
power profile proposal.

4. CONCLUSION

Power allocation problems in wireless cellular networks
with interference are analogous to public good allocation
problems. Thus, pricing mechanisms that are useful in de-
veloping decentralized optimal power allocation algorithms
for networks without interference, which are analogous to
private good economies, do not result in globally optimal
power allocations for cellular networks with interference. In
this paper we studied power allocation for a single cell wire-
less CDMA network with interference. We formulated the
downlink power allocation problem as a public good alloca-
tion problem. We presented a game form the NE of which
result in power allocation that is the optimal solution of the
corresponding centralized downlink network.
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APPENDIX
A. PROOF OF THEOREM 1

In this section we present the proof of Theorems 1 and
2. We divide the proof into several claims to organize the
presentation.

CramM 1. Ifm™ is a NE of the game specified by the game
form presented in Section 3.1 and the users’ utility functions
(1), then the allocation (E(m*),p(m*)) =: (£*,p*) is a fea-
sible solution of Problem (Pcp), i.e. (t*,p*) € S.

Proof:

By construction of the game form, the allocated tax (12)
satisfies (4) which implies that the NE tax profile * also
satisfies (4). Therefore to prove the claim, we need to show
that the NE power profile p* € NienrS; (where S;,7 € N, is
defined by (2)). We will prove this by showing that, if p* ¢
S; for some i € N, then there exists a profitable unilateral
deviation for user <.

Suppose p* ¢ S; for some i € N. Then, from (1), uf* (£, p*)
= —oo. Consider m; = (7], p;) where w is the NE price
profile and p; (p; € RY) is such that,

e w1 o ~\
p(m,;,m” /i) = N(ij-l-pi) =0¢eS;
JEN
J#i
PR (i1, m 1), B m /) =
—ti(ms, m” [i)+u(0) > —oo = uf' (£}, p) (14)
Thus user ¢ will find it profitable to deviate to ;.
Inequality (14) implies that m* cannot be a NE, which is
a contradictign. Therefore we must have that, p* € NienS;
and hence, (t*,p*) € S.

O



CLAIM 2. Ifm™ is a NE of the game specified by the game
form presented in Section 3.1 and the users’ utility functions
(1), then, the tawf(m ) =: & paid by user i, i € N, at NE
m* is of the form, tf = I;Tp*, where I} := I;(m™).

Proof:

Let m™ be a NE described in Claim 2. Then, for each

ieN,

ui (fi(mq, m™ /i), p(mq, m”/i)) < ui (i7,p%),
Vm; € M; (15)

Substituting m; = (m;,p}), m € RY, in (15) and using
(11) implies that,

u (£ ((ms,p7), m7fi), p
Since uf* decreases in t; (see (1)), (16) implies that,
ti((mi,p7),m”[i) > £, Vmi € RY (17)
Substituting (12) in (17) implies that,

) <ul(if,p7) VmeRY  (16)

LD + (pi—pigq)" diag(mi) (p; —piy1)

*(Pz‘+1*Pi+2)Tdiag(7Tf+1)(P:+1*Pf+2)
7P +(pi —piga) " diag(m]) (pi—pit1)
*(PZ+1*Pf+2)Tdiag(‘ﬂ'z+1)(P:+1*Pf+2),

Ve RY (18)

Y

Canceling the common terms in (18) implies,
) (pi _p:-i-l) > 0,

Vm eRY  (19)
Since (19) must hold for all 7r; > 0, it implies that,

(p; —piy1) " diag(m; —

for each j € N, either p;,; = pi*+1j
or  7w,;=0 (20)
It follows from (20) that at any NE m™,

(pi —p:+1)Tdiag(7Tf)(pf —P:+1) =0, VieN (21)

Using (21) in (12) we obtain that any NE tax profile must
be of the form,

& =0Tp", VieN (22)

O

CrAM 3. The game form given in Section 3.1 is individ-
ually rational, i.e. for every NE m™ corresponding to it, the
allocation (£*,p*) is weakly preferred by all the users to the
initial allocation (0,0).

Proof:

Suppose m”™ is a NE of the game specified by the game
form presented in Section 3.1 and the users’ utility functions
(1). From Claim 2 we know the form of the tax at m™.
Substituting that from (22) into (15) we obtain that, for
each i € NV,

Aln
;i (ti((mi, ps), m” /i), p((mi, pi), m” /1))
< WGP P, Vmi=(mip) €M (23)

Substituting for #; in (23) from (12) and using equality (21)
we obtain,
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ul (LT B((mi, p),m /i) + (pi — piga)” diag(ms)
/i) < ul @B,

v eRY, Vp; eRY  (24)

(Pi—Pf+1)v p((mi,pi), m

In particular, 7v; = 0 in (24) implies that,
ul (17 B((0,pi), m” /i), B((0,pi),m" /1))
< WTPLE),  YpieRY (25)
Since (25) holds for all p; € RY, substituting 1/N(pi +
e} p;) =P in (25) implies that,
o (1575, B) <ul @79,

For p = 0, (26) implies that,

vpeRY (26)

u(0,0) < uf (TP, pT), VieN (27)

This proves that the NE allocation (£*,p*) is weakly pre-
ferred to (0, 0) by all the users i € N.
O

CrAM 4. A NE allocation (t*,p*) is an optimal solution
of the centralized problem (Pcp).

Proof:
For each i €N, (26) can be equivalently written as,

P = argmaxuf‘ (l:Tﬁ 5)
PERN
«T— . 1_IS(ﬁ)i|
= argmax —I;" p+ ui(p) — [717
P RN ( ) ISZ(p)
= argmax—lfTT)—l-m(ﬁ) (28)

pPeS;

Since for each i € N, u;(P) is assumed to be strictly con-
cave in p over S; and the set S; is convex, Karush Kuhn
Tucker (KKT) conditions [3, Chapter 11] are necessary and
sufficient for p* to be the maximizer in (28). Thus, for each
i€ N, 3L € RY and A% € RY such that, p*, AL and A
satisfy the KKT conditions given below:

L—=Vu(p)-Ai+Xs = 0 (29)
ATyt = 0 (30)
T, % mazx
2 (P -FP"1) = 0 (31)
where, 1=(1,1,...,1) e RV*!
—
N times

Combining the KKT conditions of all the users, i.e. sum-
ming (29) for all i € N, and using the fact that Y-, 17 =0
(see (13)), we obtain,

Z(fwi(p*)f ;+>\;) =0 (32)

ieN
Eq. (32) along with (30) and (31) for all i, and the non-
negativity of AL, Ay, i € N, specify the KKT conditions (for
variable p) for (6). Since (6) is a concave optimization prob-
lem, the KKT conditions are necessary and sufficient for its
optimum. Since p* satisfies these KKT conditions, it is the
maximizer of the objective function in (6). Therefore, as de-
scribed in Section 2.1 an optimal solution of Problem (Pcp)
is of the form (¢,p*) where t € RY is any tax profile that



satisfies (4). Since by construction of the tax the NE alloca-
tion t* satisfies (4), we conclude that (¢*,p*) is an optimal
solution of (Pcp).

O

Since the NE m”* we analyzed in Claims 1-4 was arbi-
trarily chosen, the results of Claims 1-4 hold true for all
NE corresponding to the game form of Section 3.1. There-
fore, all NE corresponding to the aforementioned game form
result in an optimal solution of Problem (Pcp). Since Prob-
lem (Pcp) has a unique solution in p, all NE result in the
same optimal power allocation, i.e. if 7 is a NE other than
m™, then, p(m) = p(m*). This completes the proof of
Theorem 1.

B. PROOF OF THEOREM 2

Theorem 1 shows that if there exists a NE of the game
corresponding to the game form of Section 3.1, then the
allocation at the NE is an optimal solution of the centralized
problem (Pcp). However, Theorem 1 does not guarantee the
existence of a NE; in other words, it does not guarantee that
the centralized optimum power profile is attainable through
NE. This is guaranteed by Theorem 2 which is proved next.

We prove Theorem 2 in two steps. In the first step we
show that if the centralized problem (Pcp) has a solution,
there exist a set of personalized prices, one for each user
i € N, such that when every user individually maximizes
its own utility taking the above prices as given, then each of
them obtains the same optimal power profile which is also
the optimal solution of Problem (Pcp). In the second step
we show that the above set of personalized prices and the
optimal power profile for (Pcp) can be used to construct
message profiles that are NE of the game corresponding to
the game form of Section 3.1. We also show that the set of
NE obtained from such a construction is exactly the set of
all NE that result in the optimal power and tax profiles of
Problem (Pcop) that we start with.

CrLAam 5. If Problem (Pcp) has a solution and the op-
timum power profile is p*, there exist a set of personalized
prices 15, i € N, such that,

argmax —l} p+uwi(p) = p*, VieN (33)
PES;

Proof:

Suppose p* is the optimal power profile corresponding to
Problem (Pcp). Problem (Pop) does have a solution since
it involves maximization of a continuous function in p over a
compact set in p (The solution in ¢ trivially exists). Further-
more, (Pcp) has a unique solution in p since it is a concave
optimization problem in p. Writing the optimization prob-
lem (Pcp) for p we have,

p° = argmax Z ui(p)
P iEN
s.t. peES;, VieN

Since the above problem is a concave optimization prob-
lem, its optimal solution must satisfy the KKT conditions.
Therefore there exist A§ € Rf and \§ € Rf, i € N, such
that p*, A% and A%, i € N, satisfy,

Digital Object Identifier: 10.4108/ICST.VALUETOOLS2008.4519
http://dx.doi.org/10.4108/ICST.VALUETOOLS2008.4519

D (~Vui(p)-Ai +23) = 0 (34)
i€EN
and  ALpT = 0, VieN (35)
NPT P = 0, VieN (36)
We define for each i € NV,
I} = Vuw(d)+AL -\, (37)
Then,
I} —Vu(p*) = AL+ A5 =0, VieN (38)

Equations (38), (35) and (36) together imply that for each
i€ N, p*, AL € RY and A} € RY satisfy the KKT condi-
tions for the following maximization problem,
max —I}"p+ ui(p) (39)
PES;
Since (39) is a concave optimization problem, KKT condi-

tions are necessary and sufficient for its optimum. Therefore,
from (35), (36) and (38) we conclude that,

p° = argmax —lpr + ui(p) (40)
PES;

O

CLAIM 6. Let p* be the optimal power profile correspond-
ing to Problem (Pcp), let lj,i € N, be the personalized
prices defined in Claim 5, and let £ := UTp*,i € N. Let
m; = (w},p;),i € N, be a solution to the following set of
relations:

T3 = (41)

ieN

7";-4-1 — 7T:+2 I;, ieN, (42)

(pi — pit1)" diag(m})(p; —piy1) = 0, i€N, (43)
> 0,icN  (44)
Then, m* := (mj,m5,...,my) is a NE of the game cor-

responding to the game form defined in Section 3.1. Fur-
thermore, p(m*) = p*, and for each i € N, l;(m*) = I}
and t;(m™) =t;.

Proof:

It should be noted that, (41)—(44) are necessary condi-
tions for any NE m”* corresponding to the game form of
Section 3.1 to result in the allocation (£*,*) (This follows
from (11), (13) and (21)). Therefore, the set of solutions
of (41)—(44), if one exists, is a superset of the set of all NE
that result in (£*, p*). Below we show that the solution set
of (41)—(44) is in fact exactly the set of the NE that result
in (£*,p).

To prove this we first show that the set of relations (41)—
(44) do have a solution. Notice that by setting p; = p* Vi €
N, equations (41) and (43) are satisfied. Notice also that
the right hand side of (42) sums to 0 by taking the sum over
i € N. Therefore, (42) has a solution in w;,i € N. Fur-
thermore, for any solution m;,i € N, of (42), wf +c,i € N,
where ¢ is some constant, is also a solution of (42). There-
fore by appropriately choosing ¢, we can select a solution of
(42) such that (44) is satisfied.

It is clear from above that (41)—(44) have multiple solu-
tions. We now show that the set of solutions m™* of (41)—(44)



is the set of NE that result in the given centralized solution.
From Claim 5, (33) can be equivalently written as,

1-1s, (p)]
Isz‘(p)

VieN (45)

p° = argmax *l:Terui(p)*[
peERN

= argmax uf(l;"p, p),
pERN

A change of variable Np — > cn Pj = pi in (45) implies,
J#i

« * 1 * 1 *
pi = argmax ul <li Tﬁ(pi +Z pj)7 N(pz +Z pj)> (46)
piERN JEN JEN
j#i J#i

Because of (43) Eq. (46) also implies the following,

% «T A _y *
(7, pi) = argmax Uf‘ (li p((mi,pi), m"/i) — (Pi+1
(75, ps) ERY XRN

waﬁm%waMﬁﬂwanﬁwmmxm%Q<M)

Furthermore, since u* is strictly decreasing in the tax (see

(1)), Eq. (47) also implies the following,

_— « T _ *

(i, p;) = argmax u?(h‘ p((mi,pi), m /Z)+(Pi*Pi+1)T
(745p;) ERY xRN

diag(ms) (s —P:J,-l)—(P:+1—Pf+2)Tdiag(ﬂ'f+1)(PZ+1—P:+2)7
ﬁWmmLMW07i€NM@

Eq. (48) implies that, if the message exchange and alloca-
tion is done according to the game form defined in Sec-
tion 3.1, then user i,i€N, maximizes its utility at m} given
that all other users j €N'\{¢} use their respective messages
mj,j eN\{i}. This implies that a message profile m* that
is a solution to (41)—(44) is a NE corresponding to the afore-
mentioned game form. Furthermore, it follows from (41)—
(44) that the allocation at m™ is,

~ * 1 * Ak
p(m)=ﬁZpi=p, (49)
ieN
and for each i € NV,
Li(m") = mips — g2 =1i, (50)
ti(m”) = L' (m™)p(m™)+(pi —piy1)” diag(m;) i —pita)

4pf+1fpf+2)Tdiag(7rf+1)(p2’+17pf+2) = lfTﬁ* = ié‘ (51)
It follows from (48)—(51) that the set of solutions m* of
(41)—(44) is exactly the set of NE corresponding to the game
form of Section 3.1 that result in the allocation (£*,p*).
This completes the proof of Claim 6 and hence the proof of
Theorem 2.

O
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