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ABSTRACT

By combing SM with the amplify-and-forward (AF) cooper-
ative communication, the cooperative SM scheme with AF
(AF-SM) is presented for obtaining superior performance.
The bit error rate (BER) performance of AF-SM is investi-
gated over Rayleigh channels. According to the performance
analysis, a tightly upper bound of the output SNR is given,
and the corresponding probability density function (PDF) is
derived by means of the moment generating function (MGF).
Based on the obtained PDF and MGF, the error probability
of antenna index estimation (Pa) and the error probability of
symbol estimation (Pd), which constitute the overall average
BER, are derived, respectively. As a result, tightly approxi-
mate closed-form expressions of the Pa and Pd are obtained,
respectively. With these expressions, the closed-form BER is
achieved. These theoretical expressions can match the simu-
lations well, and thus the BER performance of AF-SM can be
effectively evaluated. Simulation results verify the effective-
ness of the theoretical analysis, and the BER performance
can be improved by increasing the receive antennas.
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1 INTRODUCTION

With a high demand for wireless products, it becomes imper-
ative for next generation wireless communication to provide
high data rate and link reliability. Cooperative communica-
tion technology is proposed to improve the spectral efficiency
and network coverage of the future wireless communication
systems, and has earned much more attention [1]. Amplify-
and-forward (AF) protocol [2], as one of effective cooperative
protocols, has been widely used for cooperative communica-
tion. In this protocol, relay amplifies and transfers the signals
sent by source, and then the receiver combines the signals
sent by source and relay, and makes a final decision on the
transmitted bit.

Spatial modulation (SM), employing active transmit an-
tenna indices as added constellation points to convey infor-
mation, can eliminate the need for transmit antenna synchro-
nization and inter-channel interference, and has attracted
much interests. SM scheme was firstly proposed by Mesle-
h et.al in [3]. In this scheme, only one antenna is active at
any time slot and the transmitted bits are mapped to con-
stellation symbols and active antenna index. At the receiver,
the maximum likelihood (ML) detector is used to demod-
ulate the signals and estimate the transmitted symbol and
the transmit antenna index. However, the conventional SM
scheme does not considering the superiority of cooperative
communication, and thus its performance will be limited, e-
specially for long-distance communication.

For this reason, considering the simplicity of SSK (a spe-
cial SM, where only active antenna index conveys informa-
tion), some relay-aided SSK schemes have been presented
[4-6]. With these scheme, the spectrum efficiency can be im-
proved. An AF relay aided space-time SSK was presented in
[4] to mitigate the effect of deep fading. In [5, 6], dual-hop
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AF relaying aided SSK schemes were proposed, and the cor-
responding bit error rate (BER) performance was analyzed,
and the upper-bounds of BER were derived. However, SSK
only uses the transmit antenna index for carrying informa-
tion, and does not consider the superiority of constellation
modulation. Thus, the throughput of the cooperative SSK
schemes remains somewhat limited.

Based on the analysis above, the relay-aided cooperative
SM scheme is presented in this paper, where AF is used for
cooperative protocol considering its effectiveness. We ana-
lyze the performance of this AF relay-aided SM (AF-SM),
and give the output SNR at the destination and its tightly
upper bound. According to this, using the moment generat-
ing function (MGF), the probability density function (PDF)
of upper bound of the output SNR is derived. With the PDF
and MGF, the closed-form expressions of the error probabil-
ity of antenna index estimation and the error probability
of symbol estimation, which constitute the overall average
BER, are obtained. Thus, the tightly approximate closed-
form expression of average BER is achieved. Simulation re-
sults show that the derived theoretical expressions are valid,
and agree well with the corresponding simulations.

The notations throughout this paper are as follows. Bold
upper case and lower case letters denote matrices and column
vectors, respectively. The superscripts (·)H and (·)T denote
the Hermitian transposition and transposition, respectively.

2 CHANNEL AND SYSTEM MODELS

By combining spatial modulation and cooperative commu-
nication with AF protocol, a cooperative AF-SM system is
presented. The system model is illustrated in Fig.1, and it
consists of one source with Nt antennas, one destination with
Nr antennas, and one relay node with single antenna. It is as-
sumed that there is a direct link between the source and the
destination, and all the nodes are half-duplex transmission.

As shown in Fig.1, at the source, the SM mapper assigns
m = log2(MNt) bits for data transmission, where log2Nt

bits determine the transmit antenna index j, j ∈ [1 : Nt],
and log2M bits is used forM -ary constellation mapping. The
output of SM mapper can be expressed as [7]

xjq = [ 0 0 · · · xq · · · 0 ]T (1)

where xjq is the Nt dimensional symbol vector, xq is in the
jth column of xjq and denotes the qth symbol from an M -
ary constellation with q ∈ [1 : M ]. The system transmission
is divided into phases. In phase 1, the source transmits xq

via the jth antenna to the relay and the destination. The
received signal at the relay and the destination can be, re-
spectively, expressed as

ysr =
√
Psh

T
srxjq + nsr (2)

ysd =
√
PsHsdxjq + nsd (3)

where Ps is the transmitted power of the source, hsr is chan-
nel vector of the source-to-relay link, and Hsd is channel
matrix of the source-to-destination link.

In phase 2, the relay amplifies and transfers the signal
received in phase 1. The received signal of the ith receive

antenna at the destination can be given by

yrdi = hrdi(Aysr) + nrdi , i ∈ [1 : Nr] (4)

where hrdi is the channel coefficient of the relay to the ith
receive antenna link. The entries of hsr, Hsd and hrdi are in-
dependent and identically distributed (i.i.d.) complex Gauss-
ian random variables with zero mean and unit variance. The
noise nsr, nsd and nrdi are additive white Gaussian noise
(AWGN) with a variance of N0. A is the amplification factor
and can be written as

A =

√
Pr/(Ps|hj

sr|2 +N0) (5)

where Pr is the output power of the relay. After normaliza-
tion processing, the equation (4) becomes

yrdi =
√
Gih

T
srxjq + ni (6)

whereGi = PsA
2|hrdi |

2/(A2|hrdi |
2+1), and ni = (Ahrdinsr+

nrdi)/
√

A2|hrdi |2 + 1.
With the obtained received signals, the optimal SM detec-

tor based on the ML principle is given by

[ĵ, xq̂] = argmin
j,q

[
Ps∥hj

sdxq∥2F − 2
√
PsRe(yH

sdh
j
sdxq)

+

Nr∑
i=1

Gi|hj
srxq|2 − 2

√
GiRe(y∗

rdih
j
srxq)

] (7)

where hj
sd and hj

sr denotes the jth column of Hsd and jth

element of hT
sr, ĵ and xq̂ represent the estimated transmit

antenna index and symbol, respectively. With this optimal
detector, the transmit antenna index and the transmitted
symbol can be jointly detected well.

The effective output SNR at the destination can be ex-
pressed as [8]

γout = γSD +
γSRγRD

1 + γSR + γRD
(8)

where γSD, γSR and γRD are the instantaneous SNRs of the
source-to-destination link, the source-to-relay link and the
relay-to-destination link, respectively.

Considering the Rayleigh channel, the PDF of γSD is writ-
ten as

fγSD (γ) =
1

Γ(Nr)γSD

(
γ

γSD

)Nr−1

exp

(
− γ

γSD

)
(9)

and the cumulative distribution function (CDF) of γSR and
γRD are, respectively, given by

FγSR(γ) = 1− exp

(
− γ

γSR

)
(10)

FγRD (γ) = 1− exp

(
− γ

γRD

)Nr−1∑
k=0

1

k!

(
γ

γRD

)k

(11)

For convenient analysis, a tightly upper bound of the output
SNR is employed, and shown as [9]

γout ≤ γSD +min(γSD, γRD) = γSD + γSRD = γup (12)

This upper-bound is shown to be quite accurate for γout [8, 9],
and it facilitates the derivations of the PDF, CDF and MGF,
which will be used for the following performance analysis.
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Figure 1: AF-SM system model

Considering that γSD and γSRD are independent, the MGF
of γup is equal to the product of the MGF of γSD and the
MGF of γSRD. Thus, it can be expressed as

Mγup(s) = MγSD (s)MγSRD (s) (13)

Based on (9), the MGF of γSD is written as

MγSD (s) =

∫ ∞

0

e−sγfγSD (γ) dγ = (1 + γSDs)−Nr (14)

In order to obtain the MGF of γSRD, we will derive the
CDF and the PDF of γSRD firstly. Assuming that γSR and
γRD are independent, the CDF of γSRD = min(γSR, γRD)
can be expressed as [10]

FγSRD (γ) = 1− exp

(
− γ

γC

)Nr−1∑
n=0

1

n!

(
γ

γRD

)n

(15)

where γC = γSRγRD
γSR+γRD

. Then, with (15), taking the derivative

of FγSRD (γ) with respect to γ yields

fγSRD (γ) =
1

Γ(Nr)γC

(
γ

γRD

)Nr−1

exp

(
− γ

γC

)
+

(
1

γC

− 1

γRD

)
exp

(
− γ

γC

)Nr−2∑
n=0

1

n!

(
γ

γRD

)n
(16)

Equation (16) is the PDF of γSRD. By setting Nr = 1
to (16), we can obtain the PDF of γSRD for single receive
antenna.

Using (16), the MGF of γSRD can be obtained as

MγSRD (s) =
1

γCγRD
Nr−1

(
s+

1

γC

)−Nr

+

(
1

γC

− 1

γRD

)Nr−2∑
n=0

1

γRD
n

(
s+

1

γC

)−(n+1)
(17)

Substituting (17) and (14) into (13), the MGF of γup can
be expressed as

Mγup(s) =
1

γCγ
Nr−1
RD γSD

Nr

(
s+

1

γC

)−Nr
(
s+

1

γSD

)−Nr

+
1

γSD
Nr

(
1

γC

− 1

γRD

)
·
Nr−2∑
n=0

1

γRD
n

(
s+

1

γC

)−(n+1) (
s+

1

γSD

)−Nr

(18)

With (18), using the inverse Laplace transform, the PDF of
γup can be obtained as

fγup(γ) =

∫ ∞

0

esγMγup(s) ds =
1

γCγRD
Nr−1γSD

Nr
·[

Nr−1∑
i=0

ENr−iγ
Nr−i−1

(Nr − i− 1)!
e
− γ

γC +

Nr−1∑
j=0

BNr−jγ
Nr−j−1

(Nr − j − 1)!
e
− γ

γSD

]

+
1

γSD
Nr

(
1

γC

− 1

γRD

)Nr−2∑
n=0

1

γRD
n

[
n∑

p=0

Cn+1−pγ
n−p

(n− p)!
e
− γ

γC

+

Nr−1∑
q=0

DNr−qγ
Nr−q−1

(Nr − q − 1)!
e
− γ

γSD

]
(19)

where ENr−i =
1
i!

[
1

(s+1/γSD)Nr

](i)∣∣
s=−1/γC

,

BNr−j = 1
j!

[
1

(s+1/γC)Nr

](j)∣∣
s=−1/γSD

,

Cn+1−p = 1
p!

[
1

(s+1/γSD)Nr

](p)∣∣
s=−1/γC

,

DNr−q = 1
q!

[
1

(s+1/γC)n+1

](q)∣∣
s=−1/γSD

.

Using this PDF, we will provide the performance analysis
in next section.

3 PERFORMANCE ANALYSIS

In this section, we will give the performance analysis of co-
operative AF-SM in Rayleigh fading channel, and derive an
approximate BER expression. At the destination, the SM de-
tector estimates the active transmit antenna index and trans-
mitted symbol. As a result, the SM performance depends on
the error rates of these two detection processes. Let Pa be
the error probability of transmit antenna index estimation
given that the symbol is perfectly detected and Pd be the er-
ror probability of symbol estimation given that the transmit
antenna index is perfectly detected, then the overall average
BER of the system can be tightly approximated as

Pe ≈ 1− (1− Pa)(1− Pd) (20)

In what follows, we will derive the Pa and Pd, respectively.
Assuming the transmitted symbol is perfectly detected, Pa

is given as [3]

Pa ≤
Nt∑
l=1

M∑
q=1

Nt∑
l̃=1

N(l, l̃)

MNtlog2(Nt)
PEP (xl → xl̃) (21)
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Pd,MQAM =

π(M)∑
l

αl

γCγ
Nr−1
RD γNr

SD

{
Nr−1∑
i=0

ENr−iγ
Nr−i
C

[
1−

√
βl/π

Nr−i−1∑
p=0

Γ(p+ 1/2)wC
−(p+1/2)

γC
p · p!

]
+

Nr−1∑
j=0

BNr−jγ
Nr−j
SD

·

[
1−

√
βl/π

Nr−j−1∑
q=0

Γ(q + 1/2)wSD
−(q+1/2)

γSD
q · q!

]}
+

π(M)∑
l

αl

γNr
SD

(
1

γC

− 1

γRD

)Nr−2∑
n=0

1

γRD
n

{
n∑

x=0

Cn+1−xγ
n+1−x
C

·

[
1−

√
βl/π

n−x∑
a=0

Γ(a+ 1/2)wC
−(a+1/2)

γC
a · a!

]
+

Nr−1∑
y=0

DNr−yγ
Nr−y
SD

[
1−

√
βl/π

Nr−y−1∑
b=0

Γ(b+ 1/2)wSD
−(b+1/2)

γSD
b · b!

]}
(27)

where N(l, l̃) is the number of bits in error between transmit
antenna index l and the estimated transmit antenna index
l̃ and PEP (xl → xl̃) denotes the pairwise error probability
(PEP), which can be expressed as

PEP (xl → xl̃) =

∫ ∞

0

∫ ∞

0

1

π

∫ π/2

0

exp
[(γSRγRD|xq|2

γRD + C

+ γSD|xq|2
)
/(2 sin2 θ)

]
fγSD (γ)fγSRD (γ) dθ dγSRD dγSD

=
1

π

∫ π/2

0

MγSRD

(
|xq|2

2 sin2 θ

)
MγSD

(
|xq|2

2 sin2 θ

)
dθ

(22)
Taking the upper bound approximation method for equa-

tion (22) yields

PEP (xl → xl̃)
∼=

1

π
MγSRD

(
|xq|2

2

)
MγSD

(
|xq|2

2

)
(23)

Substituting (17) and (14) into (23) yields

PEP (xl → xl̃)
∼=

1

π

[
1

γCγRD
Nr−1

(
1

γC

+
|xq|2

2

)−Nr

+

(
1

γC

− 1

γRD

)Nr−2∑
n=0

1

γRD
n

(
1

γC

+
|xq|2

2

)−(n+1)
]

× 1

γSD
Nr

(
1

γSD

+
|xq|2

2

)−Nr

(24)
By substituting (24) into (21), the closed-form expression

of Pa can be finally achieved. It is shown that this expression
has the value very close to the simulated one.

Assuming the transmit antenna index is perfectly detect-
ed, Pd can be derived as

Pd =

∫ ∞

0

BER(γ)fγup(γ) dγ (25)

where BER(γ) denotes the BER expression of M -QAM or
M -PSK.

For M -QAM

BER(γ) =
∑π(M)

l
αlerfc(

√
βlγ) (26)

where erfc(·) denotes the complementary error rate func-
tion, {αl, βl, π(M)} are coefficients associated with specif-
ic modulation [11].Substituting (19) and (26) into (25), the
Pd of M -QAM is derived as (27), where wC = βl + 1/γC ,
wSD = βl + 1/γSD.

For M -PSK, the BER expression can be tightly approxi-
mated as [12]

BER(γ) ≈ 1

max(log2M, 2)

max(M/4,1)∑
k=1

erfc(
√
γ sin

(2i− 1)π

M
)

(28)
Substituting (19) and (28) into (25), the Pd of M -PSK is

derived as (29), where w̃C = sin2 (2k−1)π
M

+ 1/γC , w̃SD =

sin2 (2k−1)π
M

+ 1/γSD.
Equations (27) and (29) are closed-form expressions of Pd,

which will be shown to agree the simulation well. Moreover,
they have the values slightly smaller than the real ones be-
cause the tightly upper bound of output SNR is used.

Substituting (21), (24) and (27), (29) into (20), the overall
average BERs of the system with MQAM and MPSK are,
respectively, obtained, and they have the values close to the
simulated ones.

4 SIMULATION RESULTS

In this section, we will use the derived theoretical formula
to assess the performance of the cooperative AF-SM system
over Rayleigh flat fading channel. In simulation, the num-
ber of transmit antenna Nt = 4, and the number of receive
antenna Nr is equal to 1 or 2. The simulation results are
obtained by 107 Monte-Carlo channel realizations, and are
shown in Fig.2, Fig.3 and Fig.4.

Fig.2 shows the error probability of the transmit antenna
index estimation (Pa) for cooperative AF-SM system. The
theoretical Pa is calculated by (21). From Fig.2, it is found
that the analytical expressions are tight. This is because the
γup in (12) takes the upper bound of true output SNR, and
it results in the decreased upper bound of the error probabil-
ity of transmit antenna index estimation in (21). As a result,
the obtained theoretical values from (21) are very close to
the true ones. Correspondingly, the theoretical Pa is in a-
greement with the simulated one. As the modulation size
increases, the Pa increases accordingly. Namely, the Pa of
16QAM is higher than that of 8PSK. The reason for this is
that higher-order modulation is easy to produce error due
to the smaller Euclidean distance between the constellation
points. Besides, the system with Nr = 2 has lower Pa than
that with Nr = 1 because of more diversity gain. The results
indicate the derived Pa is effective and reasonable.
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Pd,MPSK =

max(M/4,1)∑
k=1

1

max(log2M, 2)γCγ
Nr−1
RD γNr

SD

{
Nr−1∑
i=0

ENr−iγ
Nr−i
C

[
1− sin

(2k − 1)π

M

Nr−i−1∑
p=0

Γ(p+ 1/2)w̃
−(p+1/2)
C√

πγC
p · p!

]

+

Nr−1∑
j=0

BNr−jγ
Nr−j
SD

[
1− sin

(2k − 1)π

M

Nr−j−1∑
q=0

Γ(q + 1/2)w̃
−(q+1/2)
SD√

πγSD
q · q!

]}
+

max(M/4,1)∑
k=1

1

max(log2M, 2)γNr
SD

·
(

1

γC

− 1

γRD

)Nr−2∑
n=0

1

γRD
n

{
n∑

x=0

Cn+1−xγ
n+1−x
C

[
1− sin

(2k − 1)π

M

n−x∑
a=0

Γ(a+ 1/2)w̃
−(a+1/2)
C√

πγC
a · a!

]

+

Nr−1∑
y=0

DNr−yγ
Nr−y
SD

[
1− sin

(2k − 1)π

M

Nr−y−1∑
b=0

Γ(b+ 1/2)w̃
−(b+1/2)
SD√

πγSD
b · b!

]}
(29)
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Figure 2: Error probability of antenna index estima-
tion for AF-SM (Pa)
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Figure 3: Error probability of symbol estimation for
AF-SM (Pd)

Fig. 3 illustrates the error probability of symbol estima-
tion (Pd) for cooperative AF-SM system. The theoretical Pd

values of 16QAM and 8PSK are calculated by (27) and (29),
respectively, and they have values very close to the simula-
tion. Moreover, these values are slightly lower than the cor-
responding simulated ones. This is because the tightly upper
bound of output SNR is employed. As shown in Fig.3, the
Pd of 8PSK is lower than that of 16QAM due to the larger
Euclidean distance between the constellation points. Besides,
the Pd of the system with Nr = 2 is lower than that with
Nr = 1 because more antennas are used. The results show
the derived Pd is also effective and reasonable.

Fig.4 plots the average BER of the cooperative AF-SM sys-
tem with different receive antennas. Form Fig.4, we can see
that the analytical average BER matches the simulation well
because of better approximation. Moreover, the BER perfor-
mance decreases as the modulation order increases. Namely,
compared with the system with 16QAM, the system with
8PSK has lower BER. With the increase of the number of
receiver antennas, the BER performance of the system with
Nr = 2 is superior to that of Nr = 1 as expected due to
larger diversity gain.

5 CONCLUSIONS

By combing spatial modulation with the AF relay-aided co-
operative communication effectively, we have presented a co-
operative AF-SM scheme, and investigated the performance
of AF-SM in Rayleigh fading channel. Based on the perfor-
mance analysis, a tightly upper bound of effective output
SNR and its PDF are derived. Using the obtained PDF and
the MGF, the error probability of antenna index estimation
and the error probability of symbol estimation are, respec-
tively, derived. As a result, tightly approximate closed-form
expressions are obtained. With these expressions, the closed-
form average BER of AF-SM is achieved, and thus the sys-
tem performance can be evaluated effectively in theory. Com-
puter simulation shows that the theoretical analysis is valid
and in agreement with simulation result, and the convention-
al need for Monte Carlo simulation is avoided. Moreover, the
BER performance can be improved by increasing the receive
antenna.
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Figure 4: Average BER of AF-SM with different re-
ceive antennas(Pe)
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