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Abstract. Graph sampling is an important technology for the network visual-
ization. In this paper, we use the normalized Laplacian spectrum to evaluate
diverse biased sampling algorithms on Internet topologies, and numerically find
that the simple random walk (SRW) sampling performs much better than other
sampling algorithms (e.g., breadth first search, forest fire and random jump).
Moreover, we analyze the deficiency of the SRW using the physical meaning of
the normalized Laplacian spectrum on the size-independent Internet structure.
Finally, we indicate that more multi-homed nodes should be added and more
inner binate nodes should be reduced for better performance of the SRW
sampling graphs on the normalized Laplacian spectrum which is a powerful tool
for the study of size-independent structure embedded in evolving systems.
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1 Introduction

The autonomous system level Internet topology evolves over time which induces that
the network size (i.e., the node number) of the realistic Internet is very large. To more
clearly realize the network visualization, we may need a sampling graph that has much
smaller size and captures plenty of size-independent structures similar to the original
large realistic network. There are two types of sampling algorithms: unbiased approach
[1] and biased approach [2, 3, 4]. The unbiased approach strives to mathematically
demonstrate that the sampling probability of each node is uniform, and is commonly
applied when we can not observe all nodes of the original network (e.g., due to call
limit of online social networks). On the other hand, the biased approach is biased
towards high-degree nodes that will be sampled with higher probabilities, and has been
widely evaluated using the performance comparison of graph metrics between the
sampling and original networks. Leskovec et al. [2] used the Kolmogorov-Smirnov D-
statistic to compare diverse biased sampling algorithms. Also, Xu et al. [3] used the
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degree distribution and the clustering coefficient to derive an optimum solution in a
hybrid biased sampling framework. However, these works focused on general
scale-free networks. In other words, they have not considered the unique structure
embedded in the Internet topology and can not be applied for the detailed analysis of
the Internet sampling technology. In this paper, we apply diverse biased sampling
algorithms in Internet topologies and evaluate them using the normalized Laplacian
spectrum since our recent works [5, 6, 7, 8, 9] have demonstrated that the spectrum
represents fruitful physical meanings for the unique size-independent structure of the
Internet topology.

2 Background

2.1 Biased Sampling Algorithms

These algorithms can be classified into two categories: graph traversal and random
walk. For connected Internet topologies, each node in the graph traversal is visited
exactly once; examples include Breath First Search (BFS) and Forest Fire (FF).
Whereas each node in the random walk can be revisited many times; examples include
Simple Random Walk (SRW) and Random Jump (RJ).

The BFS is a classic graph traversal algorithm that starts from a randomly selected
seed in the original network and progressively explores all neighbors [4]. At each new
iteration of the BFS, the earliest explored but not-yet-visited node is selected next.
Consequently, the BFS discovers first the nodes closest to the seed.

The FF is a randomized version of the BFS [4]. For every neighbor v of the current
node, the FF decides explore v with probability p. When p = 1, the FF reduces to the
BFS. It is possible that the FF dies out before it covers nodes with the expected number.
Thus, we revive the FF from a random node already in the sample.

The SRW’s walker starts from a randomly selected seed in the original network [2].
At each new iteration of the SRW, if the walker currently stays at node v, it randomly
moves to a neighbor of node v with probability 1/d, where d, denotes the degree (i.e.,
the number of neighbors) of node v.

The RJ is similar to the SRW [3]. The only difference is that at each new iteration,
with probability ¢ = 0.15 (the value commonly used in literature), the RJ randomly
jumps to any node in the original network and re-starts the random walk.

2.2 Normalized Laplacian Spectrum

Let G = (V,E) denote an undirected and simple graph where V and E are respectively
node set and edge set, d, denote the degree of node v in G, D denote the diagonal
degree matrix of G, and A = (a;;) denote the adjacency matrix where a; = 1if (v;,v)) €
E and a; =0 otherwise. Then, the normalized Laplacian matrix of G is L
(G) = D"Y"*(D-A)D™"? [11], and the normalized Laplacian spectrum of G includes all
eigenvalues of L(G): 0 =y; < y» < ... <y, < 2 where n denotes the node number

of G. The WSD is a metric defined as »_,_,, ,(1— vi)" [11] where 4 is the best
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selection of N [8], and the ME1 quantifies the number of the eigenvalue 1. Thus, we
can determine that the spectrum can be described by two weakly-related spectral
metrics (i.e., the ME1 and the WSD).

If G represents the Internet topology, we demonstrated that the MEI1 reflects the
node classification of G [5, 9]. Specifically, node set V can be classified into three
subsets [10]: P(G) = {v € V| d, = 1} called pendants, Q(G) = {v € V| I w,(v, w) € E,
w € P(G)} called quasi-pendants, and R(G) = V\(Q(G) U P(G)). Let Inner(G) = (Vy,
E}) denote the subgraph of G induced by R(G), and d{(v) denote the degree of node v in
Inner(G). Then, node set V; (i.e., R(G)) can be further classified into six subsets [5]:
PI = {v € V|| dy(v) = 1 AV(v, w) € E,d(w) > 1} called inner pendants, QI = {v € V| 3
w, (v,w) € Ew € PI} called inner quasi-pendants, RI = {v € V/|d,(v) > 2 AV(v,w) €
E,w € QI} called inner restricted nodes, Bl = {v € Vjd(v) =1 AV(v,w) € E
df(w) = 1} called inner binate nodes, Il = {v € V}|d(v) = 0} called inner isolated nodes
and Ol = VA(PI U QI U RI U BI U II) call-ed inner noise nodes. Additionally, we
demonstrated that the ME1 is approximately equal to the periphery number minus the
core number where P(G), PI, RI, II and half of BI compose the periphery, O(G), OI and
another half of BI compose the core, and OI is the system noise [9]. Also, we
demonstrated that the WSD monotonically decreases as the network is transformed
from singe-homed to multi-homed [9].

3 Real-World Data

We extract 24 real-world Internet graphs from AS-Caida dataset [12]. These graphs
were explored from Jan 2004 to Nov 2007. We use these graphs to analyze sampling
algorithms since they have stable performances of the ME1 and the WSD, as shown in
Fig. 1. The network sizes of these graphs span the range from 16,301 to 26,475.
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Fig. 1. Comparisons of the WEI and the WSD on real-world and sampling graphs. (a) ME1/n
vs. n. (b) WSD/n vs. n. The FF has p = 0.7 which is a good selection for p € {0.5, 0.55, ...,
0.90}.
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For each biased sampling algorithm, the largest real-world graph having 26,475
nodes is selected as the original network, and the network sizes of a sequence of
sampling graphs are set to fall in the range from 16,301 to 25,988 which are consistent
with those of the top 23 smallest real-world Internet graphs. For a certain network size
of sampling graphs, each sampling algorithm runs ten times and the corresponding
statistic is the average over ten realizations.

4 Comparison of ME1 and WSD on Sampling Algorithms

As shown in Fig. 1, the SRW performs much more stable on the normalized Laplacian
spectrum compared to other biased sampling algorithms, and its corresponding curves
are much closer to those of the real-world dataset. To subtly analyze the SRW, we
compare the SRW with one mutation of the SRW, called Random Walk Flying Back
(RWFB). The only difference between the SRW and the RWFB is that at each new
iteration, with a probability ¢, the RWFB flies back to the original seed selected by the
SRW and restarts the random walk [2]. As shown in Fig. 2, when ¢ = 0.1, the RWFB
performs much better than the SRW. The comparison between the SRW and the
RWEFB will be used to explore the improvement direction of this type of algorithms.
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Fig. 2. Comparisons of the WE1 and the WSD on real-world and random walk sampling
graphs. (a) MEl/n vs. n. (b) WSD/n vs. n.

5 Analysis for the Numerical Results

According to Sect. 2.2, for the Internet topology, node classification is an important
feature reflected by the normalized Laplacian spectrum. Because the Internet topology
has plenty of nodes with degree one, the pendant set P(G) and the inner noise node set
OI are respectively related to the largest and the smallest cardinalities. Thus, we
analyze the two node set features of diverse sampling algorithms. The BFS is a graph
traversal algorithm that constructs tree-like sampling graphs since each node is exactly
visited once for this type of algorithms. Breath first principle induces small depths
(where depth is defined as the maximum distance between root and leaves) of the
tree-like sampling graphs. As is well known, trees with small depths have an extremely
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large number of pendants (i.e., leaves with degree one). Additionally, this situation will
lead to extremely small cardinalities of other node sets. Although the FF is a ran-
domized version, its many performances remain similar to the BFS. Thus, for the BFS
and the FF, their pendant numbers are extremely larger than that of the real-world
dataset, and their inner noise node numbers are approximately equal to zero. The RJ is
a hybrid algorithm of the SRW and the Random Node (RN) samplings. The SRW is
biased towards high-degree nodes while the RN uniformly samples each node. Thus,
the small-degree node number of the hybrid algorithm RJ is larger than that of the
SRW. Note that the pendant set is an important component of small-degree nodes,
which explains why the pendant number of the RJ is obviously larger than that of the
real-world dataset. Therefore, the bad performances on node classification of the BFS,
the FF and the RJ are critical reasons for the best performance of the SRW on the
normalized Laplacian spectrum, as shown in Fig. 1.

According to Sect. 2.2, the Internet topology can be divided into eight node clas-
sifications. Specifically, pendant set P(G), inner isolated node set /1, quasi-pendant set Q
(G) and inner binate node set Bl occupy the vast majority of the Internet nodes [9]. As
shown in Fig. 3, we exhibit the evolving features of the four node sets on real-world and
two random walk sampling graphs. Next, we will analyze the physical meaning
embedded in Fig. 3 and investigate the improvement direction of the random walk
sampling. Based on Fig. 3, for the RWFB, its pendant number, quasi-pendant number
and inner binate node number are decreased and its inner isolated node number is
increased in contrast to those of the SRW. The physical interpretation of these phe-
nomena is presented in Fig. 4. In Fig. 4(a), each periphery node is attached to only one
core node so these periphery nodes are single-homed. With the increasing of the links
between periphery and core nodes, increasingly more nodes are transformed from
single-homed to multi-homed, as shown in Fig. 4(b). As is well known, multi-homed
nodes have better fault tolerance. Due to the rich club phenomenon, extremely few core
nodes attract the majority of periphery nodes to connect with them. As shown in
Fig. 4(b), inner binate nodes are generated by the small-degree core nodes which are
connected with only one periphery node. If we remove the links between two inner
binate nodes, in contrast to Fig. 4(a), all of the pendants, quasi-pendants and inner
binate nodes will be reduced, and the inner isolated nodes will be added, as shown in
Fig. 4(c). Thus, Fig. 4 explains why more added multi-homed nodes and more reduced
inner binate nodes of the RWFB sampling graphs compared to those of the SRW induce
the phenomenon shown in Fig. 3. The ME1 quantities the periphery number minus the
core number [9], so the ME1 of Fig. 4(c) is obviously larger than that of Fig. 4(a) which
verifies the phenomenon of Fig. 2(a). With the transformation from single-homed to
multi-homed networks, the WSD monotonically decreases in general [9], so the WSD of
Fig. 4(c) is commonly smaller than that of Fig. 4(a), which verifies the phenomenon of
Fig. 2(b). Therefore, we can determine that adding multi-homed nodes and reducing
inner binate nodes are the key reasons for the better performance of the RWFB in Fig. 2.

Although the RWFB performs better than the SRW on the normalized Laplacian
spectrum, its stability of the evolving process on the spectrum is still unsatisfactory.
Specially, as shown in Fig. 3, with the increasing of the size reduction ratio of the
sampling graphs, the curves of the RWFB are father and father away from those of the
real-world dataset. Additionally, the time complexity of the RWFB is very high since
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Fig. 3. Comparisons of the node classification on real-world and random walk sampling graphs.
(a) pendant number/n vs. n. (b) inner isolated node number/n vs. n. (c) quasi-pendant number/n
vs. n. (d) Inner binate node number/n vs. n.

Fig. 4. Physical meaning embedded in Fig. 3. (¢) A network with abundant single-homed
nodes. () more multi-homed nodes are added. (c) More inner binate nodes are reduced. Note that
white and black nodes respectively compose the core and periphery of the Internet, and P, Q, II
and IB respectively denote pendant, quasi-pendant, inner isolated node and inner binate node.

flying back to the seed extremely increases the average visiting time of each node in the
original network. However, based on the physical interpretation of Fig. 4, we can
determine that adding multi-homed nodes and reducing inner binate nodes are valuable
improvement directions for the simple random walk sampling algorithms.
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Although only realistic autonomous system level Internet topologies with snapshots
from Jan 2004 to Nov 2007 are analyzed in this paper, our recent studies [5, 9] verified
that the physical meanings of the MEl and the WSD hold for plenty of Internet
evolving topologies. Specially, the core and periphery of the Internet (associated with
the ME1) respectively are composed of the transit and stub nodes, which is consistent
with the classical transit-stub model of the Internet [13]. Moreover, the transformation
from single-homed to multi-homed (indicated by the WSD) reflects the Internet’s
requirement for better fault tolerance. Also, realistic Internet topologies derived from
different data sources (e.g., AS-733, Oregon and AS-Caida) [12] keep plenty of similar
size-independent structures [8]. Therefore, the derived results of this paper can be
applied to more general cases of the Internet topology.

6 Conclusion

The normalized Laplacian spectrum is critical for evaluating graph sampling algorithms
applied in the Internet visualization. In this paper, we use the spectrum to investigate
the advantages and deficiencies of the SRW samplings and observe that the SRW and
its mutation perform much better than other biased samplings. Additionally, based on
the physical interpretation for the better performance of the RWFB, we indicate that
adding multi-homed nodes and reducing inner binate nodes are important improvement
directions for this type of SRW algorithms. In the future work, according to the
improvement directions, we will design another mutation of the SRW which has better
performance on the spectrum and higher runtime efficiency.
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