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ABSTRACT
Stochastic Petri nets (SPNs) are widely used for the perfor-
mance evaluation of computer and telecommunication sys-
tems. They inherit from their untimed version the capabil-
ity of modeling parallel computations in a simple, graphi-
cal way. Simulation of SPNs is an important way to assess
the performance of a system measured as throughput, re-
sponse time or expected number of customers/resources in
some places. Perfect sampling allows for the selection of the
initial state of a simulation with a probability which corre-
sponds to its stationary probability and hence the warm-up
period is not required any more. In this paper we present
performance tests of spnps, a tool based on some previous
works that implements perfect sampling algorithm for SPNs
by using decision diagrams. We test performance of the tool
on a class of stochastic models of great importance in the
quantitative evaluation of distributed systems and commu-
nication networks: the fork-join queueing networks.
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C.4 [PERFORMANCE OF SYSTEMS]: Modeling tech-
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1. INTRODUCTION
Performance evaluation of parallel and distributed sys-

tems requires the capability of modeling the evolution of
different tasks and their competition or their synchroniza-
tion on sets of finite resources. In the literature, Timed
Petri nets have been used for the performance evaluation of
microprocessor systems [16], communication networks [14,
20] and other fields such as biological systems [1]. Stochas-
tic Petri nets (SPNs) [18] are a subset of timed Petri nets
for which firing delays associated with Petri net transitions
are independent of each other (but they may depend on the
model’s state) and are exponentially distributed. It can be
shown that the stochastic process underlying an SPN is a
continuous-time Markov chain (CTMC). Unfortunately, in
the literature, very few analytical results are available for
the solution of SPNs and in general the exact computation
of the stationary performance indices is extremely inefficient.
For this reason, SPN models are usually studied by means
of simulation [11]. Several tools are available for simulating
SPNs among which we recall Timenet [22], GreatSPN [8],
SPNP [13]. One of the problems in the stationary simula-
tion of stochastic models (including SPNs) is the detection
of the so called warm-up period, i.e., the period required by
the model to move from its initial condition to the equilib-
rium (if it exists). There are several statistical approaches
for the detection of the length of transient phase in a sim-
ulation which can be formulated for SPNs (see e.g., [15]);
however, they usually depend on the users’ skills (such as
the Welch’s graphical method) and hence are prone to er-
rors. For ergodic models with finite state spaces, perfect
sampling is a method to sample a reachable state of the
model with a probability that corresponds to its stationary
probability, i.e., we sample a reachable state according to
the steady-state distribution of the SPN.

In this paper we present performance tests of a tool called
Stochastic Petri Nets Perfect Sampling (spnps) that imple-
ments coupling from the past [19] algorithm for SPNs with
finite state spaces. Spnps uses decision diagrams to contain
the problem of the state space explosion and its strength
lies in the generality of the models that it can handle. Al-
though in the worst case the time and space complexities
of spnps are more than exponential with respect to the net
structure (since the whole net state space must be built),
we observed that in many practical cases the structure of
the model’s underlying reachability graph has regularities
that can be efficiently exploited by decision diagrams. For
this reason, we test spnps on a class of models which are
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known to play an important role in the analysis of dis-
tributed systems and telecommunication systems: fork-join
queueing networks [12, 7]. For these models very few ex-
act results are known [2] mainly relying on product-form
theory. Therefore, the definition of techniques for approxi-
mation and simulation are the principal approaches for the
estimation of their stationary performance indices. In [9, 5]
the authors present algorithms for perfect sampling on re-
stricted classes of fork-join queueing networks (in the former
case consisting of one node, in the latter with limitation on
the probabilistic routing). They take advantage of the reach-
ability graph properties in order to improve the efficiency of
the algorithms. Similarly, another approach [6] is applicable
to a different class of fork-join queueing networks; however,
in the queueing networks considered there, customer routing
cannot depend on the total number of customers in a set of
queues, while in the models that we consider, queues can
have a shared capacity (i.e., restriction on the total number
of customers in a set of queues) and a customer that can-
not enter a destination queue due to shared capacity being
full is blocked. Further research is needed in order to assess
the possibility of applying to the models considered here the
general method proposed in [6]. While spnps is less effi-
cient than these approaches for particular classes of models,
its generality allows for studying SPNs (and hence fork-join
queueing networks that are representable as SPNs) with a
more general structure. In particular, we show that for fork-
join queueing networks, the time required for performing a
perfect sampling is acceptable even for relatively large nets.

The paper is structured as follows. In Section 2 we briefly
describe the tool interface and the supported class of SPNs
and we outline the algorithm implemented by the tool. Next,
in section 3 we introduce models used in testing, describe the
testing procedure and discuss the performance of the tool.
Finally, Section 4 concludes the paper.

2. SPNPS: TOOL DESCRIPTION
Spnps is a command-line tool that takes in input an SPN

model specified in PNML [21], place marking bounds, i.e.,
the maximum number of tokens that a place can contain,
and an ordering of places for the construction of the decision
diagram.

When used for its main purpose, perfect sampling, the
output of the tool is a specified number of perfect samples
from the reachability set of the input SPN. In addition, the
user can specify as a stopping criterion the maximum car-
dinality of the final set A0 in Algorithm 1 (1 is the default
value) and in this case the sampling runs are stopped before
completion and the entire set A0 is returned as the result.
Performing such incomplete perfect sampling runs can be
useful in the analysis of models that exhibit multimodal be-
haviour.

Spnps is a stand-alone tool and as such can be used in a
preprocessing step to provide initial markings for stationary
simulation runs that can then be performed by other tools.
C++ source code of the tool can be obtained at the web
page of one of the authors1. For a more detailed description
of the tool, the interested reader can refer to [4].

2.1 Assumptions on the SPN
The class of SPNs that we consider are those introduced

1http://www.dais.unive.it/~stojic/soft.html

in [18] that are standard Petri nets in which each transi-
tion is associated with a firing delay that may depend on
the model’s state. The firing delays are exponentially dis-
tributed random variables. It can be shown that under these
assumptions the stochastic process underlying the SPN is a
CTMC and that the reachability set of the untimed Petri
net is identical to the state space of the CTMC underlying
the model. Spnps works on SPNs with finite state spaces
and whose transitions implement one of the following firing
semantics. Single server (SS) semantics, i.e., the firing delay
is set when the transition is first enabled and a new delay is
sampled in case the same transition is enabled after the fir-
ing. In other words, the firing rate of an enabled transition
is state independent. Infinite server (IS) semantics, i.e., ev-
ery enabling set of tokens is processed in parallel as soon as
they arrive at the input places. Each of these concurrent
delays associated with a transition are i.i.d. exponentially
distributed random variables. According to the race policy,
this corresponds to a single server semantics in which the
firing rate depends on the marking of the transition’s input
places.

2.2 The algorithm behind spnps
This subsection contains a high-level overview of the per-

fect sampling algorithm as implemented in the present tool,
while the details and a version of the algorithm that sup-
ports more general transition firing semantics can be found
in a previous paper by the same authors [3]. The algorithm
is based on coupling from the past [19], which is an algo-
rithm for sampling from the stationary distributions of dis-
crete time Markov chains (DTMC)—the tool simulates the
DTMC obtained by uniformization of the original CTMC
starting from all states and performs the simulation until all
states couple into a single state. Algorithm 1 outlines main
steps of the algorithm implemented in the present tool.

Algorithm 1: PERFECT SAMPLING

Data:

• SPN (P, T , I, O,W,m0),

• function S : T → {SS, IS} defining transitions’ firing
semantics,

• vector of place marking bounds B ∈ N|P|,
• function V : P → {0, 1, . . . , |P| − 1} defining ordering of

places,

• i.i.d. uniform on [0, 1] random variables U0, U−1, . . .

Result: Sample from the stationary distribution of the SPN
1 begin
2 RS ← GENERATE STATE SPACE(SPN,B, V );
3 φ← GENERATE UPDATE RULE(SPN, S,B, V );
4 m← 1;
5 repeat
6 A−m ←RS;
7 for i = −m+ 1 to 0 do
8 Ai ← φ(Ai−1, Ui);

9 m← 2m;
10 until |A0| = 1;
11 return s ∈ A0;

In line 2 state space RS of the CTMC underlying the
SPN is generated and encoded by a multi-way decision dia-
gram (MDD). The generation of the state space is performed
by saturation algorithm [17] which can efficiently generate
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MDDs encoding very large state spaces for many types of
practical models. Then, in line 3, several MDDs that to-
gether encode a simulation update rule φ : 2RS × [0, 1] →
2RS are generated. Simulation update rule φ respects step
probabilities of a DTMC that is obtained by uniformiza-
tion from the CTMC underlying the SPN model: i.e., if
si, sj ∈ RS are two states of the DTMC with the corre-
sponding single step probability pij and U is uniformly on
[0, 1] distributed random variable then the following holds:

Pr
{
φ({si}, U) = {sj}

}
= pij .

To generate MDDs that encode φ we exploit the specific
structure of a CTMC underlying an SPN, namely that there
is only a limited number of ways that the marking can
change (one for each transition) and that there is only a lim-
ited number of different transition rates in the CTMC (one
for each combination of a transition and its enabling degree).
Given an MDD that encodes a set of states Ai−1 ⊆ RS and
a sample from U , the update rule φ performs one simula-
tion step (of the DTMC obtained by uniformization of the
CTMC) from all states in the set Ai−1, producing an MDD
that encodes set Ai of states that are reached from some
state in Ai−1 by the simulation step. Since the simulation
step can couple some of the states in Ai−1 (i.e., performing
the simulation step from different states can produce the
same state), the resulting set has equal or smaller cardinal-
ity, |Ai| ≤ |Ai−1|. This process can then be continued until
a set containing only a single state is obtained. Lines 4 to 10
perform such simulations for increasing number m of steps
until the resulting set A0 contains only a single state s ∈ RS
which is returned as the sample. Update rule φ and the algo-
rithm are constructed so that the probabilities of sampling
each of the states in RS are equal to their stationary prob-
abilities in the CTMC underlying the SPN. The number m
of steps that produces the coupling depends on the proper-
ties of the model and on the update rule φ, and its expected
value is finite for all SPNs with finite state spaces [3]. Thus
the algorithm terminates in a finite expected time.

3. TESTING THE TOOL ON FORK-JOIN
QUEUEING NETWORKS

Fork-join queueing networks allow the jobs to be split into
several tasks that are processed in parallel. Once all the
tasks have been served, a join operation is performed and
we consider the original job served. These models are very
useful for the performance evaluation of distributed systems
with task concurrency and synchronization. In this section
we test spnps on a fork-join queueing network and discuss
the performance of the perfect sampling algorithm that it
implements.

3.1 The testing model
We consider the fork-join queueing network depicted in

Figure 1. The model is described by parameters: n, m, r.
Figure 1 shows the leftmost service station Q0 that initially
contains m jobs. Once a job is served, it is forked into n
sub-tasks which are enqueued in Q1, . . . , Qn, respectively.
After being served by station Qi, the sub-task i is routed to
one of the stations Qi1f , . . . , Qinf according to a uniform
probabilistic choice: this is the first phase of service. The
second phase is performed by stations Qi1s, . . .Qins with a
constraint on the available resources: at most r sub-tasks

can simultaneously be in the queues Qi1s, . . . , Qins for each
i = 1, . . . , n. All the service times are independent and
exponentially distributed and the stations are equipped with
a single server. We assume a processor sharing queueing
discipline.

The queueing network for parameters n = 2, m = 3, r = 1
is modeled by the Petri net in Figure 2. There are m = 3
tokens in place P0, representing jobs. Transition T1 models
the fork and T14 the join. The resources are modelled as
tokens in places Pr1 and Pr2. Places P1j and P2j model the
waiting room for sub-tasks which have been served and are
waiting to be joined. The remaining places model the wait-
ing/service rooms of the corresponding queueing stations.
The resulting Petri net has 2n2 + 3n+ 1 places and 3n2 + 2
transitions.

We make two important observations on the model of Fig-
ure 2: the first is that the SPN for n ≥ 2 is not a free choice
SPN. In fact, in a free choice Petri net if there is an arc
from a place s to a transition t, then there must be an arc
from any input place of t to any output transition of s [10].
Now, consider the net of Figure 2 and let s be for example
Pr1 and t be transition T4. Consider the input place P11f

of T4 and the output transition T5 of Pr1: since there is no
arc from P11f to T5 the net is not free choice. Therefore,
the optimised algorithms for perfect sampling of free choice
SPNs cannot be applied (see [5] and the references therein).
The second observation is on the semantics of the join speci-
fied in terms of SPN. In fact T14 does not guarantee that the
join occurs among the sibling sub-tasks since a sub-task may
overtake another sub-task that was previously forked. The
more detailed representation of the join operation requires a
much more complicated stochastic process and is out of the
scope of this paper.

3.2 Performance evaluation
To test the performance of spnps on the fork-join model

we performed two groups of tests.
In the first group of tests, we study how the performance

scales with number of initial jobs. We fixed the size of the
SPN by setting n = 2 and run the tests for parameter m
ranging from 2 to 40 with step 2 and with number of re-
sources per fork equal to half the number of jobs, r = m/2.

In the second group, we examine how the performance
scales with the size of the SPN by fixing the number of jobs
to m = 2 and number of resources per fork to r = 1 and
running the tests for parameter n ranging from 2 to 16.

For each of these 20 + 15 = 35 sets of parameters, 50
independent tests were run by performing the perfect sam-
pling procedure with different random seeds. Rates of all
transitions of the tested SPN models were set to 1. We re-
port the results as 95% confidence intervals for the means of
measured values.

Testing was done on a GNU/Linux system with Intel(R)
Core(TM) i5-2310 CPU with maximum clock of 3.2 GHz
and with 8GB of main memory.

The results of the testing are shown in Table 1 and 2
for the first and second batch of tests, respectively. The
meaning of the columns is the following:

• nP : number of places of the SPN.

• nT : number of transitions of the SPN.

• |RS|: cardinality of reachability set of the SPN.
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Figure 2: SPN associated with the fork-join queueing network of Figure 1 for n = 2, m = 3 and r = 1.

• init time (s): time in seconds spent in generating deci-
sion diagrams that encode the reachability set and sim-
ulation update rule used in perfect sampling. If multi-
ple samples are generated, this needs to be done only
once and these decision diagrams can be reused in dif-
ferent sampling runs (i.e., this time can be amortized
over the sampling runs). The init times are indepen-
dent of the random seed, resulting in very tight confi-
dence intervals; we therefore report only the means.

• sampling time (s): 95% confidence interval for mean
time in seconds spent in a perfect sampling run.

• iterations: 95% confidence interval for mean number
of simulation steps in a perfect sampling run.

• peak memory (kB): 95% confidence interval for mean
peak memory use in kilobytes for the entire program.
The program loads the SPN from a PNML file, parses
it and runs the perfect sampling. The non-sampling
parts use about 5MB of memory.

Common magnitudes of intervals’ boundaries are shown out-
side the intervals.

We observe that the tool scales very well with the size
|RS| of the reachability set when we vary the size of the net
(second group of tests), but not as well when we vary the
size of the initial marking (first group of tests). Figure 3
shows log-log plots of memory use on the left and sampling
time on the right as functions of the reachability set size. For
the model from the first group of tests with largest tested

reachability set size |RS| ≈ 4.857 × 1012, the memory con-
sumption is comparable to the model from the second group
of tests for which |RS| ≈ 1.152 × 1026, and the sampling
time is comparable to the model from the second group of
tests with the largest tested |RS| ≈ 3.882× 1042.

As performance of the algorithm depends in large part
on efficiency of MDDs that are used to encode subsets of
the reachability set and the simulation update rule, and ef-
ficiency of MDDs depends on the properties of the sets or
functions that they encode, the observed difference in per-
formance between the two groups of tests is likely in part due
to the structure of the reachability sets. If we consider the
reachability sets of the n SPN components between fork and
join transitions, then for m = 1 the reachability set of the
entire SPN is equal to the union of a singleton set containing
initial marking (where the single token is in the initial place)
and the Cartesian product of the n components’ reachability
sets restricted to the case when the initial place is empty.
This is highly structured and is well suited to representation
using decision diagrams (but note that the high symmetry
of the reachability sets is not exploited in the decision dia-
gram representation, only the high decomposability; i.e., the
important property is that the reachability set is similar to
a Cartesian product and not that the sets in the Cartesian
product are equal). Similar considerations apply for other
small values of m. In contrast, for small n and large m, the
reachability set is not as well structured (we obtain a large
union of m+ 1 Cartesian products over components).

In addition, because the implementation encodes reacha-
bility sets and their subsets by decision diagrams in which



m r |RS| init time (s) sampling time (s) iterations peak memory (kB)

2 1 361 3.204× 10−3 [3.735, 4.489]× 10−3 [2.386, 3.169]× 102 [5.638, 5.682]× 103

4 2 14207 5.294× 10−3 [1.530, 1.754]× 10−2 [3.124, 4.095]× 102 [5.900, 5.945]× 103

6 3 214492 8.835× 10−3 [4.449, 4.929]× 10−2 [4.134, 5.286]× 102 [6.618, 6.659]× 103

8 4 1.865× 106 1.372× 10−2 [1.068, 1.181]× 10−1 [5.372, 6.711]× 102 [7.836, 7.981]× 103

10 5 1.130× 107 2.134× 10−2 [2.250, 2.472]× 10−1 [5.998, 7.723]× 102 [7.897, 8.074]× 103

12 6 5.290× 107 3.101× 10−2 [4.277, 4.707]× 10−1 [6.945, 8.415]× 102 [1.053, 1.062]× 104

14 7 2.045× 108 4.568× 10−2 [7.911, 8.528]× 10−1 [0.888, 1.057]× 103 [1.057, 1.141]× 104

16 8 6.809× 108 6.338× 10−2 [1.434, 1.568] [1.101, 1.357]× 103 [1.546, 1.606]× 104

18 9 2.012× 109 8.897× 10−2 [2.255, 2.441] [1.219, 1.505]× 103 [1.583, 1.597]× 104

20 10 5.392× 109 1.185× 10−1 [3.861, 4.229] [1.728, 2.246]× 103 [2.072, 2.379]× 104

22 11 1.332× 1010 1.554× 10−1 [5.724, 6.221] [1.563, 2.000]× 103 [2.721, 2.747]× 104

24 12 3.071× 1010 1.998× 10−1 [9.056, 9.640] [2.242, 2.796]× 103 [2.739, 3.011]× 104

26 13 6.673× 1010 2.606× 10−1 [1.286, 1.389]× 101 [2.359, 3.089]× 103 [3.620, 4.244]× 104

28 14 1.378× 1011 3.263× 10−1 [1.854, 2.021]× 101 [2.896, 3.822]× 103 [4.916, 5.118]× 104

30 15 2.719× 1011 4.086× 10−1 [2.607, 2.824]× 101 [3.399, 4.466]× 103 [5.150, 5.164]× 104

32 16 5.158× 1011 5.004× 10−1 [3.521, 3.757]× 101 [3.759, 4.843]× 103 [5.207, 5.737]× 104

34 17 9.446× 1011 6.199× 10−1 [4.481, 4.871]× 101 [4.043, 5.378]× 103 [6.514, 7.456]× 104

36 18 1.676× 1012 7.517× 10−1 [6.095, 6.723]× 101 [4.641, 6.869]× 103 [8.265, 8.833]× 104

38 19 2.890× 1012 9.036× 10−1 [8.086, 8.860]× 101 [4.897, 6.694]× 103 [9.042, 9.256]× 104

40 20 4.857× 1012 1.080 [1.011, 1.106]× 102 [5.392, 7.552]× 103 [9.651, 9.976]× 104

Table 1: First group of tests with n = 2, m ranging from 2 to 40 and r = m/2. The net has 15 places and 14
transitions.

n nP nT |RS| init time (s) sampling time (s) iterations peak memory (kB)

2 15 14 361 3.204× 10−3 [3.589, 4.216]× 10−3 [2.189, 2.829]× 102 [5.645, 5.679]× 103

3 28 29 27513 9.316× 10−3 [2.081, 2.523]× 10−2 [5.947, 8.389]× 102 [6.654, 6.691]× 103

4 45 50 4.111× 106 2.401× 10−2 [7.792, 9.251]× 10−2 [1.342, 1.812]× 103 [8.101, 8.181]× 103

5 66 77 9.927× 108 5.041× 10−2 [2.329, 2.687]× 10−1 [2.295, 3.030]× 103 [1.123, 1.129]× 104

6 91 110 3.513× 1011 9.699× 10−2 [6.775, 7.887]× 10−1 [3.848, 5.245]× 103 [1.698, 1.726]× 104

7 120 149 1.714× 1014 1.656× 10−1 [1.572, 1.925] [5.368, 7.657]× 103 [2.754, 2.771]× 104

8 153 194 1.103× 1017 2.890× 10−1 [3.153, 3.755] [7.363, 9.594]× 103 [3.229, 3.460]× 104

9 190 245 9.065× 1019 5.198× 10−1 [5.843, 6.849] [0.889, 1.176]× 104 [5.155, 5.226]× 104

10 231 302 9.261× 1022 7.359× 10−1 [1.087, 1.298]× 101 [1.432, 1.911]× 104 [9.214, 9.395]× 104

11 276 365 1.152× 1026 1.223 [1.715, 2.031]× 101 [1.697, 2.203]× 104 [1.009, 1.025]× 105

12 325 434 1.714× 1029 1.616 [2.683, 3.184]× 101 [1.991, 2.793]× 104 [1.522, 1.585]× 105

13 378 509 3.006× 1032 2.558 [3.772, 4.537]× 101 [2.097, 2.785]× 104 [1.888, 1.920]× 105

14 435 590 6.141× 1035 3.175 [6.133, 7.234]× 101 [3.093, 4.247]× 104 [2.101, 2.114]× 105

15 496 677 1.445× 1039 4.103 [8.546, 9.790]× 101 [3.386, 4.216]× 104 [2.653, 3.148]× 105

16 561 770 3.882× 1042 6.012 [1.067, 1.259]× 102 [3.452, 4.675]× 104 [3.798, 4.173]× 105

Table 2: Second group of tests with n ranging from 2 to 16, m = 2 and r = 1.
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Figure 3: Comparison of the memory usage and the sampling time for the first and the second batch of tests.



levels correspond to Petri net places, enlarging the net makes
the decision diagrams taller (more levels), while enlarging
the marking makes them wider (more pointers per node).
Since the decision diagrams gain efficiency, in comparison
to a tree representation of the reachability set, by reusing
nodes on lower levels, this makes them likely to be more ef-
ficient in the former case—in taller diagrams there are more
levels and reusing nodes deeper in the diagram is often more
profitable for efficiency.

4. CONCLUSION
We have presented the tool spnps which implements a

variant of the coupling from the past algorithm for perfect
sampling in bounded SPNs. Spnps uses decision diagrams
as a data structure to perform the perfect sampling and we
have shown that when the SPN has a certain regularity in
its reachability set, the sampling can be done efficiently even
in nets with very large state spaces.

We have evaluated the performance of the tool on SPN
models of fork-join queueing networks with some resource
competition. The results of our tests suggest that the al-
gorithm as implemented is likely to be more efficient for
sampling in models that are composed of many loosely cou-
pled components. Future work will explore the possibility
of improving the tool performance by using different encod-
ings. In fact, as mentioned before, currently each SPN place
is encoded by a single level in the decision diagram, while
multiple levels per place or multiple places per level could
be used.
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