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ABSTRACT
In this paper a semi-analytical model for the evaluation of
the queuing performance in CSMA-CA multi-hop wireless
networks with arbitrary topology is proposed. The intrinsic
fairness of single-hop wireless networks can be used to model
the network as a processor sharing system with multiple
queues, one for each node, and a fair scheduling regime. In
the multi-hop scenario, the queuing performance depends on
the access protocol, the network topology and the traffic pro-
files on all links. In a previous paper a model is introduced
which allows the calculation of the saturation throughput
of nodes in multi-hop CSMA-CA networks with RTS/CTS
enabled access. A simplified version of the method is used
to estimate the resources of the servers in a many-sources
large deviations analysis of a queuing system with multi-
ple coupled servers. The queuing performance of wireless
networks can be evaluated by mapping the different servers
to the nodes in the network. The cumulative complemen-
tary distribution function of the buffer occupation of a node
for different topologies is calculated by a novel method and
compared to the results of an event-driven simulation with
the same settings. A good fit between the semi-analytical
model and the simulation is obtained.

Categories and Subject Descriptors
C.2 [Computer-Communication Networks]: Wireless
communication; G.3 [Probability and Statistics]: Queu-
ing Theory

1. INTRODUCTION
Recently there has been a large interest in multi-hop wire-

less networks. The theoretical capacity of IEEE802.11n1

makes this recent standard a viable wireless local loop tech-
nology. A semi-analytical approach for the evaluation of the
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queuing performance can be an important tool for the initial
planning of a network or for the troubleshooting in the case
of QOS problems.

The analysis of the queuing behavior in a wireless net-
work is a rather complex problem. In a multi-hop scenario
the throughput depends not only on the maximum over-
the-air data-rate but also on the topology, the exact sender-
receiver pair and the workload of the other nodes in the net-
work. Semi-analytical throughput models [4] for multi-hop
CSMA-CA packet radio networks existed but only recently
the same theory is applied to IEEE802.11 [1,2]. In a pre-
vious paper [10] the throughput in a IEEE802.11 network
with RTS/CTS enabled access is calculated as a function
of the topology and the mean link occupation of a sender-
receiver pair. The interaction of the varying capacity as
seen by a node and the queuing process has never been ad-
dressed properly for a CSMA-CA network with an arbitrary
topology. The authors of [3,11] do consider only a single
hop approach and in [7,12] the performance is evaluated by
calculating the throughput without considering the queuing
process.

An exact solution for the multi-hop queuing problem is
not possible if the traffic distribution is not trivial or the
traffic is characterized by a measured trace but the analysis
can be simplified if the traffic is supposed to be composed
of many flows. A many sources large deviations estimate
for the buffer occupation of a node can be calculated which
takes into account the capacity of the node as the saturation
throughput of the node considering the capacity seen by the
other nodes. The basic assumptions for the application of a
many sources large deviations theory in a practical network
scenario can be summarized as follows:

• the queuing process has a steady-state solution;

• the input to the queuing process is generated by many
independent sources and

• the event of interest is a “rare event”.

The first hypothesis can be reformulated: the capacity of
a node has to be higher than the mean rate, otherwise the
queue is not stable and less than the peak rate, otherwise
no buffer overflow can occur. The second assumption can be
relaxed [16] to include the case of long range dependent and
fractal WAN traffic respecting some technical conditions. In
practice all the experiments with real traffic trace [17,18]
have given satisfying results. The buffer in a well designed



queuing system empties regularly. The probability that the
buffer level exceeds a certain level is low and the event of
interest, the overflow of the buffer, can be labeled as a “rare
event”.

In [14,15] the queuing analysis of respectively a FIFO and
a priority queuing system accessed by a large number of
independent stationary sources is detailed. The same ap-
proach is used here to make a large deviations model of the
multi-hop CSMA/CA wireless network. The main differ-
ences with other approaches are the following:

• real traffic traces or arbitrary traffic distributions can
be used as input;

• the multiplexing of sources is well defined in the large
deviations limit;

• the evaluation can be carried out for an arbitrary topol-
ogy and

• the cumulative complementary distribution function of
the buffer occupation is calculated.

These features allow the evaluation of several realistic QOS
parameters, as packet loss, delay and jitter both on a node
level and a flow level.

To evaluate the proposed solution for the calculation of
the cumulative complementary distribution function of the
buffer occupation of a node, a simplified MAC protocol is
used. The intricacies of IEEE802.11 with RTS/CTS enabled
access make the queuing analysis not trivial due to starva-
tion effects [7]. To study the interaction of the varying ca-
pacity with the queuing process an ideal RTS/CTS schema
is used:

• the sending and receiving of a RTS/CTS message is
instantaneous and does not interfere with other trans-
missions (side channel) so that collisions are prohibited
and impossible;

• on reception of a RTS message, a node returns a CTS
message if the channel as seen by the node is empty;

• if a node is not blocked by physical of virtual carrier
sensing and the buffer is not empty, a packet will be
served without back-off and

• if several nodes can serve a packet at the same time,
the oldest packet to be served has priority.

The method in [5] is applied to the simplified MAC protocol
and a product form evaluation of the air-time of the nodes
is used to evaluate the constitutive equations which restricts
the space of possible throughput tuples for all nodes. These
equations turn out to be linear in this case and the rule
“always send if not blocked” states that the capacities as
seen by the nodes, are always situated on the bounds of the
constitutive equations.

The main contribution in this paper is a novel method
which models a multi-hop CSMA-CA network as a many
sources large deviations queuing problem. An ideal RTS/CTS
access schema is used to study the interaction between the
MAC protocol and the queuing process. This is a first
step to construct a semi-analytical framework which mod-
els the queuing performance of real CSMA-CA networks as

IEEE802.11. The more complicated capacity evaluation de-
scribed in [10] can easily be integrated in the many sources
large deviations approach to obtain a semi-analytical frame-
work for the performance evaluation of an IEEE802.11 net-
work with RTS/CTS enabled access.

This paper is organized as follows. In section 2 some back-
ground information and preliminaries are given for the many
sources large deviations analysis. Section 3 details the novel
method for the calculation of the cumulative complemen-
tary distribution function of the buffer occupation of a node
in the multi-hop CSMA/CA network. Whereas section 4
introduces the simplified RTS/CTS access protocol. In sec-
tion 5 a case-study is presented which compares the semi-
analytical calculations with event-driven simulations for a
same setting.

2. BACKGROUND AND PRELIMINARIES
A discrete-time fluid queuing system with M servers each

one serving a buffer with size b(i) and accessed by n(i)sources
of class i represents a multi-hop CSMA-CA network with M
nodes and associated traffic. The instantaneous capacities
of the servers are related by the topology of the multi-hop
network, the behavior of the CSMA/CA protocol and the
load due to the different sources.

At any discrete time instant, denoted by n, a finite number

of traffic units 0 ≤ λ
(i)
n ≤ K(i) is transmitted from a class

i source into the buffer i, where K(i) is referred to as the
peak rate of the class i. If there is insufficient space in the
buffer then the traffic units which can not be admitted are
lost. It is assumed that the sequence

“
λ

(i)
n , n ∈ Z

”
forms

a stationary and ergodic process for each source of class i
and that the resulting sequences are independent among the
classes and within them.

The many sources regime studies the particular case when
each buffer i is fed by the superposition of a large number
of class i sources, noted N (i) = Nn(i). The instantaneous

service rates C
(i)
n = Nc

(i)
n and the buffer sizes B(i) = Nb(i)

are also scaled with a factor N . The total arrival process for
a source of class i is defined by

λN
(i)

n =

N(i)X
j=1

λ(i)
n . (1)

The workload present in the buffer i at the discrete mo-
ment n can be defined by Lindley’s recursion formula [13]

XN(i)

n = max
“

0, XN(i)

n−1 + λN
(i)

n − C(i)
n

”
. (2)

The following stability condition guarantees the existence
of a stationary queue length process

n(i)Eλ(i)
n = n(i)µ(i) < Ec(i)n (3)

and the relation

n(i)K(i) > Ec(i)n (4)

has to be satisfied otherwise losses cannot occur.
The cumulative arrival process Λ

(i)
t , i.e. the total number

of traffic units arrived into the buffer B(i) in the interval
[n,m), is expressed by

Λ
(i)
t =

m−1X
l=n

λ
(i)
l (5)



with t = (m− n) ∆t, a multiple of the elementary time-step
∆t = t0.

The tail distribution of ΛN
(i)

t =
PN(i)

j=1 Λ
(i)
t determines the

buffer asymptotics by Loynes’s theorem [14]. This theorem
specifies the stationary, ergodic queue length process if the
stability criterion (3) holds

XN(i)
= sup

t≥0

“
ΛN

(i)

t − C(i)
t

”
(6)

where C
(i)
t =

Pm−1
l=n C

(i)
l .

It is assumed that the moment generating function of λ
(i)
m

exists

φ
(i)
t (s) = EesΛ

(i)
t (7)

for all finite t.
The density f

ΛN(i)
t

(Nu) and the tail probability Pr
h
ΛN

(i)

t ≥ Nu
i

are respectively stated by the local limit theorem due to
Petrov and the Bahadur-Rao theorem [14]. As N → ∞
uniformly for 0 ≤ u ≤ n(i)K(i)t then

f
ΛN(i)

t

(Nu) =
e−NJ

(i)
t (u)r

2πN
“
σ

(i)
t (u)

”2

„
1 +O(

1

N

«
(8)

and as N →∞ uniformly for n(i)µ(i)t < u < n(i)K(i)t then

Pr
h
ΛN

(i)

t ≥ Nu
i

=
e−NJ

(i)
t (u)

s
(i)
t (u)

r
2πN

“
σ

(i)
t (u)

”2

„
1 +O(

1

N

«
(9)

where

J
(i)
t (u) = s

(i)
t (u)u− n(i) lnφ

(i)
t

“
s

(i)
t (u)

”
(10)

with s
(i)
t (u) the unique solution to

φ
(i)
t

“
s

(i)
t (u)

”′
φ

(i)
t

“
s

(i)
t (u)

” =
u

n(i)
(11)

and

σ
(i)
t (u) = n(i)

0B@φ(i)
t

“
s

(i)
t (u)

”′′
φ

(i)
t

“
s

(i)
t (u)

” − “ u

n(i)

”2

1CA . (12)

These equations are well known in the theory of Large De-

viations where J
(i)
t (u) denotes the rate function. s

(i)
t (u) is

positive if u > n(i)µ(i)t and it is zero if u = n(i)µ(i)t . If

u < n(i)µ(i)t then it is assumed that Pr
h
ΛN

(i)

t ≥ Nu
i

= 1

and J
(i)
t (u) = 0. If u > n(i)K(i)t then packet loss can not

occur and Pr
h
ΛN

(i)

t ≥ Nu
i

= 0.

3. MULTI-HOP QUEUING

3.1 Formulation
The Large Deviations probability that the steady-state

workload present in the buffer M is larger than the value

B(M) given C
(M)
t can be expressed in the terminology of the

previous subsection

Pr
h
XN(M)

≥ B(M)
i “
C

(M)
t

”
=

Pr

»
sup
t≥0

“
ΛN

(M)

t − C(M)
t

”
≥ B(M)

–
.

By symmetry this can be done for each node in the network.
The principle of the largest term states that rare events

occur in the most likely way [13]. The overflow of a buffer
can be considered a rare event so that the supremum can be
moved out the probability

Pr
h
XN(M)

≥ B(M)
i “
C

(M)
t

”
=

sup
t≥0

Pr
h
ΛN

(M)

t ≥ C(M)
t +B(M)

i
.

In a multi-hop CSMA/CA network, the capacities of the
nodes are related to satisfy the following constraints:

• the stability criterion for each node has to be respected;

• no backlogging of traffic in a node, except the node M
is authorized;

• the intrinsic capacity specified by the access protocol
has to be optimally used and

• the topology restricts theM -dimensional space of avail-
able capacities.

The next section gives a detailed overview of the constitutive
equations linking the capacities of nodes in a multi-hop net-
work with an ideal RTS-CTS access schema and evaluated
for different topologies.

Due to the dependency of C
(M)
t on the capacities of the

other nodes the following M -multiple integral has to be eval-
uated for the calculation of Pr

ˆ
XN ≥ B

˜
for all authorized

capacities C
(M)
t

Pr
h
XN ≥ B

i
=Z

D

sup
t≥0

Pr
h“

ΛNt

”
≥ C(M)

t +B(M)
i

dC
(M)
t

M−1Y
i=1

sup
t≥0

f
ΛN(i)

t

(C
(i)
t )dC

(i)
t (13)

where the domain D is limited by
“
Nµ(i)t(i), NK(i)t(i)

”
and

the constitutive equations due to the access protocol and the
topology. Substituting the tail probability and the densities
expressed in the previous section gives

Pr
h
XN ≥ B

i
=Z

D

e−NJ
(M)
t (u(M))

s
(M)
t (u(M))

r
2πN

h
σ

(M)
t (u(M))

i2 du(M)

M−1Y
i=1

e
−NJ(i)

t0 (u(i))r
2πN

h
σ

(i)
t0

(u(i))
i2 du(i) (14)



where t = arg supt≥0 J
(M)
t

“
u(M)

”
and Nu(M) = C

(M)
t +

B(M). For i < M no backlogging of traffic is authorized, e.i.
the buffer capacity of node i equals 0, so that t(i) = t0 and

Nu(i) = C
(i)
t .

3.2 Evaluation
Laplace’s method [19] gives an analytical approximation

for the following integral as N →∞

Z
D

g(x)e−Nf(x)dx =
(2π)

M−1
2 g(x0)e−Nf(x0)

N
M+1

2
p
|J |

with arg min f(x) = x0 ∈ D and

J =
∂f(x0)

∂xp

∂f(x0)

∂xq
cof

"
∂2f(x0)

∂xp∂xq
−
X
j

kj
∂2hj(x0)

∂xp∂xq

#
with j active constraints hj(x0) = 0 and kj the correspond-
ing Lagrangian multipliers. For non-active constraints, the
Lagrangian multipliers equal 0. cof [Apq] is used to denote
the co-factor of the element Apq of the matrix [Apq].

For u = (u(1), . . . , u(M)) the elements of the integral 14
can be reformulated in terms of Laplace’s method

f(u) = J
(M)
t

“
u(M)

”
+

M−1X
i=1

J
(i)
t0

“
u(i)
”

(15)

and

g(u) =

 
s

(M)
t

“
u(M)

”r
2πN

h
σ

(M)
t (u(M))

i2
M−1Y
i=1

r
2πN

h
σ

(i)
t0

(u(i))
i2!−1

.

Both can analytically be calculated for a given traffic distri-
bution, e.g. periodic ON/OFF sources, or the functions can
numerically be evaluated for a file containing a traffic trace
consisting of a time-stamp and a packet size.

The key point of the evaluation of the integral is the opti-
mization of the function f(u) with a search domain limited
by the constraint functions hj(u). The gradient of the func-
tion f(u) can easily be obtained by combining

∂f(u)

∂u(i)
=

∂J
(i)
t

“
u(i)
”

∂u(i)

and

∂Jt
“
u(i)
”

∂u(i)
= s

(i)
t

“
u(i)
”

+
∂s

(i)
t

“
u(i)
”

∂u(i)
u(i)

− n

φ
(i)
t

“
s

(i)
t (u(i))

” ∂φt
“
s

(i)
t

“
u(i)
””

∂s
(i)
t (u(i))

∂s
(i)
t

“
u(i)
”

∂u(i)

= s
(i)
t

“
u(i)
”
.

The last equation uses equation 11 to give the following
straightforward result

∇f(u) =
h
s

(1)
t

“
u(1)

”
s

(2)
t

“
u(2)

”
· · · s

(M)
t

“
u(M)

” i
.

Similarly the Hessian of the function f(u) can be calculated

∂2f(u)

∂ (u(i))
2 =

∂2Jt
“
u(i)
”

∂ (u(i))
2 =

∂s
(i)
t

“
u(i)
”

∂u(i)

= 2
∂s

(i)
t

“
u(i)
”

∂u(i)
− σ(i)

t

“
u(i)
”0@∂s(i)

t

“
u(i)
”

∂u(i)

1A2

=
1

σ
(i)
t

and

∂2f(u)

∂u(i)∂u(j)
= 0

resulting in a diagonal Hessian matrix

Hf(u) =

2666664
1

σ
(1)
t (u(1))

0 0

0 1

σ
(2)
t (u(2))

0

. . .

0 0 0 1

σ
(M)
t (u(M))

3777775 .

The optimization can in the general case be carried out by
a numerical algorithm. DONLP2 [20] by Peter Spellucci is a
FORTRAN subroutine which uses a sequential equality con-
strained quadratic programming method with an active set
technique to solve the constraint minimization problem. De-
pending on the constitutive equations more optimized pro-
cedures can be chosen.

4. CONSTITUTIVE EQUATIONS
To evaluate of the model of previous section a simple MAC

protocol is used. It is based on the RTS/CTS enabled access
of IEEE802.11 with the following modifications:

• the sending and receiving of a RTS/CTS message is
instantaneous and does not interfere with other trans-
mission (side channel) so that collisions are prohibited
and impossible;

• on reception of a RTS message, a node returns a CTS
message if the channel as seen by the node is empty;

• if a node is not blocked by physical of virtual carrier
sensing and the buffer is not empty, a packet will be
served without back-off and

• if several nodes can serve a packet at the same time,
the oldest packet to be served has priority.

This CDMA-CA protocol can be called ideal because the
scheduling is completely fair and collisions are completely
avoided. It is however completely unrealistic. RTS/CTS
messages have a certain cost, e.g. capacity, and collisions
will occur in a real wireless network. In [7] a complete
analyzes of both effects is detailed. For the evaluation of
the queuing model, this ideal MAC protocol allows a better



Table 1: Channel states and characteristics
State Time Interval Occurrence Probability

Successful Ts Ps = (1− e)(1− b)
Idle Te Pe = e(1− b)
Busy Tb Pb = b

understanding between the varying capacities, as seen by a
node, and the queuing process. Starvation effects due to col-
lisions of hidden terminals and nodes with an information
asymmetry relationship are not possible, so that the con-
stitutive equations limiting the domain of possible capacity
tuples are easier to evaluate.

4.1 Throughput and Channel State
Generally, a channel as seen by a node in a multi-hop

CSMA/CA network can have 4 states [7]:

• idle channel;

• channel occupied by a successful transmission of the
node;

• channel occupied by a collision of the node and

• channel busy due to activities of other nodes, detected
by means of physical or virtual carrier sensing (NAV).

These states are characterized by a time interval during
which a node remains in each of the states and the corre-
sponding occurrence probability. The simple access protocol
prohibits collisions so the collision channel state is not al-
lowed. The probabilities can be defined as a function of 2
auxiliary variables:

b the probability that the channel is busy due to activities
of other nodes and

e the conditional empty queue probability.

Table 1 summarizes the different channel states and asso-
ciated parameters. Using renewal theory, the steady-state
throughput, s, of a node can be expressed by

s =
Ps

PsTs + PeTe + PbTb
. (16)

Tsand Tb are known a priori

Ts =
µ

C

Tb =
µ∗

C

with µ the mean length of a packet leaving the node, µ∗the
mean length of a packet blocking the node and C the over-
the-air data-rate. In this paper it is assumed that µ = µ∗

so that several equations are simplified. For sake of com-
pleteness, the equations affected by this assumption will be
commented in a footnote. b, e and Te are specific for each
node and depend on the topology and the throughput of the
other nodes. The next section introduces the concept of air-
time which is the basis for the calculation of all remaining
unknowns.

4.2 Air-time
In [10] the air-time of a link, a(l), is defined by the fraction

of time during which the data over a link l can start to be
transmitted. In the setting of this paper it is no longer
necessary to distinct the different links of a node. This was
needed to have a reversible Markov-chain so that the steady-
state probability can be expressed by a product form. A
product form evaluation based on nodes is possible for the
simple MAC and A(i) is defined as the air-time of a node.
When all nodes are in sensing range of each other, the air-
time is common to all of them. The throughput of a node
is directly related to its air-time. The larger A(i), the more
the node can start to transmit.

A technique originally developed in [4] can be used to

compute A(i). The channel activity of each node i is char-
acterized by an ON/OFF process where the ON period has
a duration2 of Ts and where the corresponding link is active
after an exponentially distributed amount of time with mean

1

g(i) . The steady-state probability of a set of all nodes which

can be simultaneously active, noted by D, can be expressed
in product form3 by

Q(D) =

 Y
i∈D

g(i)Ts

!
Q(∅) =

 Y
i∈D

G(i)

!
Q(∅) (17)

where Q(∅) is the probability that no node is active and

G(i) the normalized scheduling rate. In [5] the authors give
the necessary condition for a product form probability: the
corresponding Markov-chain has to be reversible, i.e. if a
node blocks another node, the latter blocks also the former.

The air-time of a link l can be computed by considering
all independent sets in which no link in conflict with link l
is active

A(i) =

P
D∈C(i)

Q
j∈D G

(j)P
D∈N

Q
k∈D G

(k)
(18)

where C(i) is the complement of the set of nodes including
node i or a node in conflict with node i, given N the set
of all independent active node combinations. The rates g(i)

need to be computed iteratively by imposing that

A(i)g(i) = s(i) (19)

where s(i) is the throughput of the node i. This equations
can also be normalized

A(i)G(i) = S(i) (20)

with S(i) = s(i)Ts the normalized throughput of the node i.
The air-time of a node A(i) also corresponds to the fraction

of time during which the node is idle4

A(i) =
P

(i)
e Te

P
(i)
s Ts + P

(i)
e Te + P

(i)
b Ts

(21)

and P
(i)
e can be calculated as the probability that no schedul-

ing event from all the states in which node i can transmit

92Generally speaking T (i)
s = µ(i)

C
depends on the mean length

of a packet leaving a node.
93Q(D) =

“Q
i∈D g

(i)T
(i)
s

”
Q(∅)

94A(i) = P
(i)
e Te

P
(i)
s T

(i)
s +P

(i)
e Te+P

(i)
b
T

(i)
b



during an interval Te

P (i)
e = e(i)(1− b(i)) = e−G

(i)
aggT

(i)
e (22)

whereG
(i)
agg is the normalized aggregated exponential schedul-

ing rate of all nodes in conflict with node i conditioned by
the air-time of node i

G(i)
agg = G(i) +

X
i′∈C(i)

G(i′)A(i′|i) (23)

and the conditional air-time of node i′, given node i, is de-
fined by

A(i′|i) =
A(i′∩i)

A(i)
=

P
D∈C(i)∩C(i′)

Q
j∈D G

(j)P
D∈C(i)

Q
k∈D G

(k)
. (24)

Equations 18, 20, 21 and 22 combined with the normalized
throughput equation5

S(i) =
P

(i)
s

P
(i)
s + P

(i)
e

T
(i)
e
Ts

+ P
(i)
b

(25)

can be iteratively solved for a given tuple of throughputs.
If the system of equations converges the tuple is a possible
capacity distribution for the wireless multi-hop network.

4.3 Constitutive Equations
For the evaluation of the queuing performance, the bounds

for the space of capacity tuples is needed. These bounds are
reached when every node in the network is sending or is
blocked by a transmission of another node. This saturation
state can be expressed formally

∀i : e(i) = 0 . (26)

On the boundary, the air-time of a node becomes 0 and T
(i)
e

can no longer be evaluated. The normalized throughput
equation6 reduces to

S(i) = 1− b(i) . (27)

The blocking probability of a saturated node can be calcu-
lated

b(i) =
X
j∈F (i)

1

S(j)−
X

(k,l)∈F (i)
2

S(k,l) +
X

(m,n,o)∈F (i)
3

S(m,n,o)− . . .

(28)

where F
(i)
1 is the set of all nodes which block node i, F

(k,l)
2

is the set of all pair of nodes which can simultaneous block
node i and S(k,l)is the corresponding probability.

A first example is a linear topology of 4 nodes

n1 n2 n3 n4

with an equal distance between each two nodes. The nodes
can only transmit to their closest neighbor(s). The consti-

95S(i) = P
(i)
s

P
(i)
s +P

(i)
e

T
(i)
e

T
(i)
s

+P
(i)
b

T
(i)
b

T
(i)
s

96S(i) = 1−b(i)

1−b(i)+b(i) T
(i)
b

T
(i)
s

tutive equations can be written down

1− S1 = S2 + S3

1− S2 = S1 + S3 + S4 − S14

1− S3 = S1 + S2 + S4 − S14

1− S4 = S2 + S3

where the second and the third equation are identical. S14

can be eliminated and the bounds can be expressed by the
matrix equation

»
1 0 0 −1
1 1 1 0

–2664
S1

S2

S3

S4

3775 =

»
0
1

–
.

The second topology is a square of 4 nodes

n1 n2

n3 n4

with an equal distance between neighboring nodes. The con-
stitutive equation is easily found

ˆ
1 1 1 1

˜ 2664
S1

S2

S3

S4

3775 =
ˆ

1
˜
.

A circular topology of 6 nodes

n1 n2

n6 n3

n5 n4

can also be evaluated

2664
1 0 0 −1 0 0
0 1 0 0 −1 0
0 0 1 0 0 −1
1 1 1 0 0 0

3775
26666664
S1

S2

S3

S4

S5

S6

37777775 =

2664
0
0
0
1

3775 .

A rectangle of 6 nodes

n1 n2 n3

n4 n5 n6

is the last example. The following constitutive equations are
obtained

1− S1 = S2 + S3 + S4 + S5 − S34

1− S2 = S1 + S3 + S4 + S5 + S6 − S16 − S34

1− S3 = S1 + S3 + S5 + S6 − S16

1− S4 = S1 + S2 + S5 + S6 − S16

1− S5 = S1 + S2 + S3 + S4 + S6 − S16 − S34

1− S6 = S2 + S3 + S4 + S5 − S34

and after elimination of S16 and S34 the following matrix
equation describes the boundary of the domain

24 1 0 0 0 0 −1
0 0 1 −1 0 0
1 1 1 0 1 0

35
26666664
S1

S2

S3

S4

S5

S6

37777775 =

24 0
0
1

35 .



5. CASE STUDY
The semi-analytical method is illustrated by a rather sim-

ple example illustrating the different steps in the evaluation
of the queuing performance. A linear chain of 5 nodes forms
a CDMA/CA network with the simplified RTS/CTS access.
The nodes serve traffic composed of a superposition of pack-
ets from multiple periodic ON/OFF packet generators. Al-
though more complicated scenarios have been analyzed (tens
of nodes fed by real traffic traces and networks with an ar-
bitrary topology) with success, it is more instructive and
comprehensible to give the detailed results for a small sce-
nario.

5.1 Periodic ON/OFF Source
All nodes have a FIFO queue which is fed by 2 different

periodic ON/OFF packet generators. The period for the
first p1 = 40 traffic units and p2 = 5 for the second. The
peak rates of these sources in traffic units per time slot are
a1 = 4 and a2 = 1. The durations of the ON states are
on1 = 11 time units and on2 = 4 time units. The basic
stream consist of n1 = 20 flows of the first source and n2 =
10 flows of the second. The mean rate of the basic stream
equals 30 traffic units per time slot. For the experiment a
variable number N of basic streams are multiplexed.

The calculation for φt(s) = EesΛt and derived quantities is
straightforward for a periodic ON/OFF source. Let a be the
peak number of traffic units per time unit, on the number
of time units during which the source is generating traffic
units and p the period of the source then

φt(s) = eon.s.m.aφr(s)

with φr(s) the moment generating function for a time-step r
smaller than the period of the source p, r = (t− 1)modp+ 1
and m = b(t− 1)/dc. Once the values for one period are
calculated the others can be directly obtained.

5.2 Constitutive Equations
The networks is composed of 5 nodes in a linear chain

topology

n1 n2 n3 n4 n5

and the constitutive equations are

1− S1 = S2 + S3

1− S2 = S1 + S3 + S4 − S14

1− S3 = S1 + S2 + S4 + S5 − S14 − S15 − S25

1− S4 = S2 + S3 + S5 − S25

1− S5 = S3 + S4

where S14, S15 and S25 can be eliminated to give the fol-
lowing matrix equation

24 1 0 0 −1 0
0 1 0 0 −1
1 1 1 0 0

35
266664
S1

S2

S3

S4

S5

377775 =

24 0
0
1

35 .

5.3 Numerical Evaluation
The constraints for the multi-dimensional minimization

problem are all linear so that the TOLMIN procedure [21]
of Mike Powell can be applied to solve the system. it is
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Figure 1: Semi-analytical model compared to a
event-driven simulation for the second node in the
chain topology with N = 20.

a sequential equality constrained quadratic programming
method with an active set technique and the Hessian matrix
is approximated by a BFGS formula.

For each feasible tuple of throughputs the values of t(i) and

s
(i)
t have to be evaluated. s

(i)
t is calculated by a fail-save root

finding routine which utilizes a combination of bisection and
Newton-Rhapson [6]. A linear search is performed to obtain

the optimal value for t(i).
In one second one global optimization can be carried out

for the settings in this case study. 25 runs of the event-
driven simulation with random seeds are processed to get a
95% confidence interval. The run time for one simulation
is 25 times longer than the semi-analytical method. Both
the semi-analytical calculation as the event-driven simula-
tion are not optimized.

The over-the-air data rate is 100N traffic units per time
unit.

The first figure shows the complementary cumulative dis-
tribution function of the second node calculated by the semi-
analytical calculation and compared to an event-driven sim-
ulation for N = 20. The second figure shows also the CCDF
of the second node for N = 80. Both figures7 show a good
qualitative fit of the novel method to the event-simulation.
It is clear however without any quantification that with a
larger N the accuracy of the procedure becomes higher.

6. CONCLUSION
In this paper a model for the evaluation of the queuing

performance in a multi-hop CSMA-CA network is proposed
based on the many sources large deviations theory and the
concept of the air-time of a node to calculate the varying
capacity as seen by a node. The method is implemented
for a network with a simplified RTS/CTS enabled access
schema. The evaluation of the queuing performance for a 5
node linear topology is detailed and simulations have shown
that the results of the semi-analytical approach fits closely
the event-driven simulations.

97Due to paper length restrictions only these figures can be pre-
sented. A complete set of scenarios is analyzed and the overall re-
sults of the semi-analytical approach fit very well the simulations.



1e-05

0.0001

0.001

0.01

0.1

1

0 10 20 30 40 50

C
C

D
F

B [traffic units]

Simulation
Semi-analytical

Figure 2: Semi-analytical model compared to a
event-driven simulation for the second node in the
chain topology with N = 80.

In a future paper an extensive set of scenarios will be eval-
uated and discussed. The framework for an efficient evalua-
tion of the queuing performance of an IEEE802.11 network
with RTS/CTS access will be presented. The constraints are
no longer linear and starvation effects due to collisions can
dominate the queuing process. Topics for further research
also include:

• a mathematical analysis of the stability of the proposed
methods and a quantitative evaluation of the goodness
of fit between the model and the event-driven simula-
tion;

• other wireless MAC protocols, e.g. IEEE802.15.4, can
be analyzed to see if a product form evaluation of the
air-time is possible and the framework can be adapted
to include these access protocols and

• a hybrid wireless simulator can be developed combin-
ing the accuracy of event-driven simulations with the
speed of semi-analytical models. A similar methodol-
ogy is already applied to wired networks in [8,9].

7. REFERENCES

[1] IEEE 802.11-1999 (R2003), Part 11: Wireless LAN Medium
Access Control (MAC) and Physical Layer (PHY) spec-
ifications, 1999 Ed. (Reaff. 2003), June 2003.

[2] IEEE 802.11b-1999, Supplement to Part 11: Wireless
LAN Medium Access Control (MAC) and Physical Layer
(PHY) specifications: Higher speed Physical Layer Ex-
tension in the 2.4 GHz Band, 1999.

[3] G. Bianchi. Performance Analysis of the IEEE 802.11
Distributed Coordination Function. IEEE Journal on
Selected Areas in Communications, 18(3):535-547, March
2000.

[4] R. Boorstyn, A. Kershenbaum, B. Maglaris, and V. Sahin.
Throughput Analysis in Multihop CSMA Packet Ra-
dio Networks. IEEE Trans. on Communications, 35(3):267-
274, March 1987.

[5] J. Brazio, and F. Tobagi. Theoretical Aspects in Through-
put Analysis of Multihop Packet Radio Networks. in
Proc. IEEE ICC’84, The Netherlands, June 1984.

[6] W. Press, S. Teukolsky, W. Vetterling, and B. Flannery.
Numerical Recipes (Third Edition). Cambridge Uni-
versity Press, 2007.

[7] M. Garetto, T. Salonidis, and E. Knightly. Modeling
Per-flow Throughput and Capturing Starvation in CSMA
Multi-hop Wireless Networks. In Proc. IEEE INFO-
COM, Spain, 2006.

[8] B. Lauwens, B. Scheers, and A. Van de Capelle, Buffer
Occupation Probability of Trace-Driven Background
Streams in Hybrid Simulation. In Proc. IEEE ICC’07,
Scotland, June 2007.

[9] B. Lauwens, B. Scheers, J. Potemans, and A. Van de
Capelle, Hybrid Simulation of a FIFO Queuing Sys-
tem with Trace-Driven Background Traffic. In Proc.
Valuetools 2007, France, October 2007.

[10] B. Lauwens, B. Scheers, and A. Van de Capelle, Through-
put Analysis of Multi-Hop CSMA/CA Wireless Net-
works. Submitted IEEE WCNC, USA, April 2008.

[11] A. Kumar, E. Altman, D. Miorandi, and M. Goyal.
New insights from a fixed point analysis of single cell
IEEE 802.11 WLANs. In Proc. IEEE INFOCOM,
USA, March 2005.

[12] X. Wang, and K. Kar. Throughput Modeling and Fair-
ness Issues in CSMA/CA Based Ad-Hoc Networks. In
Proc. IEEE INFOCOM, USA, March 2005.

[13] A. Ganesh, N. O’Conell, and D. Wischik. Big queues.
Springer, 2004.

[14] N. Likhanov, and R. Mazumdar. Cell Loss Asymp-
totics in Buffers fed with Large Number of Indepen-
dent Stationary Sources. In Proc. IEEE INFOCOM,
USA, 1998.

[15] S. Delas, R. Mazumdar, and C. Rosenberg. Cell Loss
in Priority Systems handling Many Sources. IEEE IN-
FOCOM, USA, March 1999.

[16] C. Courcoubetis, and R. Weber. Buffer Overflow Asymp-
totics for a Switch handling Many Traffic Sources. Jour-
nal of Applied Probability, 33:886–903, 1996.

[17] The internet traffic archive. http://ita.ee.lbl.gov/.

[18] Nlanr: network & measurement analysis. http://pma.nlanr.net/.

[19] N. Bleistein, and R. Handelsman. Asymptotic Expan-
sions of Integrals. Dover Publications, 1986

[20] P. Spelucci. DONLP: A SQP method for general non-
linear programs using only equality constrained sub-
problems. http://plato.la.asu.edu/donlp2.html/.

[21] M. Powell. TOLMIN: A Fortran Package for Linearly
Constrained Optimization Calculation. DAMTP, 1989/NA2,
1989.


