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ABSTRACT

Local search algorithms, such as simulated annealing, tabu
search, and local hill climbers attempt to optimize a solution
to a problem by making locally improving modifications to
a candidate solution. They rely on a neighborhood opera-
tor to restrict the search to a typically small set of possible
successor states. The genetic algorithm mutation operator,
likewise, enables the exploration of the local neighborhood
of candidate solutions within the genetic algorithm’s popu-
lation. In this paper, we profile window-limited variations
of several commonly employed neighborhood operators for
problems in which candidate solutions are represented as
permutations. Window-limited neighborhood operators en-
able tuning the size of the local neighborhood—e.g., to bal-
ance cost of search step against likelihood of getting stuck in
a local optima. Window limits potentially can even be ad-
justed dynamically during search—e.g., to give a stagnated
search a “kick.” We provide profiles of the distance charac-
teristics of window-limited variations of several of the more
common permutation neighborhood operators.

Categories and Subject Descriptors

1.2.8 [Artificial Intelligence|: Problem Solving, Control
Methods, and Search—heuristic methods; G.2.1 [Discrete
Mathematics|: Combinatorics—combinatorial algorithms,
permutations and combinations; F.2.2 [Analysis of Algo-
rithms and Problem Complexity]: Nonnumerical Algo-
rithms and Problems—sequencing and scheduling, computa-
tions on discrete structures

General Terms
Algorithms, Theory

Keywords

evolutionary computation, genetic algorithm, local search,
mutation, permutation distance, permutation operator, sim-
ulated annealing

1. INTRODUCTION

Local search algorithms, such as simulated annealing, tabu
search, and local hill climbers attempt to optimize a solu-
tion to a problem by making locally improving modifications
to a candidate solution. The mutation operator of genetic
algorithms (GA) and other evolutionary computation frame-
works, likewise, enables the exploration of the local neigh-
borhood around members of the population of candidate
solutions to a problem. One can conceptualize the space of
candidate solutions to an optimization problem as points on
a surface where the height of the point corresponds to the
fitness of that solution. This surface is known as the fitness
landscape [9], and likely contains a variety of peaks and val-
leys which represent locally optimal solutions—i.e., solutions
for which any small modification leads to a lower quality
solution. The objective of local search algorithms is to find
an optimal point on that landscape by iteratively exploring
the local region of a current candidate solution; or in the
case of evolutionary computation algorithms, such as a GA,
to explore the local region around populations of solutions.
The efficacy of local search, evolutionary computation, or
other similar metaheuristics for a given problem is depen-
dent upon its ability to avoid, or escape from, local optima.

Local search algorithms tend to perform better when fitness
landscapes are smooth with small numbers of local optima;
and are especially challenged when faced with a fitness land-
scape with plateaus and large numbers of local optima. So it
seems that if we had the ability to affect the shape and other
characteristics of the fitness landscape for a problem, then
we would have some degree of control over the effectiveness
of local search for that problem. It turns out that the struc-
ture of the fitness landscape depends strongly on how we
define the neighborhood of a candidate solution (e.g., [5]).
What does it mean for a solution to be “near” another? The
shape of the fitness landscape, therefore, depends upon more
than the problem alone. It also depends upon the operator
used for local improvement. In order to define a relevant
fitness landscape that characterizes the problem solving be-
havior associated with a particular local neighborhood op-
erator, one needs to carefully consider the choice of distance
measure used to define what is considered “local.”

In this paper, we focus on the permutation representation,
in which candidate solutions to an optimization problem
are represented as a permutation of the elements of some
set. This is a rather natural representation for problems
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that involve sequencing—e.g., for the Traveling Salesperson
Problem (TSP), a candidate solution is represented as a per-
mutation of the cities. But how should we define the local
neighborhood of a permutation? This depends on whether
the problem is what has been termed an “A-permutation
problem” or an “R-permutation problem” [1, 8], depending
on whether absolute or relative positioning is most impor-
tant to the problem. For example, for the TSP, any circular
rotation of a candidate solution is equivalent to any other.
Absolute position of a city in the permutation does not par-
ticularly matter; rather, it is the relative positions of the
cities that are important. For other problems, absolute po-
sitioning may have a bigger influence on solution fitness; or
perhaps a blend of both properties might be critical.

Our primary objective is to offer guidelines for selecting from
among the available local neighborhood operators for a va-
riety of optimization problems. Previously, using several
permutation distance measures from the literature, we de-
veloped profiles of the most common neighborhood opera-
tors that are available for permutations [4]. In this paper,
we extend that work and profile window-limited variations
of these operators. Window-limited neighborhood operators
enable tuning the size of the local neighborhood-e.g., to bal-
ance cost of search step against likelihood of getting stuck in
a local optima. Window limits potentially can be adjusted
dynamically during search—e.g., to give a stagnated search
a “kick.” A window-limited neighborhood operator restricts
the local modification to reside entirely within some smaller
“window.” Imagine a “swap” operator that randomly swaps
the locations of two elements of the permutation. A window-
limited swap constrains the indices of the selected elements
to be within a specified window of each other. Such win-
dow limits on neighborhood operators were first suggested
by Lam and Delosme [7] in defining a dynamic simulated
annealing schedule to track a theoretical target move accep-
tance rate by dynamically adjusting the neighborhood size.

The remainder of this paper is organized as follows. In Sec-
tion 2, we discuss background on permutation distance mea-
sures. We present our profiling methodology in Section 3.
Then, in Section 4, we profile the distance characteristics
of window-limited variations of several of the more common
permutation neighborhood operators. We conclude, in Sec-
tion 5, with a discussion of implications for the design of
local search algorithms for permutation problems.

2. BACKGROUND

An important characteristic of fitness landscapes is fitness-
distance correlation [6], an application of the Pearson cor-
relation coefficient, which measures the correlation between
the fitness of a solution and its distance from the optimal. If
fitness (i.e., solution quality) improves the nearer you are to
the optimal solution (as distance to the optimal decreases),
then searching via a local search algorithm such as simu-
lated annealing or tabu search or via other metaheuristics
that rely on searching nearby solutions will be effective.

We therefore require a means of measuring the distance be-
tween permutations. Many distance measures for permuta-
tions have been proposed [10, 13, 12, 4]. We have chosen
distance measures that capture the essence of the so-called
“A-Permutation” and “R-Permutation” type problems. In

the formalization of distance measures that follow, p1 and p2
refer to permutations, p1 (i) refers to the element in position
i of the permutation, and NV is the permutation’s length.

Absolute Position Based Distance Measures: When
profiling neighborhood operators, we consider the following
distance measures as representative of the characteristics of
problems where “absolute” position within the permutation
is most critical to the permutation’s fitness as a solution:

e Exact Match: The exact match distance [10] is an
extension of the concept of Hamming distance to per-
mutations. It is the count of the number of positions
containing different elements.

5(])171?2): Z {1 ifpl(i)#p2(i) (1)

0 otherwise.
i=1...N

e Deviation Distance: Deviation distance [10] is the
normalized sum of the positional deviations of the el-
ements from one permutation to the other, and is for-
malized as follows:

1 . . .
6(p1,p2) = N_1 Z |i — j|, where p1(i) = p2(j) = e.
e€p1
(2

e Interchange Distance: In our earlier work, we intro-
duced a permutation distance called Interchange Dis-
tance, along with an efficient algorithm for computing
it [4]. Interchange Distance is an edit distance mea-
sure. The edit distance between two structures (a con-
cept that originated within the string pattern match-
ing community [16]) is the minimum cost of the “edit
operations” required to transform one structure into
the other. Interchange distance is defined as the min-
imum number of element by element interchanges (or
swaps) needed to transform one permutation into the
other—by “swap” we refer to general swaps and not
adjacent element exchanges. We previously showed
that this distance is an absolute position based dis-
tance as it correlates strongly with the Exact Match
distance and moderately with Deviation distance, and
extremely weakly with distance measures focused on
relative position properties [4]. See our prior work for
the details of the algorithm we use to compute Inter-
change Distance.

Relative Position Based Distance Measures: We ad-
ditionally consider the following distance measure as repre-
sentative of the characteristics of problems where “relative”
position among the elements of the permutation is most crit-
ical to the permutation’s fitness:

e R-Type Distance: The “R-Type” distance [1, 8] was
developed specifically to handle permutation problems
where relative ordering primarily influences solution
fitness. It is the count of the number of adjacent ele-
ment pairs of p; that do not appear as adjacent element
pairs in p2 and can be defined as:

N-1 (0 if 35, p1(3) = p2(j) and

2(J)
S(p1,p2) =y P+ 1) =p(+1)  (3)
i=1 1 otherwise.



Table 1: Average Exact Match distance between original permutation and a random neighbor selected via
common neighborhood operators and different window limits. The rows where L. = co correspond to the basic

form of the operator without window limits.

Mutation Permutation Length
Operator 16 32 64 128 256 512 1024
Insertion(1) | 2.00 2.00 2.00 2.00 2.00 2.00 2.00
Insertion(2) | 2.48 249 250 2.50 2.50 2.50 2.49
Insertion(4) | 3.40 3.47 348 3,51 3.51 3.49 3.49
Insertion(8) | 5.00 533 539 543  5.52 5.46 5.51
Insertion(16) | 6.57 858 9.11  9.26  9.42 9.48 9.47
Insertion(32) | 6.63 12.12 15.76 16.67 17.10 17.38  17.50
Insertion(64) [ 6.60 12.03 22.76 29.95 32.01 32.58  33.24
Insertion(128) [ 6.72 11.94 22.50 43.92 58.69 62.28  64.11
Insertion(oo) | 6.72 12.06 22.78 44.39 86.15 171.65 344.92
Swap(l) | 2.00 2.00 2.00 2.00 2.00 2.00 2.00
Swap(2) | 2.00 2.00 2.00 200 2.00 2.00 2.00
Swap(4) | 2.00 2.00 2.00 200 2.00 2.00 2.00
Swap(8) | 2.00 2.00 2.00 200 2.00 2.00 2.00
Swap(16) [ 2.00 2.00 2.00 2.00 2.00 2.00 2.00
Swap(32) [ 2.00 2.00 2.00 2.00 2.00 2.00 2.00
Swap(64) [ 2.00 2.00 2.00 2.00 2.00 2.00 2.00
Swap(128) | 2.00 2.00 2.00 2.00 2.00 2.00 2.00
Swap(oco) | 2.00 2.00 2.00 2.00 2.00 2.00 2.00
Scramble(1) [ 1.00 1.01 099 1.00 1.02 1.00 0.99
Scramble(2) | 1.48 1.50 1.50 148 1.51 1.48 1.50
Scramble(4) | 2.41 245 246 249 245 2.49 2.52
Scramble(8) | 4.03 429 440 446  4.48 4.46 4.49
Scramble(16) | 5.69  7.59 818 8.29  8.45 8.42 8.46
Scramble(32) | 5.70 11.07 14.63 15.74 16.24 16.40 16.28
Scramble(64) | 5.71 11.08 21.34 29.30 31.14 32.01 32.05
Scramble(128) | 5.64 10.86 21.59 42.55 57.77 61.22  63.01
Scramble(oco) | 5.64 10.98 21.74 43.00 85.43 169.99 343.79
Reversal(1) [ 200 2.00 2.00 2.00 2.00 2.00 2.00
Reversal(2) | 200 2.00 2.00 2.00 2.00 2.00 2.00
Reversal(4) | 290 297 299 3.00 299 2.98 3.00
Reversal(8) | 4.56  4.75  4.89 496 4.98 4.98 4.97
Reversal(16) | 6.15 815 853 883 891 9.02 9.01
Reversal(32) | 6.24 11.54 14.94 16.19 16.38  16.82 16.64
Reversal(64) | 6.25 11.56 22.03 29.52 31.37 3240  32.82
Reversal(128) | 6.24 11.62 21.99 43.74 5825 62.14  62.97
Reversal(oo) | 6.21 11.60 22.22 43.51 85.15 170.81 347.44

Absolute/Relative Hybrid Distance Measures: Some
problems are neither strictly an “A-Permutation” problem
nor an “R-Permutation” problem. Thus, we consider a dis-
tance measure that blends both properties:

e Reinsertion Distance: We previously introduced
the permutation distance known as Reinsertion Dis-
tance as the minimum number of removal/reinsertion
operations needed to transform one permutation into
the other [4]. A removal/reinsertion is an edit oper-
ation that removes an element and reinserts it in an-
other location. Reinsertion Distance is a special case of
general edit distance for permutations and strings [16,
13], which typically allows three operations (element
removal, element insertion, and element relabeling).
To compute Reinsertion Distance, we use Wagner and
Fischer’s dynamic programming algorithm for string
edit distance [16] where we assign costs of 0.5 for re-
movals, 0.5 for insertions, and oo for replacements.

3. PROFILING METHODOLOGY
3.1 Neighborhood Operators

Our aim is to shed light on when the most common permu-
tation neighborhood operators produce small random per-
turbations (i.e., when they really are selecting states that
are nearby the candidate solution). The basic form of the
neighborhood operators that we profile are as follows:

e Insertion removes one randomly selected element, and
reinserts it into a different randomly selected position.

e Swap exchanges the positions of 2 randomly selected
elements. All other elements remain unchanged.

e Scramble selects 2 different random indices, and ran-
domly shuffles the selected region, inclusive of the in-
dices. Scramble can leave the permutation unaltered.

e Reversal selects 2 different random indices, and re-
verses the selected sub-permutation.



Table 2: Average Deviation distance between original permutation and a random neighbor selected via
common neighborhood operators and different window limits. The rows where L. = co correspond to the basic

form of the operator without window limits.

Mutation Permutation Length
Operator 16 32 64 128 256 512 1024
Insertion(1) | 0.13 0.06 0.03 0.02 0.01 0.00 0.00
Insertion(2) | 0.20 0.10 0.05 0.02 0.01 0.01 0.00
Insertion(4) | 0.32 0.16 0.08 0.04 0.02 0.01 0.00
Insertion(8) | 0.55 0.28 0.14 0.07 0.04 0.02 0.01
Insertion(16) | 0.75 0.49 0.26 0.13 0.07 0.03 0.02
Insertion(32) | 0.75 0.71 047 025 0.13 0.06 0.03
Insertion(64) | 0.76 0.71 0.68 0.45 0.24 0.12 0.06
Insertion(128) | 0.76 0.71 0.69 0.68 0.45 0.24 0.12
Insertion(co) | 0.75 0.71 0.69 0.68 0.67 0.67 0.67
Swap(1) | 0.13 0.06 0.03 0.02 0.01 0.00 0.00
Swap(2) | 0.20 0.10 0.05 0.02 0.01 0.01 0.00
Swap(4) | 0.32 0.16 0.08 0.04 0.02 0.01 0.00
Swap(8) | 0.54 028 0.4 007 004 0.02 0.01
Swap(16) | 0.76 0.49 0.26 0.13 0.07 0.03 0.02
Swap(32) | 0.75 0.71 047 025 0.13 0.06 0.03
Swap(64) | 0.75 0.71 0.69 046 024 0.13 0.06
Swap(128) | 0.76 0.70 0.69 0.68 0.45 0.24 0.12
Swap(co) | 0.75 0.72 0.69 0.68 0.67 0.67 0.68
Scramble(1) | 0.07 0.03 0.02 0.01 0.00 0.00 0.00
Scramble(2) | 0.12 0.06 0.03 0.01 0.01 0.00 0.00
Scramble(4) | 0.26 0.13 0.07 0.03 0.02 0.01 0.00
Scramble(8) | 0.65 0.35 0.18 0.09 0.04 0.02 0.01
Scramble(16) | 1.26  1.00 0.54 0.28 0.14 0.07  0.04
Scramble(32) | 1.27 2.15 1.70 0.94 0.50 0.25 0.13
Scramble(64) | 1.24 2.19 3.89 3.22 1.74 0.93 0.47
Scramble(128) | 1.28 2.10 3.87 7.44 6.19 3.44 1.75
Scramble(oco) | 1.27 2.14 3.85 7.36 1470 28.60 57.38
Reversal(1) | 0.13 0.06 0.03 0.02 0.01 0.00 0.00
Reversal(2) | 0.20 0.10 0.05 0.02 0.01 0.01 0.00
Reversal(4) | 041 0.20 0.10 0.05 0.03 0.01 0.01
Reversal(8) | 1.00 0.53 0.27 0.14 0.07 0.03 0.02
Reversal(16) | 1.93 1.50 0.82 0.43 0.22 0.11 0.05
Reversal(32) | 1.90 3.21 2.59 1.42 0.74 0.38 0.19
Reversal(64) | 1.93 3.24 584 492 270 140 0.70
Reversal(128) | 1.90 3.15 5.85 11.41 9.42 5.16 2.66
Reversal(oco) | 1.89 3.23 5.74 11.01 21.35 43.28 86.03

These are the most common permutation neighborhood op-
erators and examples of their usage abound [11, 2, 3, 15].

Window Limited Neighborhood Operators: In this
paper, we profile window-limited operators. A window limit,
L, on a permutation operator restricts element movement
within the permutation by defining the size of a “window”
around a selected element within which that element will
remain. We define window-limited variations of the above
permutation neighborhood operators as follows:

e Insertion(L) removes one randomly selected element,
and reinserts it into a different randomly selected po-
sition no more than L positions away.

e Swap(L) exchanges the positions of 2 elements, cho-
sen uniformly at random from among all pairs of ele-
ments that are at most L positions apart. All other
elements remain in their current positions.

e Scramble(L) selects 2 different random indices, and
randomly shuffles the selected region, inclusive, with
all possible reorderings equally likely. The 2 indices are
chosen such that they are at most L elements apart.

e Reversal(L) randomly selects 2 different indices, and
reverses the selected sub-permutation. The 2 indices
are chosen such that they are at most L elements apart.

3.2 Generating Profiling Data

To profile the behavior of the neighborhood operators, we
generate 10000 random permutations of each of the follow-
ing lengths: N = {16, 32, 64, 128,256, 512,1024}. We con-
sider the window limits: L = {1, 2,4, 8,16, 32,64, 128}. For
each combination of N;, Lj;, neighborhood operator, and
distance measure, we compute the average distance between
the 10000 random permutations and a random neighbor of
each. If L; >= (N; — 1), then it is equivalent to the basic
form with no window limit (L = oo), which we also include.



Table 3: Average Interchange distance between original permutation and a random neighbor selected via
common neighborhood operators and different window limits. The rows where L. = co correspond to the basic

form of the operator without window limits.

Mutation Permutation Length
Operator 16 32 64 128 256 512 1024
Insertion(1) | 1.000 1.00 1.00 1.00 1.00 1.00 1.00
Insertion(2) | 1.48 1.49 1.50 1.50 1.50 1.50 1.50
Insertion(4) | 2.41 2.46 2.47 2.48 2.48 2.49 2.47
Insertion(8) | 4.05 430 439 446 4.46 4.52 4.49
Insertion(16) | 5.64 7.62 8.16 8.24 8.39 8.46 8.46
Insertion(32) | 5.63 10.97 14.76 16.03 16.13 16.30 16.51
Insertion(64) | 5.74 11.08 21.55 28.82 30.88 31.91 31.99
Insertion(128) | 5.69 10.95 21.93 43.26 57.24 61.67 63.79
Insertion(oo) | 5.67 10.97 21.77 43.01 85.48 172.61 343.67
Swap(1) | 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Swap(2) [ 1.00  1.00 1.00 1.00 1.00  1.00  1.00
Swap(4) | 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Swap(8) [ 1.00 1.00 1.00 1.00 1.00  1.00  1.00
Swap(16) | 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Swap(32) | 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Swap(64) | 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Swap(128) | 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Swap(co) | 1.00  1.00 1.00 1.00 1.00  1.00  1.00
Scramble(1) | 0.50 0.51 0.50 0.50 0.49 0.50 0.50
Scramble(2) | 0.82 0.82 0.84 0.84 0.84 0.83 0.84
Scramble(4) | 1.51 1.56 1.54 1.58 1.57 1.59 1.56
Scramble(8) | 2.83 3.07 3.16 3.14 3.22 3.22 3.18
Scramble(16) | 4.31  5.89  6.41  6.57  6.66 6.71 6.67
Scramble(32) | 4.27 9.12 12,53 13.57 13.89 14.05 14.12
Scramble(64) | 4.22 9.15 19.32 26.29 28.27 29.23 29.32
Scramble(128) | 4.29 9.11 19.14 39.79 54.12 57.67 59.46
Scramble(oco) | 4.27 9.06 19.18 39.31 81.61 168.13 338.66
Reversal(1) [ 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Reversal(2) [ 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Reversal(4) | 1.46 1.49 1.49 1.50 1.50 1.50 1.49
Reversal(8) | 2.29 2.41 2.44 2.48 2.49 2.48 2.50
Reversal(16) | 3.07  4.07 434 440 4.46 4.49 4.52
Reversal(32) | 3.16 5.73 7.66 8.07 835 8.40 8.49
Reversal(64) | 3.11 5.83 10.93 14.63 15.75 16.16 16.45
Reversal(128) [ 3.11 578 10.98 21.62 28.93 30.76  31.77
Reversal(co) | 3.08 5.70 11.21 21.82 43.12 85.60 170.96

4. DISTANCE PROFILES

We begin by profiling the neighborhood operators with re-
spect to the abolute position based distance measures. In
our prior work, where window-limited operators were not
considered, we showed that the swap operator seemed the
ideal absolute position based neighborhood operator, in that
regardless of which absolute position based measure we used
(Exact Match, Deviation Distance, or Interchange Distance),
the swap operator produced a new candidate solution that
was near the original-specifically a small constant distance
from the original independent of permutation length. We
additionally showed that the insertion operator may be ap-
propriate for “A-permutation” problems if the relevant dis-
tance measure is Deviation distance; and that for smaller
permutation lengths that the reversal operator is appropri-
ate when Interchange Distance is the relevant distance mea-
sure. The Scramble operator was always seen as excessively
disruptive, as is also generally the case for Reversal.

Here, we now consider the behavior of window-limited vari-
ations of these operators. The results are summarized in
Tables 1, 2, and 3. First, consider the Exact Match dis-
tance (Table 1) and the Interchange Distance (Table 3).
The swap operator, independent of the window limit and
permutation length, produces a new candidate solution that
is an Exact Match distance of 2 from the original and an
Interchange Distance of 1 from the original. Without win-
dow limits, all of the other operators are rather disruptive
with respect to these distances. However, with window lim-
its, the average distance between the original and modified
permutations can be kept as small as desired if the inser-
tion, scramble, or reversal operators are used, even for large
permutations. Deviation Distance (see Table 2) is the trick-
ier case. When window-limits are introduced, the deviation
distance between offspring permutations and their parents
diminishes toward 0 as permutation length increases regard-
less of which neighborhood operator is used to produce the
offspring. Without window-limits, both the swap and in-



Table 4: Average R-Type distance between original permutation and a random neighbor selected via common
neighborhood operators and different window limits. The rows where L = co correspond to the basic form of

the operator without window limits.

Mutation Permutation Length
Operator 16 32 64 128 256 512 1024
Insertion(1) | 2.86 294 297 298 299 3.00 3.00
Insertion(2) | 2.87 2.94 2.97 2.99 2.99 3.00 3.00
Insertion(4) | 2.86 293 297 299 299 3.00 3.00
Insertion(8) | 2.82 2.93 2.97 2.98 2.99 3.00 3.00
Insertion(16) | 2.76 2.92 2.96 2.98 2.99 3.00 3.00
Insertion(32) | 2.75  2.87 296 298  2.99 3.00 3.00
Insertion(64) | 2.76 2.87 2.93 2.98 2.99 3.00 3.00
Insertion(128) | 2.75  2.88 294 297  2.99 3.00 3.00
Insertion(oo) | 2.75 287 294 297 298 2.99 3.00
Swap(1) | 2.87 2.94 2.97 2.98 2.99 3.00 3.00
Swap(2) | 3.35 343 346 349 349 3.49 3.49
Swap(4) | 3.58 3.68 3.7 3.73 3.74 3.75 3.75
Swap(8) | 3.66 3.79 383 3.85 3.87 3.87 3.88
Swap(16) | 3.63 3.83 3.90 3.92 3.93 3.93 3.94
Swap(32) | 3.62 3.81 392 395 3.96 3.96 3.97
Swap(64) | 3.63 3.81 390 3.96 3.98 3.98 3.98
Swap(128) | 3.63 3.81 3.91 3.96 3.98 3.99 3.99
Swap(oo) | 3.62 3.81 391 395 398 3.99 3.99
Scramble(1) | 1.46 1.48 1.48 1.49 1.49 1.50 1.50
Scramble(2) | 1.98 2.04 2.04 2.07  2.07 2.08 2.07
Scramble(4) | 2.98 3.07 3.15 3.14 3.16 3.17 3.17
Scramble(8) | 4.58 5.02 5.13 5.22 5.22 5.24 5.29
Scramble(16) | 6.18 843  9.02  9.13  9.29 9.33 9.34
Scramble(32) | 6.31 11.68 15.67 16.60 16.97 17.10 17.27
Scramble(64) | 6.30 11.68 22.70 29.83 32.19 32.85 33.23
Scramble(128) | 6.20 11.75 22.53 43.67 58.01 62.24 63.34
Scramble(oco) | 6.30 11.79 2246 44.45 87.12 172.27 345.46
Reversal(1) | 2.87 293 297 298 299 3.00 3.00
Reversal(2) | 3.35 3.43 3.46 3.49 3.49 3.49 3.50
Reversal(4) | 4.26 4.39 4.42 4.48 4.48 4.51 4.50
Reversal(8) | 5.89 6.23 6.40 6.46 6.52 6.49 6.48
Reversal(16) | 7.39 9.47 10.03 10.34 10.32 10.50 10.44
Reversal(32) | 7.39 1291 16.72 17.57 18.23 18.39 18.35
Reversal(64) | 7.35 12.93 23.75 31.09 32.60 33.70 34.20
Reversal(128) [ 7.43 1292 23.67 45.29 59.07 62.85 65.95
Reversal(co) | 7.43 1291 23.61 44.95 88.85 171.95 348.49

sertion operators produce relatively small modifications of
approximately constant magnitude. For fitness landscapes
best characterized by Deviation Distance, one must be care-
ful in the setting of the window limit to ensure that the
neighborhood considered is not too small.

Next, we profile the neighborhood operators with respect to
the relative position based distance measure, R-Type dis-
tance. The results are shown in Table 4. In our prior
work, we showed that both the swap and insertion oper-
ators produce offspring that are a small constant average
distance from the parent permutations independent of per-
mutation length (R-Type distance of around 3 for inser-
tion and around 4 for swap). Here, those results are reaf-
firmed, as well as strengthened. In the limit as the per-
mutation length increases, the R-Type distance between an
original permutation and a random neighbor generated with
Swap(L) rapidly approaches 4, independent of the window
size L. Likewise, in the limit as the permutation length

increases, the R-Type distance between an original permu-
tation and a random neighbor generated with Insertion(L)
rapidly approaches 3. Additionally, although previously we
showed both scramble and reversal to be too disruptive with-
out window limits, here we find that window limits can be
used to control the magnitude of the modifications made by
scramble and reversal to our desired level.

Finally, we profile the neighborhood operators for the Rein-
sertion Distance to characterize their behavior for fitness
landscapes for permutation problems for which a blend of
the absolute positions and relative positions of the elements
have an influence over solution fitness. The results can be
found in Table 5. The insertion neighborhood operator pro-
duces offspring a constant reinsertion distance of 1 from the
parent, independent of permutation length and independent
of the window limit—this follows by the definition of the
reinsertion distance measure itself. Similarly, the swap op-
erator produces offspring permutations that are an average



Table 5: Average Reinsertion distance between original permutation and a random neighbor selected via
common neighborhood operators and different window limits. The rows where L. = co correspond to the basic

form of the operator without window limits.

Mutation Permutation Length
Operator 16 32 64 128 256 512 1024
Insertion(1) | 1.000 1.00 1.00 1.00 1.00 1.00 1.00
Insertion(2) | 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Insertion(4) | 1.00  1.00 1.00 1.00 1.00 1.00 1.00
Insertion(8) | 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Insertion(16) | 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Insertion(32) | 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Insertion(64) | 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Insertion(128) | 1.00 1.00 1.00 1.00  1.00 1.00 1.00
Insertion(oo) | 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Swap(1) | 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Swap(2) | 1.49 1.49 1.51 1.50 1.51 1.50 1.50
Swap(4) | 1.72 1.73 1.75 1.75 1.75 1.74 1.75
Swap(8) | 1.83 1.86 1.87 1.87 187 187  1.88
Swap(16) | 1.87 1.92 1.93 1.93 1.94 1.94 1.94
Swap(32) | 1.88 1.94 1.96 1.96 1.96 1.97 1.97
Swap(64) | 1.88 1.93 1.97 1.98 1.98 1.98 1.98
Swap(128) | 1.87 1.94 1.97 1.98 1.99 1.99 1.99
Swap(co) | 1.88 1.94 1.97 1.98 1.99 2.00 2.00
Scramble(1) | 0.50 0.50 0.50 0.50 0.50 0.50 0.50
Scramble(2) | 0.73  0.75 0.75  0.75  0.74 0.75 0.76
Scramble(4) | 1.26 1.30 1.32 1.32 1.31 1.33 1.33
Scramble(8) | 2.29 2.50 2.58 2.57 2.60 2.61 2.63
Scramble(16) | 3.44  4.76 5.15 5.38 5.40 5.41 5.47
Scramble(32) | 3.47 746 10.26 11.12 11.38 11.57 11.64
Scramble(64) | 3.44 7.40 1595 21.95 23.72 24.46 24.74
Scramble(128) | 3.46 731 1596 34.38 46.99 50.74 52.07
Scramble(oco) | 3.47 7.46 16.05 34.32 7243 148.83 312.71
Reversal(1) [ 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Reversal(2) | 1.48 1.49 1.50 1.50 1.50 1.50 1.50
Reversal(4) | 2.40 2.47 2.48 2.48 2.49 2.50 2.52
Reversal(8) | 4.07  4.30 4.41 4.46 4.49 4.50 4.51
Reversal(16) | 5.64 7.56 8.14 8.28 8.38 8.43 8.40
Reversal(32) | 5.64 10.94 14.87 15.83 16.15 16.34 16.31
Reversal(64) | 5.70 10.92 21.73 29.07 31.23 31.87 32.60
Reversal(128) | 5.64 10.96 21.54 42.81 57.76 62.13 62.72
Reversal(co) | 5.61 11.11 21.84 43.16 85.77 171.02 343.24

distance from the parent permutations that is approaching 2
as permutation length increases, independent of the window
limit. Previously, without window limits, we found both
scramble and reversal to be too disruptive. However, as is
the case with the other distance measures, we can use win-
dow limits to fine-tune the magnitude of the modifications
they make to the current candidate solution in our search.

S. CONCLUSIONS

In this paper, we explored the effects of window-limits on the
distance characteristics of several commonly employed local
search operators for the permutation representation. The
results are consistent with our prior profiling of the basic
form of the neighborhood operators, and confirm the sta-
tus of certain operators as especially relevant for either “A-
permutation” or “R-permutation” problems. However, with
window limits, operators that are otherwise too disruptive,
are good candidates for algorithms in which it is desirable
to be able to tune the size of the local neighborhood.

With respect to “A-permutation” problems, we previously
saw that the swap operator and, depending upon the spe-
cific absolute position based distance used, the insertion op-
erator consistently make small local modifications to can-
didate solutions. And thus, seem particularly well-suited
to “A-permutation” problems. We also previously saw that
for “R-permutation” problems, and for problems that can-
not be easily categorized as either strictly “A-permutation”
or “R-permutation” problems, that both the swap and in-
sertion operator are solid choices and will move the search
to “nearby” solutions on fitness landscapes characterized by
the relative position based distance measures.

Now that we have examined the effects of window limits,
these results have been reaffirmed. However, we have addi-
tionally discovered behavior of the other neighborhood op-
erators that is particularly interesting, and which lend some
guidance to the design of local search algorithms for per-
mutation problems. First, although otherwise overly dis-



ruptive, both the scramble and reversal operators can be
controlled to some extent via window limits. With any
fixed window limit, these operators produce offspring that
are approximately a constant average distance from the par-
ent permutations for all of the distance measures considered
except for deviation distance, independent of permutation
length. The average distances in these cases are propor-
tional to the window limit. Thus, we can easily increase
or decrease the size of the local neighborhood by increasing
or decreasing the window limit used with these operators.
This makes the scramble and reversal permutation opera-
tors particularly suitable for local search algorithms that
dynamically adjust the size of the local neighborhood, such
as simulated annealing using either Lam and Delosme’s an-
nealing schedule [7] or using the more practical Modified
Lam Schedule [14]. The insertion operator, when used for
“A-permutation” problems, is likewise well-suited to this sort
of neighborhood size tuning. The window limits have no ef-
fect on the distance characteristics of swap, and no effect
on the distance characteristics of the insertion operator for
“R-permutation” problems or blended problems.
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