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ABSTRACT

Querying by temporal logic as a reasoning mechanism on
a system representing multiscale processes is important in
understanding the details of multiscale processes, in partic-
ular in models of biochemical pathways. A novel formalism
representing a system of multiscale biochemical pathways is
described. The definitions of multiscale model in discrete
domains are represented in the form of a labeled transi-
tion system. A polynomial time algorithm is constructed for
identification of systems representing multiscale pathways.
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1. INTRODUCTION

Model checking in systems biology [2] has received signifi-
cant interest in recent years. The emphasis is to represent
of biological processes by finite state machines(FSM) and
apply temporal logics to verify interesting biological rela-
toinships. A key computational problem in model checking
is state explosion [5]. Several approaches have been cre-
ated to address it. The challenge in modeling biological
systems is imprecise and incomplete information. Addition-
ally, the abstractions of biological models become large in
terms of state space to account for interconnected biological
processes executing at different orders of time scale. Biolog-
ical processes executing at different orders of time scales in
a system are multiscale processes. The system representing
multiscale processes is a multiscale system. Communication
between molecular processes occur at different time scale
than in a cellular processes [6]. The need to create an in-
tegrated system for studying biological entities executing at
multiple time scales, namely molecular, cellular and organic
levels is essential for a detailed understanding of biology of

the processes. In this paper, we describe modeling of bio-
logical multiscale processes in a system. We construct an
algorithm to identify partial ordering of identical processes
in two multiscale systems. The processes are represented as
labels on the transitions of a labeled transition system.

We motivate the construction of our formalism for a biolog-
ical system. In the example, the processes are biochemical
pathways. Consider four biochemical pathways, A, B,C and
D modifying chemicals V, W, X, Y and Z:

A XSY.

B : vMxiz
c : v&%x+v.
D YEXx+w

The notation, Cs = C, denotes a set of substrates, Cs in
the presense of a catalyst (chemical), o produces a set of
products, Cp. Also, a € {M, N, P, e} where M, N, P denote
catalysts and e represents absence of a catalyst. Figure 1(a)
shows a finite state machine (FSM) representing pathways
A,B,C and D. The initial state, S contains one mole of
the chemicals X, M, N and P. The transition, with label a
represents pathway A being executed consuming 0.25 moles
of chemical, X. Similarly, transitions with labels b, ¢ and d
represent execution of pathways, B,C and D, respectively.
Each transition represent consumption of 0.25 mole of the
substrate of each of the reaction. Pathways, B,C and D
execute nondeterministically after completion of pathway .4
executing four times successively. Each state stores the con-
centration of the chemicals formed or consumed in the form
of labels on the states of FSM. For simplicity, the state labels
are not shown in Figure 1. The quantities of the chemicals
present in the system are stored in the states and repre-
sented by labels on the states. In Figure 1(b), a FSM rep-
resents the system of four pathways similar to Figure 1(a).
The transitions in Figure 1(b) represent consumption of 0.5
moles of substrates and hence, the number of transitions and
states in the FSM are less. For example, the two successive
transitions labeled, a in Figure 1(a) can be collapsed to one
transition in Figure 1(b). Hence, the state between succes-
sive transitions labeled with a in Figure 1(a) is not in Figure
1(b). The FSMs of Figure 1(a) and Figure 1(b) represent
identical partial ordering of the pathways but the state space
is different. A path in a FSM is of the form si1,e1,s2,e2...
where si1,s2,... and e, ea2,... represent states and edges,
respectively. Figure 1(c) represents a FSM without suc-
cessive pathways in any path. Therefore, for every path in
the FSMs of Figure 1(a) and Figure 1(b) with representa-
tion successive pathways as a single pathway there exists a
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Figure 1: Finite state machine representing identical partial ordering of pathways A, 5,C and D represented
by edge labels a,b,c and d, respectively. (a) System of pathways with transitions representing .25 mole of
the substrate consumption. (b) System of pathways with transitions representing 0.5 mole of the substrate

consumption. (c¢) System of pathways without identical successive pathways.

path in Figure 1(c) and vice versa. Formally, we construct
a preorder relation to capture the partial ordering of the
pathways represented by the edges on the FSMs in Figure
1(a)-(c). We consider only the edge labels on the FSM to
evaluate the identifiability of partial ordering of pathways.
The example shows the FSM in Figure 1(a) is detailed and
has a larger state space than the FSM in Figure 1(b). Tem-
poral logics queries posed on FSM in Figure 1(b) will be
efficient because of smaller state space. The answers to the
query in temporal logics formula, ¢ such as LTL and CTL,
if ¢ does not invlove the X (next state) operator, would not
be changed. The example is a drastic simplification of real-
ity because there could be more than four pathways and the
exact number of moles of substrates before one or multiple
different pathways intiate is not known. The consumption
of moles represented by the transitions in the FSMs in Fig-
ure 1(a) and Figure 1(b) are implicitly modeling time taken
by a pathway to consume the substrate of a pathway before
the execution of the next pathway that uses the products of
the first pathway as its substrate. We design a novel for-
malism that is natural and succinct for modeling multiscale
processes in a system. The incomplete and imprecise in-
formation of initial concentrations of the species could lead
to different multiscale processes with different state labels
(though the partial ordering of the edge labels maybe the
same). We formulate the problem to identify the partial
ordering on edge labels of two FSMs representing the multi-
scale scale systems. Identification of the processes is based
on the edge labels of the FSMs only. Incomplete informa-
tion of biological data is addressed by nondeterminism of
the transitions from a state in the FSM. The contributions
of this work: (i) Design of a nondeterministic system model
representing multiscale pathways and (ii), a polynomial time
algorithm that is able to identify the partial ordering (equiv-
alences) of pathways of two multiscale systems.

2. BACKGROUND AND PRIOR WORK

We review the literature on stuttering on systems, algo-
rithms for computing equivalences on Kripke structures, asyn-
chronous modeling and temporal logics in biological systems.
These are different theories but form the basis of our work.
Stuttering on systems had been mentioned by Lamport [10]
for modeling concurrent programs and reasoning by tempo-
ral logics.

Definition 1. (Kripke structure) Given a set of proposi-
tions, AP, a Kripke structure, K = (S, So, E, L) consists of

1. S is the set of states.

2. Sp C S is the initial set of states.
3. EC S x S is the transition relation.

4. L : S — 247 where L is the labeling function that
labels each state with a subset from the set, AP.

Definition 2. (Stuttering Equivalence [3] on Paths) Two

infinite paths in Kripke structure IC, u = s, Nt S N So. ..
B

and v = 7o - 1 2L are stuttering equivalent (=;)ent if
there are two infinite ordered sequences of positive integers,
i=0<4 <i1 <...and j =0 < jo < j1 < ...such that
Vk >0 L(si,) = L(siy+1) = ... = L(sipy,-1) = L(ry,) =
L(rj,+1) = ... = L(rj,,-1). The indices i and ji are the
starting points of p and v, respectively.

Definition 3. (Stuttering Equivalence [3]) Two Kripke
structures K and K’ are stuttering equivalent iff

1. The initial states of K and K’ are the same.

2. For all paths, p from an initial state, so € Sp of K,
there exists a path v of K’ from the same initial state
of so such that p =, v.

3. For all paths, v from an initial state of so € Sp of K,
there exists a path p of I from the same initial state
of s such that v =, p.

A deterministic asynchronous model [4] was defined on a
FSM to model interleaving processes. The processes on
asynchronous system were the state labels and the paths
of the state transition systems were stuttering equivalent.
The state space was reduced by partial ordered methods
that characterized transitions to be invisible if the transi-
tions connected states with identical labels. Process algebra
modeling of multiscale biological systems has been addressed
with construction of bisimulation relations [6], rate of reac-
tion based on stochastic semantics [1], semantic equivalences
[8] and Stochastic Pi Machine [12]. Model reduction tech-
niques such as zooming of states that allow reduction in
model state space size and retrieval of the original model
with the aim of studying the model at different levels of
granularity has been stated [14]. Fisher and colleagues [7]
describe a bounded asychronous model that had a schedul-
ing mechanism. The scheduling mechanism controlled the
number of executions of the processes with the objective of
a single time scale among the execution of the processes.



The scheduler introduced a form of nondeterminism in the
system by selecting the next process for execution. Pro-
cesses represented by genes modeled with timed automata
was described [13] and the model addressed “process A and
process B synthesizes same amount of product in different
time scales”.

Computing bisimulation on structures [11] is an established
research area. Computation of stuttering bisimulation are
described [9] on a related problem, relational coarsest par-
tition with stuttering(RCPS) problem. The algorithms for
computing bisimulation equivalences are have been used to
identify deterministic structures [3].

3. MODEL OF MULTISCALE PROCESSES

We formalize the model to represent multiscale processes.

Definition 4. (Labeled transition system (LTS)) Given a
set of propositions, AP being the set of labels for states and

FEL, a set of labels for edges a labeled state transition system
is defined as M = (So, S, F, Le, L) where,

1. (S, So, E, L) forms a Kripke structure.

2. L. : E — FEL is an edge-labeling function.

We are given (1) a set C of chemicals, (2) for each chemical
C € C a finite set of numbers, 0,1, ...,k where k € N repre-
sent the number of moles for each chemical C and (3) a set
of reaction tuples, Rtuple. The LTS, M. = (S, So, E, L, L)
representation of a system of chemical reactions is given by:

e AP is the set of all the atomic formulas ¢co =0, ¢c1 = 1,
or ¢, = k for all C € C , i € N. The atomic formula
represent the molar concentration of a chemical.

e S isthe set of all subsets s of AP where, for each C' € C,
exactly one of the formulas ¢co =0, or ¢ = 1,..., or
¢; = k, is in s. The states contain concentrations of
all the chemicals in the system and represented by the
atomic formulas of each chemical that are true in the
state.

e Sp is the set of initial states of the LTS. An initial state
contains concentration of all the chemicals before any
reaction. Hence, | So |= 1.

The label(edge label) on a transition is a reaction tuple,
rtup € Rtup. A labeled transition is represented, s — s’
where e = rtup. A r-transition implies that a reaction
is taking place and the consumption(production) of sub-
strates(products) is based on the z, number of moles to
be consumed in a unit of time. A transition represents a
time step. The number of moles consumed or produced is
computed using conservation of mass action. An e-edge rep-
resents no reaction from a state. It maintains the LTS to
be total. The LTS representation of a system of chemical
reactions creates a nondeterministic structure. The reac-
tions are modeled in successive transitions if there are min-
imal substrates to start the reaction in successive states of
a path in the LTS. The label on an edge, e € E is given
by Le(e) = o and is written as: s — s’. A path in the

labeled state transition system is finite or infinite sequence
o =50 —% s; —2 ... We can think of a path as a sequence
of edges. For an edge, e in a LTS M, let II(e) be the set of
paths starting with e, and let II(M) be the set of all paths
in M. We use variable 7. for an element of II(e). A prefix
of length m of a path 7., beginning from edge, e; is a fi-
nite sequence, W;’I = €0,1,€1,1,---;€m—1,1 where m € N. We
compare two LTSs, M; and M. S;, E; and II(M;) denote
the set of states, edges and paths in M;. When we refer
to edge e;, unless we state otherwise, we mean that e; € E;
and ¢ = 1,2 for different LTSs.

The edge labels on the LTS represent the individual pro-
cesses. The labels on the states are the quantities of the
chemicals. An example with reference to biological system
model: a path fragment in M = (S, So, E, L., L) is given
by e,s,e’ where e,e’ € E,s € S,Lc(e) = A,Lc(¢') = B
and L(s) = {a,b,c} implies the quantities of biochemicals
formed are a,b and c after the execution of process, A and
before execution of process y. In the formalism, we consider
only the edge labels (processes) in the LTS. A path segment
of the form e; — ez — e3 » es where Le(e1) = Le(e2) =
Lc(es) = A and Le(es) = B represents execution of pro-
cess A 3 times before process B can start execution. For
a different set of initial quantities of the species, the order
of pathways could be different such as execution of process
A only once before execution of process 5. Hence, com-
putationally, a construct that identifies the stutter e1, e, e3
is useful in capturing the notion that y executes after x.
The ordering of the processes in two different systems is
important to identify multiscale systems modeling identical
pathways. We define the following constructs to identify the
order of processes in the paths in a LTS, motivated from the
definitions in section 2.

Definition 5. (Path signature) For an infinite path,
T = eg,e€1,€2,€3,... in a labeled state transition system
M, (o, a1, @z, . ..) is the sequence of edge labels in 7. The
path signature is the subsequence of labels © = aw, v, , iy
where 0 < 41 <42 < ..., ay; is in 7 iff #* a;;_, and
(7)) 7& (0738

Definition 6. (Path signature equivalence on paths) Paths
7 € (M), r" € II(M’) are path signature equivalent iff
their path signatures are identical and denoted by m =piq4

.

Definition 7. (Path signature on edges) Given two LTSs,
M1 and My, the relation path signature on edges (=psig)
is defined on edges e1 € F; and ez € Ea. €1 =psig €2 if and
only if the following conditions hold:

1. Le(el) = Le(ez).

2. For all paths, m., € II(e1) 3 a path me, € II(ez) such
that me, =psig Tey-

3. For all paths, 7., € II(e2) 3 a path 7w, € I(e1) such
that e, =psig Tesy-

Definition 8. A relation, R. defined on the edges of M;
and My is given by (e1,e2) € Re,e1 € E1 and ex € Es
where, Le(e1) = Le(e2).



4. COMPUTING EQUIVALENCES ON LTS
In a LTS, M, a path is stuttering if it has a block of suc-
cessive edges with same edge labels. A finite path segment
O =€ — €1 — €3 — €3... = €y — ... is identically
labeled (il) if the labels of all the edges are identical. We
explicitly allow m = 0; in that case we write ep ~ eg. No-

tation e 7+ ¢/ means that for some m > 0,e0 ~+ ey — €,
and Lc(eo) # Le(e’). Notation for e; = eg,1 and e2 = eg,2
for the paths beginning from e; and es.

Definition 9. The subset of ordered pairs, Pre®(Y) de-
fined from the set of ordered pairs, (e1,e2) € Re repre-
sented by the Y is: Pre®*(Y) = {(e1,e2) € Y | Vel,e1 —
elimplies 3 an il-path segment ez — ... — em.2 — €5, Vi <
m, (e1,e;2) € YA(el,e5) €Y, and Veh, ez — ey implies 3 an
il-path segment e1 > ... = em,1 — €1,Vi < m, (e;1,e2) €
Y A (el,e5) €Y}

The algorithm to compute fixed point for two labeled tran-
sition structures allowing stuttering on the edge labels is
based on Fixed Point Computation algorithm. The input of
the algorithm is R. as stated earlier.

Algorithm 1 Fixed Point Computation of Path Signature

Input: Set of Ordered Pairs,R.
Output: Set of ordered pairs in the greatest fixed point,Yoo.

1: Y := Rg;

2: Y' =0;

3: while (Y #Y”)

4:

5: Y =Y,

6: Y :=Y N Prest(Y);
7

8 Yoo =Y’

Lemma 1. The algorithm terminates after finite number of
steps and computes fized point, given by Y = Prest(Y).

PROOF. The loop that begins in line (3) takes finite num-
ber of steps,i € N for the algorithm to terminate because
there are finite number of ordered pairs of edges in R..
Claim: The algorithm computes the fixed point, i.e ¥ =
Prest(Y). Let Yoo be the set of ordered pairs at the end
of the loop and Yoo = Y’ = Y. By definition of the set,
Y’ = {(e1,e2) | e1 € Ei,ea € Fa,Lc(e1) = Le(e2)}. For
every (e1,e2) € Y’ implies (e1,e2) € Y because at the end
of the loop, Yoo« = Y’ =Y. The statement in line(6) in the
algorithm, every (e1,e2) € Y implies (e1,e2) € Pre®(Y).
Each (e1,e2) € Pre®*(Y) implies through definition 9 that
(e1,e2) € Y. Therefore, Y = Pre®'(Y).

The time complexity of the algorithm is O(m?) where m =|
R. |. In the worst case, the set of ordered pairs in Pre®(Y)
is constructed by removing a pair (e1,e2) at a time . The
while loop iterates m times over m computations in Pre**(Y).
The above algorithm computing the greatest fixed point is
based on the following recursive relation, Y; defined on the
ordered pairs (e, e2) :

Yit1 = Yi N Pre’(Y;), where Yo = {(e1,e2) | Le(er) =
Lc(e2)}. The greatest fixed point is the first ¢ € N such that
Yo = Yiq1 = Y;. The following is the correctness proof of
the Fixed Point Computation algorithm.

Definition 10. (Path Signature i-Length Stutter Equiv-
alence ) The relation path signature i- length equivalence
(Eitpsig) is defined on for all e; € F1 and es € Es where
i € N. e1 =!,4 €2 iff the following conditions hold:

1. Le(el) = Le(ez),

) +
2. For every e} there exists e5 such that e; — e}, e2 = €
U /
and (e}, es5) € Yi_1.

) +
3. For every e5 there exists e} such that e; — e}, ea = €5
’ /
and (e, e5) € Yi_1.

—i+1

_i
Lemma 2. Ifei1 =, e2 then e1 =iypqiq 2.

PrOOF. We prove by cases:
Case: ¢ = 0. e Eitpsig ez implies Le(e1) = Le(e2). There-
fore, e1 Egtpsig €.

Case: i > 0. By condition (2) of definition 10, e; Eifplsig €2

implies (ei,l,ei,g) € Y, where e; — €i,1,€2 >i> €;,2. By
the relation, Y;11 = Y; N Pre®(Y;), implies (e;1,ei2) €
Pre®t(Y;). By definition 9, it implies (e;1,ei2) € Yi—1.
Hence, e Eitpsig e2. By identical reasoning, condition(3) of
definition 10, (ej1,€;2) € Yio1.

—i+1

Lemma 3. If (e1,e2) € Yiy1 then er =1,

€9.
PrOOF. By definition of Y;4+1 =Y; N PreSt(Yi), (e1,e2) €
Yit1 imply (e1,ez2) € Y; and (e1,e2) € Pre® (Y;). By defi-

nition 9, for all e} there exists e, such that e; » €], ez .

es, (e1,e3) € Y. Conditions (1) and (2) of definition 10,

€1 Elstplsig €2.

By identical reasoning, for all e} there exists e] such that

(€1, €e3) € Y;. Conditions (1) and (3) of definition 10 implies
= €.

€1 —stpsig

Lemma 4. Ife; =itl

Ztpsig €2 then (61,62) S Y;uFL

PrROOF. By lemma 2, e1 Eifplsig
We want to show, if e1 =5, €2 then (e1,e2) € Yiqi..
Assume for all k < i, if e; E_I:tpsig es then (e1,e2) € Y. By

i
e2 then e1 =54 €2.

condition (2) of definition 10, e; Eftpsig e2 implies every e

there exists e, such that e; »— ef, ez 5 €5, (e1,e2) € Vi1
and (e},e5) € Yi_1. By definition 9, (e1,e2) € Pre®(Y%).
By induction hypothesis, (e1,e2) € Yi. (e1,e2) € Yit1 by
Yi+1 = Y N Pre®*(Yy). Therefore, (e1,e2) € Yiy1.

Theorem 1. (Invariant for Algorithm) For all ordered pairs,
(61762) ey, Zﬁ el Eétpsig es.

PROOF. If (e1,e2) € Y; then ey Eitpsig ez is true by
lemma 3. Conversely, by lemma 4, e1 =j3,,,;, €2 implies
for all ordered pairs, (e1,e2) € Y;.

_ e _i
Theorem 2. e; =44 €2 iff Vi € N, ex =iipsig €2-

PROOF. Assume e =psig €2. Condition (1) of the defini-
tion 7 implies condition (1) of the definition 10. Given all
paths, me, € II(e1) 3 a path me, € II(e2) such that e, =psig
Tey. Let me, € II(e1). The number of edges in M; and Mo
are finite. Hence, the paths 7., and 7., have finite number
of distinct edges . The edges, e;,1 and ey 2 where z,y € N
are the last edges before it forms cycle in the paths, 7., and
Te, (Notation of finite path, &). Therefore, me; = e1 —



. N + +
e1,1... — eg1. Similarly, me, =& €2 — e12... — eyo.

The prefixes of the paths, m., and m., are given by I,
where e, € {e1,e2} and j € N. Condition (2) of the defini-
tion 7 states me, =psig Te, implies the prefixes of the paths,
wél =psig 7Té2. By induction on the lengths of prefixes of the
paths, e, and me, for i =z, —1,...,1 and e1 =psig €2:

For every e;_1,1 there exists e;—1,2 such that e; 1 — e;—1,1,

€2 = ei—1,2 and (e;—1,1,€,-1,2) € Y;—1. By induction
and condition (2) for the definition 10 holds true imply-
ing, e; Eitpsig es.

Conversely, assume e Eitpsig ez for all i € N. Condition (1)
in the definition 10 implies condition (1) in the definition 7.
We show condition(2) of the definition 10 implies condition
(2) of the definition 7. Proof by cases:

Case:(Finite Paths:) For i € N, construct path,me, iter-
atively from relation e; z;tpsig ez implies e1 =psig €2 for
paths 7., and e, for finite length.

Case:(Infinite Paths) We prove the following:

Claim: If (e1,e2) € Y then for every infinite 7., € II(e1)
, there exists me, € II(e2) such that e1 =psig e2. Here,
Yoo = Yi41 :}/1 Let Yoo :Yk,k‘ EN.

We prove the claim by constructing a path me, € II(e2)
starting from ez such that (e1, e2) € Y. By condition (2) of
definition 10, for every e} there exists e5 such that e; » e},

+
e — e5 and (e],e5) € Y;_1. Fori =0,1,... <k, the path

. C + +
signature of 7., is given by ep,2 = e1,2... — ep 2 whenever
e, = €0,1 — €1,1... — eg,1 and (e;1,€e;2) € Y;. The path

. . . . + +
signature of 7., is constructed iteratively : eg.2 — e12 — ...

where (e1,e2) € Yi,(e1,1,e1,2) € Yi—1,.... For each path

segment of the form, e;o A ej+1,2,7 € N in the path
signature of m., and by the definition of il-path segment,
there exists a finite path segment such that e; 2 — di —

. — dm — ejt1,2. , dm € Eo and by definition of
9, (ej,1,dm) € Y;. Iteratively, il- path segments are con-

structed for each path segment, e; > . ej+1,2 in the path sig-
nature of m.,. Hence, me, = €g2—d1...— dm — €1,2,....
Therefore, e1 =psig e2. We show the path 7., constructed
from the infinite path, 7., and Y; is infinite. Let m¢] and
Te, represent the prefix of length m € N of the path 7., and
Te,, Tespectively. By above reasoning, m¢) =psig Tey. Since
Te, is infinite and Vem,1 € {em,1,em+1,1,--.}, there exists
€m,2,€m,2 = €m+1,2. Such (€m,1,€m,2) € Y;. This can only
be true if m, is infinite. Hence, for every edge e1 € e,
there exists an ez € 7., such that (e1,e2) € Y;.

The reasoning for the cases of finite and infinite path and
condition(2) of the definition 10 imply condition (2) of the
definition 7. By similar reasoning, if (e1,e2) € Yoo then for
every infinite m., € Il(e2) , there exists m., € II(e1) such
that e1 =psig €2.

We showed condition(2) of the definitions are equivalent.
Condition(3) of the definitions are equivalent by similar rea-
soning. O

5. CONCLUSION

In this paper we created a representation of labeled transi-
tion system to model multiscale processes. We defined the
notion of path signature equivalence that was able to relate
behavior of two multiscale systems with different levels of
granularity. A polynomial time algorithm is constructed to
identify two systems representing identical partial ordering

of processes. Future work includes a rigorous evaluation on
biologial pathways using experimental data.
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