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ABSTRACT

In Infrastructure-as-a-Server (IaaS) clouds, the provider has
to decide on which server the virtual machines (VMs) re-
quested by the users should be provisioned. This is an on-
line scheduling problem, in which incoming VMs, typically
with different resource requirements, have to be scheduled
to one of several heterogeneous servers with limited capac-
ity. For the provider of a public cloud, the objective is to
maximize profit, the difference between the operating cost
of the servers and the revenue due to running the VMs. In
some cases, it might be advantageous to perform VM ad-
mission control and reject low-profit VM if low-cost servers
are unavailable. We model this problem as a continuous-
time Markov decision process and present a tool, anvik, for
the computation of the optimal scheduling and admission
control policy. Anwvik is released as open-source.

Categories and Subject Descriptors
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Algorithms, Design, Economics

1. INTRODUCTION

In this paper we formulate a continuous-time Markov De-
cision Process (MDP) to determine the optimal policy for
scheduling and admission control of virtual machines in IaaS
clouds. The policy is a table that maps the system state with
actions to take upon VM arrivals (i.e., rejection or admission
to a specific server). For a given state, the policy might sug-
gest to take different actions based on the VM characteristics
(e.g., resource consumption, revenue). To define instances
of the MDP and efficiently compute the optimal policy we
present a newly developed tool, anvik, that we make freely
available under an open-source license®.

"https://github.com /asansottera/anvik
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Anwik helps to answer the following questions, all relevant
to the management of cloud infrastructure: (i) what is the
optimal policy for allocating VMs of different classes on the
available, possibly heterogeneous, servers? (ii) which type of
servers should be provisioned in order to improve profit? (iii)
how will my revenue change if the arrival rate for a given
class of VMs increases or decreases? (iv) will the revenue
increase by introducing a different class of VMs?

The paper is organized has follows. The model is pre-
sented in Section 3. Related work is covered in Section 2.
The tool is described in Section 4. In Section 5, we discuss
some scenarios to assess the correctness and the performance
of the implementation. We draw conclusions in Section 6.

2. RELATED WORK

A broad and interesting class of dynamic resource alloca-
tion problems, with direct applications in cloud computing,
is studied in [2]. The paper does not consider the constraints
and requirements of each individual server and virtual ma-
chine. The work presented in [7] addresses the problem of
finding an optimal placement of VMs between private and
public clouds. An heuristic for the deployment of VMs in
a cloud SaaS infrastructure is presented in [5]. [4] focuses
on minimizing the energy cost associated with migration of
VMs in cloud environments. The problem of optimal al-
location of VMs across different public cloud providers is
presented in [1]. The work presented in [6] describes an
evaluation methodology for the comparison of different VM
placement algorithms in cloud infrastructures.

3. MODEL

In this section we describe the proposed virtual-machine
scheduling continuous-time Markov Decision Process, defin-
ing the states, the costs and revenues associated with each
state, the set of actions and the transitions between states.

States Servers provide resources such as CPU cores and
main memory that are allocated to virtual machines. Let r
be the number of different resource types. In this work, the
resources required by one virtual machine are reserved ex-
clusively to that virtual machine. Moreover, we do not take
into account the overhead of the virtual machine monitor
and assume that a sufficient amount of resources has been
reserved to run it. We consider k groups of servers, where
servers in the same group are identical. The i-th group con-
tains n; servers and is characterized by a capacity vector
¢; € R", where the h-th element c¢;;, represents the amount
of resource h present on each server of group ¢. The cloud
provider supports m classes of virtual machines. A virtual



machine of class j requires a certain amount of each resource,
that we represent with a requirement vector l; € R", where
the h-th element [;;, represents the amount of resource h re-
quired by a virtual machine of class j. The arrival process
of virtual machines of class j is a Poisson process with rate
Aj. The expected time a virtual machine of class j remains
active (i.e., the service time) has an exponential distribution
with parameter p;. We represent the state of a server as a
vector W € Ng*, where the j-th element w; represents the
number of VMs of class j running on the server. A feasible
state for a server of the i-th group is a vector w such that

> wilin <ein Vhe{l,...,r} (1)

j=1

We denote the set of feasible states for servers of the i-th
group as W;. For convenience of notation we define €; as
the m-vector with the j-th element equal to one and all
other elements equal to zero. We observe that w + €; does
not necessarily belong to WW;, since server capacity might be
exceeded. Moreover, 0 = 0 is always a feasible server state
and denotes a server that can be powered-off.

FEzample 1 Consider servers providing 6 CPU cores and 16
GB of RAM. Two virtual machine types are made available.
The first type of virtual machines requires 2 CPU cores and
8 GB of RAM, while the second type requires 4 CPU cores
and 8 GB of RAM. The set of feasible allocations is W =
{10,0], [L,0, [2,0], [0, 1], [1, 1]}

In order to reduce the number of states required to de-
scribe the system, we take advantage of the fact that servers
within a group are identical, i.e., indistinguishable. There-
fore, we do not track the state of each server in the i-th
group, which would require a set of group states equal to the
cartesian product of all the server states S; = W."'. Instead,
a group state is characterized by the number of servers in
each state. Formally, we define a group state s as a function
from the set of server states W; to the set of non-negative
integer numbers satisfying the constraint Zﬁewi s(W) = n;.
The set of group states for group i is therefore

Si={seW, > No: > s(i) =mn (2)

weEW;

which is the set of combinations with repetition of n; ele-
ments from a set of W; items. The cardinality of S; is

s

|Si| = multichoose(|W;|, n;) = (|Wz| +n; — 1) 3)

Ezample 2 Consider servers and virtual machines as de-
scribed Example 1. For n = 3 servers, the naive formulation
requires |[W|™ = 5% = 125 states. The more compact formu-
lation only requires (‘W‘:n_l) = (;) = 35 states.

The overall state space of the system is given by the carte-
sian product of the state spaces of each server group. Hence,
Z =381 X8 x...85. A state z € Z is a k-tuple where z;
is the state of group ¢ when the system is in state z. Hence,
zi(W), W € Wi, is the number of servers of group ¢ in state
@ when the system is in state z.

Ezample 3 Consider the first group of ni = 3 servers
described in Example 2, whose state space S1 has cardinality
35. Moreover, consider a second group of ne = 2 servers
with 4 CPU cores and 16 GB of RAM. For the same virtual
machine classes in Example 1, the set of feasible allocations
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is Wo = {[0,0],[1,0],[2,0],[0,1]}. For this second group of
\W2|::2—1) = (3) = 10 states. The state
space Z of the system has cardinality |S1 X Sa2| = 350.

Cost and Revenue Our aim is to maximize the profit,
defined as the difference between the revenue generated by
running the VMs and the cost of operating the servers. The
revenue rate generated by running a VM of class j is h; € R
and the cost rate of operating a server of type i is g; € RT.
The profit rate of a system in state z is therefore:

p(z) = Z Z 2 (W) (hi - Zgij) (4)

=1 3ew;\0

servers we need (

Powered-off servers, i.e. servers in state 6, are excluded from
the summation since they have a null cost rate.

Actions An action a specifies, for each VM class, whether
a new VM should be dropped or not and, in the latter case,
where it should be provisioned. Hence, an action a is an
m-tuple {a1,...,am}, where a; belongs to the set:

A= {drop}U{(i,zﬁ) 1 <i<k,@WeW}

When, for a class j, a; = drop, virtual machines of class j
are not admitted to the cloud. The set of actions is A = A™
and its cardinality is |A| = |A|™ = (1 + 3%, [Wi|)™. For a
given state, not all actions are feasible. We denote with A,
the set of feasible actions in state z. An action {a1,...,am}
is feasible in state z if, for any VM class j such that a; =
(i, w;), a; is feasible in state z. Action a; = (i, W) is feasible
in state z if and only if there is at least one server of group
i in state o, i.e. z (i, W) > 0, and such a server has enough
capacity to host another VM of class j, i.e. W+¢€; € W;. For
the special case a; = drop, we consider two different problem
formulations. In the first formulation, a; = drop is feasible
in state z if and only if there is no room to allocate a VM
of class j, i.e. V(i,w) such that @+ €; € W;, z;(w) = 0. In
the second formulation, a; = drop is always feasible and the
problem becomes a joint admission-control and scheduling
problem, which has potential for higher revenue, since VMs
that generate a small revenues can be rejected to reserve
space for higher-revenue VMs.

Transitions To complete the definition of the continuous-
time MDP we need to define transitions between states. Ob-
serve that transitions only occur at the arrival and departure
times of virtual machines. Arrival rates of the virtual ma-
chines are independent from the system state. In fact, recall
that each class of virtual machines has a Poisson arrival pro-
cess with rate \;. Taking action a on a arrival of class j leads
to the system state 2’ = xa(z,a,j). We have to consider two
cases: aj = drop and a; = (¢*,%"), which means that VMs
of class j are allocated on a server of group ¢* in state w*. In
the former case we have for z’ = z, while in the second case
we have a system state such that the group states z, = z;
for all 4 # ¢* and

2+ (W) — 1 W= w*
Zix (W) = Q 24+ (W) + 1 W= 0" + € (5)
zi+ (W) otherwise

The departure rate §(z, i, w, j) of virtual machines of class j
from servers of group i in state w is

8(z, 1,0, ) = zi(W)w;p; (6)
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Figure 1: Dependencies between the modules of the
tool and third-party libraries.

since there are w; virtual machines on each server and the
departure time is the minimum of z;(W)w; exponential dis-
tributions with rate p;. The state reached when a virtual
machine of class j departs from a server of group 7" in state

—%

w* is 2 = xp(2,1,, ), where z; = z; for all i # i* and

zi= (W) — 1 W= "
2ix (W) = { zi+ (W) + 1 W =" —¢; (7)
zi= (W) otherwise

4. TOOL

We developed a tool to solve the virtual machine schedul-
ing MDP described in Section 3 under the average cost crite-
rion [8]. The algorithm of choice is the value iteration algo-
rithm [8] which, given the problem structure, has time com-
plexity O(|Z]- (1+ 4, IWil) ), where (1+ 325, i)
is an upper bound on the size of the feasible action set A..
We have two different implementations. The first one is
written in C++ and runs on the CPU, using OpenMP to
take advantage of multiple cores. The second one is written
in CUDA and runs on the GPU.

Particular care has been taken to avoid storing the state
description for all states, reducing the amount of memory re-
quired by the optimizer. In fact, memory is the most limited
resource when tackling large problems. Even for medium
sized problem, reducing the amount of memory greatly im-
proves cache utilization on the CPU. Hence, our optimized
versions of the value iteration algorithm do not require the
explicit enumeration of system states. Instead, we have de-
veloped efficient algorithms to generate state information on
the fly given the state index as well as methods to quickly
compute the index of the state reached after a departure or
arrival. For this reason, only two floating point numbers and
one integer number are stored for each system state, which
is the minimum allowed by the value iteration algorithm.

The GPU implementation of the optimization algorithm
auto-tunes to the available amount of video memory. Hence,
if the description of all the system states can be fitted in
the video memory, states are explicitly enumerated. This
reduces the iteration time by about 50%. On the other hand,
if the amount of video memory is insufficient, the memory-
optimized algorithm is run. For a problem similar to the
Scenario 4 described in Section 5, we were able to fit about
10 million states on a GeForce GTX 760 GPU with 4 GB of
memory. The amount of memory required to enumerate all
states, however, depends not only on the number of system
states but also on the problem structure.

The tool, code-named anvik, consists of several compo-
nents:

292

£PU Coma Pesouce Syeemdase  [173SH0
FauGE
el Actons %1
Server fioup
Sevargmug | Dol Sockel -
A Femcrve ]
e Gopsser (397
Sngla Cackat Sorew s
;E‘]:‘::z— Dual Socket Optemzation
Optmizer =] v
San 4 4 .
7] peem reern
e 1 7] Ao fection when ot Ful
4 Famcws | CEOcly DU ud L] ] Eneck et camvergence
Vitual Mactine Classes Oeemize
Server oy
e C: 5 e
merczﬁrl'nﬂa‘e‘d ! o ™ ompiatad (4153 tae )
Mewrum boes: |86 1582079005022
Aevrge b
Sevenrss B Qe
oy A Fovwss 1
Pt HAM [58) vl s

Figure 2: Screenshot of the graphical user interface.

e the anwvik library, which contains the C++ classes with
the problem description, the model analysis, the opti-
mizer interface and the CPU optimizer;

e the anvik-gpu library, which contains the C++ class
and the CUDA code of the GPU optimizer;

e the anvik-evaluator library, written in C++, evaluates
the Markov chain induced by a policy, using a freely-
available sparse linear solver [3];

e the anvik-clr library, written in C++/CLI, which pro-
vides a bridge from CLR languages such as C# to the
native code in the anvik and anvik-gpu libraries;

e the anvik-gui application, written in C#, which pro-
vides the user interface for MS Windows;

e the anvik-run cross-platform command-line applica-
tion, written in C+4, computes the optimal policy
for a given problem instance or evaluates a policy.

In Figure 1, we represent the dependencies between the
components and the dependencies to third-party software,
namely the NET Framework for the graphical user inter-
face, the Eigen mathematical library for the policy evaluator
and the CUDA framework for the GPU optimizer. Both the
graphical user interface anvik-gui and the command line in-
terface anvik-run load problem files in a simple text format.
A screenshot of the GUI is represented in Figure 2. The
main window allows the specification of a problem by defin-
ing the set of resources, the server groups and the virtual
machine classes. Clicking the analysis button leads to the
analysis window, which shows the number of states in the
Markov decision process, the number of actions as well as the
number states required for each server group and for each
individual server. When the user clicks the optimize button,
the computation of the optimal policy starts asynchronously.
A drop-down list allows the choice of the optimizer.

5. RESULTS

Scenario 1 The simplest scenario we can consider is a
single server and a single class of VMs, with arrival rate
A = 0.5 VM/s and service rate p = 1 VM/s. The server
can host at most one VM and has unary cost. The server
state space is therefore W = {0,1} and the system state
space is £ = & = {[1,0],[0,1]}. There are two actions:
A = {{drop},{(1,1)}}. The first action drops arriving
VMs, while the second one allocates them on a server of
type 1 in state 1. The only feasible action in system state



[0, 1] is to drop the arriving VMs. In system state [1, 0], since
we do not allow admission control, the only feasible action
is {(1,1)}. The algorithm converges in few iterations to the
average loss rate 0.3333. The same result can be obtained
by observing that, in this trivial scenario, under the optimal
policy, the system behaves as an M/M/1/1 queueing system.
By enabling admission control, since VMs do not generate
revenue, the optimal policy is simply to always drop VMs,
achieving an average loss rate 0.

Scenario 2 We consider a first group of two servers as in
Scenario 1 and a second group with a single server of larger
capacity and higher cost. This server is twice as expensive
as the servers of the first group and it can host a maximum
of three virtual machines. The states for the server of the
second group are therefore Wo = {0,1,2,3}. We have a
system with states a total of |Z| = [S1] X |S2| = 24 states:

S ={[2,0,0],[1,1,0],[1,0,1],[0,2,0],[0,1,1],[0,0,2]}
S» ={[1,0,0,0],10,1,0,0],]0,0,1,0],[0,0,0,1]}

The set of actions considers both groups of servers and the
two corresponding sets of server states:

A = {drop, (1,1), (1,2),(1,3),(2,1),(2,2),(2,3),(2,4)}

The solution of this problem yields a minimum cost of 0.4192.
An interesting observation about the optimal policy is that
in the state with the two small servers turned off and a single
virtual machine running on the big server, the next virtual
machine is allocated on one of the empty servers. This is
counter-intuitive and the opposite of what a greedy policy
would do: use the spare room on the big server for the new
VM. The greedy choice costs less in the short term, but in
the long term it is more expensive than the optimal policy
that, since we are in a low-load scenario, aims to turn off the
big server as soon as possible, in order to reduce its cost.
Scenario 4 We now describe a more realistic scenario with
two server groups, with ni and ng servers each. The first
server group is characterized by 8 CPU cores, 8 GB of RAM
and a cost rate h1 = 0.5. The second group contains servers
with 12 CPU cores, 16 GB of RAM and a cost rate ha = 1.5.
We consider two workload classes with arrival rates A\ and
A2 and service rates p1 = 2.8 VM/s and ps = 1.2 VM/s.
The first class of virtual machines requires 4 CPU cores and
4 GB of RAM, while the second class requires 6 CPU cores
and 8 GB of RAM. The profit rates associated with the two
classes are g1 = 0.5 and g = 1. In Table 1, we evaluate the
profit achieved by the optimal policy for different choices of
ni, ng such that n1 + na = 20. We consider two problem
formulations, without admission control (MDP 1) and with
admission control (MDP 2) and set Ay = A2 =3 VM/s. We
observe that the revenue increases by 26% when increasing
n1 from 5 to 10, while it is almost unchanged when increas-
ing n; from 10 to 15. Moreover, we observe that admis-
sion control yields a 11% increase in profit when n1 = 5,
while it provides no advantage when n; = 15. In Table 2,
we evaluate the impact of the mix of VM arrivals. We set
A=A+ A2 =6 VM/s, n1 =5 and n2 = 15. Increasing the
fraction of arrivals of the smallest VMs the profit decreases
quickly and the benefit of admission control grows thinner:
from 14% to 6% when the arrivals of the first class increase
from 30% to 70% of the total arrivals. To give an indication
of the execution time, the last problem instance in Table 2,
characterized by over 3 x 10° states, was solved in 4m18s on
a GTX 760 GPU and in 12m51s by a i7 3930k CPU. While
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Table 1: Results for \y =3 VM/s, A =3 VM/s.

n1 | ne | MDP 1 | MDP 2
5 15 | 1.09549 | 1.22216
10 | 10 | 1.37915 | 1.38038
15 |5 1.38158 | 1.38158

Table 2: Results for n; =5, no = 15.

A Xa MDP 1 | MDP 2
1.8 VM/s | 4.2 VM/s | 1.30538 | 1.48607
3.0 VM/s | 3.0 VM/s | 1.09549 | 1.22216
4.2 VM/s | 1.8 VM/s | 0.85615 | 0.91131

the problem is computationally challenging, it is important
to stress that the optimal policy can be computed offline.
For the online scheduler, applying the optimal policy takes
negligible time, since it only requires a table lookup.

6. CONCLUSIONS

We described a Markov Decision Process tool for the opti-
mal scheduling of multiple classes of virtual machines on an
heterogeneous cloud. We have shown that the optimal pol-
icy often takes counter-intuitive actions that would not be
taken by a simple greedy approach. The tool, released under
an open-source license, is memory-optimized and tuned to
run on both multi-core CPUs and on GPUs.
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