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ABSTRACT

Product-forms are well-known in the community of perfor-
mance evaluation because they allow the computation of the
stationary state probabilities of large models that would oth-
erwise be intractable. Roughly speaking, a product-form
model consists of several interacting components. Under
some conditions, the steady-state probabilities of these com-
ponents can be derived in isolation as if the interactions
with the remaining parts of the system are modelled by
independent Poisson processes. The steady-state distribu-
tion of the joint model can be derived as the (normalised)
product of the distributions of the isolated components. In
the last few years some authors have introduced the idea
of higher order product-forms or conditional product-forms
that differ from ordinary product-forms because once the
components of a model are isolated, the interactions with
the rest of the system are not anymore seen as independent
Poisson processes. However, to the best of our knowledge,
up to now these methods have been applied only to approx-
imate non-product-form models. In this paper we propose
for the first time two classes of feed-forward queueing net-
work models whose stationary distributions have conditional
product-forms but not ordinary product-forms.

Categories and Subject Descriptors

C.4 [PERFORMANCE OF SYSTEMS]|: Modeling tech-
niques

General Terms

Performance
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1. INTRODUCTION

Stochastic models are important for the performance eval-
uation of computer and communication systems. In par-
ticular, discrete state space Markovian models, i.e., those
models whose underlying stochastic process is a Discrete or
Continuous Time Markov Chain (DTMC/CTMC), are inter-
esting thanks to their versatility and the wide availability of
algorithms for automatic analysis (see e.g. [22]). Neverthe-
less, the monolithic specification of a Markov model is prone
to errors due to the complexity of modern hardware and
software architectures. To overcome this problem, several
formalisms have been introduced in the literature to allow
for a modular and hierarchical specification of the models
(see, e.g. [21, 14, 13]). Unfortunately, a modular specifi-
cation does not trivially lead to a modular analysis and in
most of the practical cases the computation of the stochastic
model underlying a composition of several sub-models (com-
ponents) suffers the problem of the state space explosion. As
a consequence the derivation of the performance indices be-
comes prohibitive if the brute force algorithms (e.g., those
based on the solution of the system of global balance equa-
tions (GBE)) are applied. Roughly speaking, product-forms
aim at allowing for a modular analysis of models defined
in terms of cooperations of a set of (elementary) compo-
nents. A well known example is represented by the BCMP
queueing networks [4] where the components are the sin-
gle queues. The key point of the product-form analysis is
that the Markov chain underlying each component is stud-
ied in isolation, i.e., the interactions with the other com-
ponents are taken into account to parametrise the isolated
components. In the BCMP networks, this parametrisation
is done by solving the system of traffic equations, but more
sophisticated approaches may be required for more general
models (in these cases we talk about the system of rate equa-
tions [10, 2, 12]). However, a common property of all stan-
dard product-form results is that the events due to the inter-
actions with the remaining components occur according to
homogeneous Poisson processes once the component is iso-
lated. It is surprising that product-forms give exact results
because, in general, in the joint models the occurrences of
these events do not follow a Poisson process. For instance,
in an open BCMP queueing network, once a queue is studied
in isolation, all its parameters are known with the exception
of the arrival rate for each class of customers. These rates
are derived by solving the linear system of traffic equations
that depends on the network routing characteristics. The
same rates are then seen as the rates of independent homo-
geneous Poisson processes that feed the isolated queueing



system even if it is well-known that in general the arrival
streams at the same queue embedded in the network are not
homogeneous Poisson processes.

Related work.

Some recent papers have addressed the problem of find-
ing a product-form characterisation in which once a com-
ponent is isolated, its interactions with the rest of the sys-
tem cannot be assumed to occur according to independent
Poisson processes. In this line an important contribution
is given in [5] where the author introduces the notion of
higher-order product-forms with the aim of approximating
the non-product-form cooperations of stochastic automata.
The type of synchronisation that is considered is that de-
fined by the Kronecker’s algebra with the product operator
®. In this setting a product-form solution holds if the joint
distribution is given by the Kronecker product of the vectors
of probability distributions associated with each component.
The author aims at deriving a product-form approximation
of cooperating components by finding the probability vec-
tors that minimise the norm of the residuals of the joint
GBE system. It is noticed that the approximations can be
improved if we associate a matrix N; x O with the i-th com-
ponent, where N; is the number of the i-th component states
and O is the product-form order. However, the author does
not provide any model whose steady-state distribution has
an exact higher-order product-form. In [6] the author pro-
poses a technique for the exact and approximated analysis of
Markov modulated models based on a conditional product-
form expression. Let s and f be generic states of the mod-
ulated and the modulating processes, respectively. Then we
can always write w(f, s) = mp(f)7"(s|f), where 7 is the joint
stationary distribution, 7 is the marginal distribution of
the modulating process and 7* denotes the stationary prob-
ability of observing state s once it is known the state of the
modulating process. In case of Markov modulated processes
the approach may be efficient because the computation of
7 is simple. Also in this paper the author does not show
any model whose exact stationary distribution is such that
7 (slm) # 7 (s|m’) if m # m/, i.e., for cases that do not
have a standard product-form. In [1] we provide some alge-
braic conditions for conditional product-forms. Differently
from [6], we deal with more general models than Markov
modulated models and we avoid the computation of 7* (s|m)
whose complexity is in general the same required by the so-
lution of the joint GBE system. The state space of one
of the cooperating models is partitioned into a set of clus-
ters (the smallest quantity possible) and the conditioning of
7" is done on the cluster rather than on the state. As a
consequence the complexity of the computation of the joint
stationary distribution is lower than that required by [6].
Notice that when one can group all the states of a com-
ponent into a single cluster, the quasi-reversibility [15] and
Reversed Compound Agent Theorem (RCAT) [10] product-
forms are obtained.

Contribution.

All the previous papers on higher-order or conditional
product-forms [6, 5, 1] did not show any model with a physi-
cal interpretation that enjoys a non-standard product-form.
In the product-form literature we may recognise two princi-
pal lines of research: one that aims at finding general alge-
braic or structural properties that give a product-form solu-
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tion (see, e.g., [15, 10, 19]) and the other that devotes efforts
in defining new models with a physical interpretation that
enjoy a product-form solution (see, e.g., [23, 17, 18]). Our
work falls in the second line of research: we present a class of
queueing network models whose stationary distribution can
be expressed in a non-trivial conditional product-form. The
first model consists of a tandem of two infinite buffer queue-
ing systems. The former is modulated by a CTMC, i.e., its
arrival and service rates depend on the state of the mod-
ulating chain. The second queue arrivals are synchronised
with the departures at the first queue. The model is known
to be not in (ordinary) product-form [24, 6, 3]. We give suf-
ficient conditions for a conditional product-form. Moreover,
we show by means of some examples that the result can be
used to derive the conditional product-form of models with
different behaviours such as with batch departures from the
first queue or with negative arrivals at the second in the
style of [8].

The second conditional product-form model consists of a
tandem between two alternating queues and an exponential
queue. The former queues alternate their working by means
of mutual resets, i.e., once a queue transfers the control to
the other the latter’s state is chosen according to its sta-
tionary probability. The mechanism is inspired by Gelenbe
and Fourneau’s resets [9] although ours present some dif-
ferences. First, the reset is mutual, i.e., one queue decides
when to reset the other. Second, there is an alternation be-
tween the working periods of the queue that is not present
in the model considered in [9]. Third, our model does not
admit an ordinary product-form while the G-networks with
reset does. However, we prove that a conditional product-
form exists that allows for an efficient computation of the
stationary distribution and the consequent derivation of the
average performance indices.

Structure of the paper.

Section 2 introduces the notation and reviews the main re-
sults about conditional product-forms. Section 3 studies the
Markov modulated queueing network model. Section 4 con-
siders the model with alternating queues and mutual resets.
Finally, Section 5 concludes the paper.

2. THEORETICAL BACKGROUND

This paper deals with model synchronisations. Several
formalisms have been developed to formally represent the
notion of cooperating models but for the sake of maintaining
a uniform framework with previous work on similar topics,
we choose to express our results by means of cooperating
automata and Kronecker’s algebra [21, 5]. However, the re-
sults can be readily transferred to other domains such as the
Markovian process algebra PEPA [14] with active/passive
synchronisations. We study pairs of models M; and M
that cooperate on a finite set of labels £ = {t1,...,tr}.
Every label £ is associated with a pair of matrices Ei, and
E2¢. The entries in E;, are non negative real numbers and
represent the transition rates. Matrix Eq, is stochastic and
Ea¢(s2—s5) represents the probability that model My syn-
chronises on ¢ € L by changing its state from ss to sj,
s2 € Sy and Sz is the denumerable set of states of compo-
nent Ms. Matrices Eir and E2r model the internal, non
synchronising, transitions of the components and the en-
tries are non-negative real numbers. According to [21, 5]
we assume that transitions occur after an exponentially dis-



tributed random time so that the underlying stochastic pro-
cess is a CTMC whose transition rate matrix is given by the
following expression:

Q=E;, 0L +L®Ex+» Eu@Ex, (1)
el

where I. denotes the identity matrix whose dimension is
given by the cardinality of the state space of M., ¢ = 1,2.
We may derive the infinitesimal generator in the standard
way:
Q=Q - Diag(QL"),

where 1 is a row-vector with dimension |Si]-|Sz2| and Diag(-)
maps a vector into a diagonal matrix with appropriate di-
mension. Since Eg, is stochastic, we say that the coopera-
tion between M; and Ms is feed-forward and non-blocking
(FFNB). Basically in FFNB cooperations, automaton My
can never prevent automaton M; to perform a transition.
We call M; active and Ma> passive. Notice that in these
cases we can compute the marginal stationary distribution
(when it exists) of My by considering it in isolation. Hence-
forth we assume that the CTMCs underlying M; and the
cooperation between M; and Ms are ergodic.

DEFINITION 1
active automaton My synchronising on label set L, we define
the timed-reversed automaton ME as follows:

m1(s1)
7l'1(81)

for all 1,81 € 81 and £ € LU{T}, where w1 is the marginal
stationary distribution of M.

Eﬁ(éﬁ —81) = Eio(sy — s1) (2)

DEFINITION 2 (TIME-REVERSIBLE AUTOMATA). An ac-
tive automaton M is time-reversible if the following condi-
tion holds for all the pairs si,s} € Sy:

m1(s1)B1e(s1 — s1) = m1(s1)E1e(s1—51), (3)

for every £ € LU {7} and where m denotes the marginal
stationary distribution of M;.

Notice that although every time-reversible automaton has an
underlying reversible CTMC [15], the opposite is not true,
since in Definition 2 the local balance equation must be sat-
isfied for each label.

PROPOSITION 1. If an automaton M is time-reversible
then M{* = M.

PROOF. Let us apply Definition 1 to define the time-
reversed automaton M;i®. We notice that the right-hand-
side of Equation (2) that specifies the rate Ef,(s; — s7) for
u € LU{7} and for every pair s1,s] € S; is identical to the
expression of E1¢(s1 — s}) required by Equation (3). [

Before stating the main theorem, we introduce Defini-
tion 3 that extends the notion of lumping to automata.

DEFINITION 3 (EXACT LUMPED AUTOMATA). Given au-
tomaton M, a set of transition labels L, and a partition of
the states of My into Ny clusters S = {I, 2,..., N1}, we say
that S is an ezact lumping for Mh if it is possible to define
a set of functions @5 : S x S — RT such that:

1. V51,5, € S, 8 # 51, Vs1 € & s Bir(s1 —

S1
s1) = ¢1(51,31)
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(TIMED-REVERSED AUTOMATA). Given the

2.Vl € L,V51,8) €S,Vs1 €51 Y,

3/165/1 Elg(sl — Sll) =

If My is lumpable with respect to S, we define the automaton
My with N1 states as follows:

STz iy~ N
El-r(§1 -3 = ¢1(51,81)  if & 7&'82

0 otherwise
1:314(51 —3) = 9551(51’5'1) (el

Observe that there is not a trivial correspondence between
the notion of lumping for discrete or continuous time Markov
chains [16] and that given by Definition 3. Indeed, in case
of lumping of Markov chains, the transition rates (proba-
bilities) among states belonging to the same cluster can be
ignored. In case of lumped automata this is not true for
the matrices corresponding to synchronising transitions (see
point 2 in Definition 3). Therefore, although a lumpable
automata has always an underlying exact lumpable CTMC,
the opposite is not true.

For brevity, we denote by Mi ® M> the model given by
the cooperation of M; and Ms whose underlying CTMC
transition rate matrix is that given by Equation (1).

THEOREM 1. Given the model M1® Ma, in a feed-forward
and non-blocking synchronisation. Let MZE be the reversed
automaton of My and let M{ be an exact lumping of ME
whose clusters are S = {1,..., N1} and let M{ be time-
reversible. Then, under ergodicity assumption, the following
conditional product-form expression holds:

w(s1,82) = Fgy e (s2131)m1 (1) (4)

where m is the steady-state distribution of M1 ® Mz and 7R
that of MIR ® Maz, m that of M1 and:

~R/~
R - 7 (51,52)
T e (82]81) = ———~

iR (52]31) 7160
where, since the stochastic process underlying M{* is a lump-
ing of that underlying M{, we have 71(51) = D es (1)

2.1 Differences with ordinary product-forms

The result stated in Theorem 1 is different from those well-
known in product-form theory such as the reversibility or
the quasi-reversibility [15] or the Reversed Compound Agent
Theorem [10]. In particular, we may review these results
in case of pairwise, feed-forward cooperations by requiring
that M; must be lumpable into a single state (and hence is
trivially reversible). This stricter condition with respect to
that required by Theorem 1 allows us to rewrite Equation (4)
and obtain the standard product-form result.

2.2 Differences with Markovian process alge-
bra congruences

In the field of Markovian process algebra, the notion of
lumping is strictly connected to that of congruences or bisim-
larities (see, e.g., [14]). The idea is that in the cooperation
of two components (our automata) we may replace them
with simpler equivalent ones, i.e., with components that al-
though they have a lower number of states, they still behave
in an equivalent way with respect to the originals. How-
ever, differently from what stated by Theorem 1, this only
allows one to derive the marginal stationary distributions of



the components. Theorem 1 gives a way to compute both
the marginal and the joint stationary distributions of the
components.

3. CONDITIONAL PRODUCT-FORM IN
MARKOV MODULATED TANDEM
QUEUES

In this section we consider a tandem of two queues as
shown in Figure 1. The queues have infinite capacity and
customers arrive from the outside at the former queue ac-
cording to a Markov modulated Poisson process. Let F
be the modulating process. The service time at the for-
mer queue is exponentially distributed and the rate is also
modulated by process F'. Let F be the denumerable state
space of the CTMC underlying F', and f € F a generic state.
Then, we denote the arrival and the service rates at Q1 by
A1 (f) and p1(f), respectively. After being served, customers
leave @1 and immediately enter Q2 where they are served
in an exponentially distributed time with rate p2. Both the
queues have a First Come First Served discipline (FCFS).
Modulating process I’ determines the transition rates of Q1
but its own behaviour is never controlled neither by the tran-
sitions nor by the current state of Q1. This means that if the
CTMC underlying F' is ergodic, its stationary probabilities
can be readily derived by its analysis in isolation.

Let us consider the Markov modulated queue Qq, it is
well-known from the literature (see [7] and the similar re-
sults recently considered in [3]) that a product-form between
the modulated (the exponential queue) and the modulating
processes exists if and only if the following condition holds:

Ai(f)
Jp1 e RY st Vf e F, =p1. 5
pa(f) )
If the modulating process is ergodic, the model is stable if
p1 < 1. Let mp(f), with f € F be the marginal stationary
probability of state f, i.e.,

[ee)

me(f) =Y m(fin),

n1=0

where m1(f,n1) denotes the joint probability of F' being in
state f and Q1 having ni customers (we are not considering
the interaction with @2 yet). Then, the following result
holds [24, 7, 3]:

m(fymn) = 7r(f)(1 = pr)pt" (6)

We now consider the interaction between @1 (modulated
by F) and Q2. Theorem 2 is a consequence of Theorem 1
and gives sufficient conditions for the cooperation of @)1 and
Q2 to be in conditional product-form. Later on, we will
also show that previous results on product-forms cannot be
applied for the computation of the steady-state distribution.

THEOREM 2. Given the tandem of queues depicted in Fig-
ure 1, where Q1 is modulated by F'. Let f € F denote a state
of the modulating process, ni,n2 € N denote the population
at queue Q1 and Q2, respectively. If the following conditions
hold:

1. F and Q1 are in product-form

2. I is reversible
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Q1 Q2

A1(m)

i)

F /~ Modulating process

.

Figure 1: Tandem of exponential queues with the
first modulated by another process.

then, in stability, the steady-state distribution w(f,ni,n2) is
given by the following expression:

ﬂ-(.ﬁnla’rw) = (1—[)1)[)?17{';(]“,71,2), (7)

where 5 is the steady-state distribution of Q2 under a Markov
Modulated Poisson Process (MMPP) with the same transi-
tion rates of F' and whose intensity of the arrivals at state

I s Ai(f)-

REMARK 1. [t is worth of notice that one may try to ob-
tain the same result in a simpler way by proving that the
output process of the Markov Modulated queueing network
is a Markov Modulated Poisson Process. Therefore, it is
not surprising that the second queue behaves as an expo-
nential queue under MMPP arrival. This approach would
not require the assumption of the reversibility of the mod-
ulating process. However, the statement of Theorem 2 is
stronger than what one would obtain following this approach.
Indeed, by considering the output process as specified, one
could prove a result only about the marginal stationary dis-
tributions of the models and not about the joint model, as
the conditional product-form does. Theorem 2 states that a
sufficient condition for the stationary distribution to be the
product of the marginals is that the modulating process is
reversible.

Before giving the proof of the theorem let us define the au-
tomata M7 and Mz, underlying the modulated queue @1 and
Q2, respectively. The two automata synchronise on a single
label a that corresponds to the departure of a customer from
Q1 and a consequent arrival at Q2. Let gr(f — f') be a
non-negative real number denoting the transition rate of the
CTMC underlying the modulating process from state f to
f'. Therefore, we have:

ElT(f7n1 — fl7n/1)
Ai(f) if f'=fni=n+1
=qaqr(f—=f) ifnf=n,f #Ff

0 otherwise



Ela(f,nl — f/7nl1)

~_Jm(f)
_ {O

LEMMA 1. The automaton M, inverse of My is defined
as follows:

E?T(f7 ny — flvnll)

pa(f) ff=fm+l=m
=qar(f—=f) ifni=n,f #f

0 otherwise

if f'=fni=n—1
otherwise

Ela(f,nl — f/7nl1)

_ {Al(m)
0

PrROOF. Since by hypothesis F' and @1 are in product-
form, the steady-state distribution is given by Equation (6)
and we know that A\(f)/u(f) = p1 for all f. Let us consider
an internal transition between two states of the modulating
process E1(f,n1 — f’',n1) with rate ¢(f — f') and f # f/,
then:

iff/:f7n/1 :TL1+1
otherwise

!

ER N / _ ™1 (f 7n1) / N
17'(f7n1 f’nl) ﬂ_l(f’nl) qF(f f)
_ me(f)(A = p1)py*
me(f)(1 = p1)pt”
where the last equality follows from the hypothesis of re-
versibility of F'. Let us now consider the internal transitions
modelling an arrival event, i.e., E1-(f,n1 — f,n1 + 1), its

inverse has the following rate:

au(f = f)=ar(f = f),

R _ ﬂ—l(.ﬁnl)
ElT(f7n1+1 _>f7nl) = 7r1(f,n1 +1))\1(f)
_ ()X = p1)py?
Cwe(f)(1 = pr)pit M)

=pr M) = m(f),
where the last equality follows from Zhu’s and Economou’s
[24, 6] results about the necessary and sufficient condition (5)
for the product-form. We finally consider the synchronising
transition E14(f,n1 +1 — f,n1) whose rate is p1(f). It’s
inverse is:

T (f, ni + 1)
mi(f,n1)

_ n1+1
_ TrF(f)(l pl)pl I (f)

mr(f)(1 — p1)pt”
= p1pa(f) = A (f),
where we applied again Equation (5). []

Efa(f7n1_>f7n1+1): ll’l(f)

LEMMA 2. Model MFE is exactly lumpable into an automa-
ton M with a number of states equal to the cardinality of
the modulating process’s state space and whose transitions
are defined as follows:

EL(f = f)=ar(f— 1)
and

M(f) i f=f

0 otherwise

BE(f o ) = {
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Q1 Q2

A(f)
_"
v
Figure 2: Example of tandem queueing network

with modulating process.

Proor. The proof immediately follows from Definition 3
and Lemma 1. [

We can now prove Theorem 2.

PrOOF. We aim at studying the cooperation between the
modulated queue @)1 and Q2. Since Q2 has an infinite buffer
it never blocks @1 (as required by Theorem 1), therefore
we can focus on the process underlying @1 modulated by
F. Observe that M{® is trivially reversible and hence the
conditional product-form given by Theorem 1 holds. Notice
that M¥ behaves like a Markov Modulated Poisson Process
for @2, and we have:

_ W;(f7n2)7r n
ﬂ-(f7n17n2)_ 7TF(f) 1(f7 1)
_ ma(fin2) B n
- WF(f) F(f)(]' pl)pl )

which simplifies to Equation (7) as required. [

3.1 Example
Let us consider the model depicted in Figure 2. Let

Cfan i f=h
Al(f)—{)\12 =
and
_Jpn M f=h
m(f) = {“12 i f=f

Observe that the modulating process, consisting of only
states fi1 and fs, is trivially reversible and therefore Theo-
rem 2 can be applied given that A11/pu11 = Ai2/p12 = p1. In
this case the stationary state distribution is given by Equa-
tion (7), where 75 can be numerically computed as the so-
lution of a quasi-birth-and-death process (QBD) using the
matrix geometrics method [20]. Figure 3 shows My, M{* and
M and Figure 4 shows M. We now discuss the impos-
sibility of deriving a standard product-form solution for the
model of Figure 2 but in the trivial case of A\11 = A2 and
p11 = piz2. Indeed according to the product-form results
presented in [15], the quasi-reversibility, and in [10], the Re-
versed Compound Agent Theorem, the rate associated with
the transitions labelled by a in M{ should be always the
same, which is in general not required by Theorem 2.



Q, 411
M, y
A12

Hi11
Mt
a, A1z
a,)\u a,/\12
(A~ ()
ME

Figure 3: Automata defined for the analysis of the
model of Figure 2.

a,l a,l a,l

m

Figure 4: Automaton underlying queue @)> of Fig-
ure 1.
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3.2 Extensions

Theorem 2 may be applied for studying the joint steady-
state distributions of models that are behaviourally different
from that shown in the previous section but whose underly-
ing automata are similar.

Tandem queues with batch departures

We consider here a tandem of two queues, 1 and Q2. Cus-
tomers arrive at (1 according to a Poisson process with
rate A1 and are served in an exponentially distributed time
with rate pu1. A customer departure from Q1 causes an in-
stantaneous arrival at Q2 of batch of customers. The batch
size is decided by the state of a reversible CTMC such as
a truncated birth-and-death process whose state represents
the batch size.

The analysis of such a model exploits Theorem 2 because
it is sufficient to use different labels to synchronise M; and
Ms according to the state of the modulating process. It is
easy to prove that MF is still lumpable and the lumped au-
tomaton M7 is time reversible. The stationary distribution
is given by Equation (7) where 75 is the stationary distri-
bution of the QBD process with Markov modulated batch
arrivals associated with M @ Mo.

3.2.1 State-dependent service rate

We can consider the model of Figure 1 in which the ser-
vice time of Q1 depends both on the state of the modulat-
ing process and the population at Q1, i.e., u(f,n) > 0. The
conditional product-form may be derived under the same as-
sumptions required by Theorem 2. In this case a necessary
and sufficient condition for the (standard) product-form be-
tween the modulating process and Q is the following [24,
6, 3]:

Vfe FVYneNdp, >0 s.t. pn:M.
H1 (.f7 TL)
In this case the key-point to prove the conditional product-
form is to notice that the population-dependent transitions
in M{ become internal and hence, according to Definition 3
do not change the derivation of M. Then, the conditional
product-form expression becomes:

7T(f,n1,TL2) = (1 - Pl) <H Pn) W;(f’ ng) .

n=0

4. CONDITIONAL PRODUCT-FORM IN
QUEUES WITH MUTUAL RESETS

Queues with resets have been introduced by Gelenbe and
Fourneau in [9] in the context of product-form G-networks.
A reset is a type of signal that once it arrives at an empty
queue it restores a non-empty state. The destination non-
empty state is chosen according to its stationary probability.
In [11] the notion of reset is extended to include the possi-
bility of the queue to remain empty after the arrival of a
reset signal. These models are proved to be in product-
form when the external arrivals follow independent Poisson
processes, with state-independent probabilistic routing and
negative exponential service time distributions. In this sec-
tion we study a similar reset mechanism that we call mutual
reset. We consider two queues, @1 and ()2, with exponen-
tial service time distributions with intensities p1 and pue and
independent Poisson arrival streams with rates A1 and Ao,



Figure 5: System studied in Section 4. The curved
lines denote the mutual exclusion and reset control
mechanism.

respectively. The queues work according to a mutual exclu-
sion policy. When Q1 (Q2) is in the empty state it may reset
Q2 (Q1) by taking its state to a population which is chosen
with a rate v and a probability that is proportional to the
stationary probability of the arriving state. Then the just
reset queue starts working and the other stops. Notice that,
despite the analogies with the reset policy proposed in [11],
the mechanism proposed here is novel since the queues work
in a mutual exclusive way and the reset occurs when one
queue is empty but on the other queue. This system con-
sisting of queues Q1 and Q2 feeds a third queue Q3 whose
service rate is exponentially distributed with rate ps. The
interactions among queues Q1, @2 and Q3 is sketched in
Figure 5.

If the queue alternation is slow enough we can give the
following interpretation of the model. @1 and Q)2 are two
queueing systems whose arrivals and services are indepen-
dent. A controller chooses if feeding Q3 with the output of
Q1 or that of Q2. In order to maximise the system through-
put, when the selected queue is empty, the controller may
choose with a certain probability to change the operating
queue. If the operating time of the new queue is long enough,
at the switching epoch the other queue will be in a certain
state with a probability that is approximately equal to its
stationary probability.

Figure 6 depicts the transition diagram of the automa-
ton M; underlying the pair of queues with mutual reset.
According to the system definition, we define rate n; and ~;
as follows:

i =" 71—1(271.) ni=n ﬂ—l(lvi)
Yem(2,4) T Ty m(L, )

where 71 denotes the stationary distribution function of M;
assuming stability. The transition diagram of the automaton
underlying Q3, namely Mo, is shown in Figure 4. Formally,
automaton M, is defined as follows:

(8)

Ei-(¢,n — ¢',n)

AN ifg=q¢ =1,n"=n+1

X ifg=q¢ =2,n"=n+1
ifg=1,n=0,n"=i,¢d =2
n  ifg=2,n=0,n" =iq¢ =1
0 otherwise
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Figure 6: Automaton underlying the system consist-
ing of two exponential queues with mutual resets.

w ifg=q¢ =1,n"=n-1
Ela(‘L” — q/7n’) = § M2
0 otherwise

ifg=q =2,n =n—-1.

The following theorem gives the conditional product-form
between M, and Ms.

THEOREM 3. Given the queueing network depicted in Fig-
ure 5, under the stability conditions: 0 < p1 < 1,0 < p2 < 1,

(1= p2)prpm +v(1=pr)papa][y(1—p1) +0(1 = p2)] " < s,
the following conditional product-form holds:

m(q.i,5) = (1 — p1)pim3 (1, §)dg=1
+ (1 = p2)phms(2,§)0g=2, (9)

where § denotes the Kronecker delta function, p1 = A1 /(pu1—
), p2 = Xo/(p2 — n) and 75 is the stationary distribution
of the MMPP/M/1 queue with exponential service time dis-
tribution with rate us and a MMPP arrival process with two
states, {1,2}, where state i imposes a Poisson arrival stream
with rate p;pu; and the transition rate from state 1 to 2 is
¥(1 = p1) and from state 2 to 1 is n(1 — p2).

Before proving the theorem, we introduce some useful lem-
mas. The first gives the closed form expression of the sta-
tionary distribution of M; that we will use to derive its re-
versed M.

LEMMA 3. The stationary distribution of M is:
m1(q,n) = kqpy (10)

for g € {1,2} and n > 0, where p1, p2 are defined in Theo-
rem 3 and kv = nG, ka = yG with

G=M+7y—p)a+n—p2) [ M+ X2 +v+n)

+ papz(y 1) — (A2 +y + 1) — ypz(A +y +m)]

The stability condition for this model is 0 < p1 <1 and 0 <
p2 < 1 and, under this condition, the normalising constant
G that appears in the definition of k1 and k2 is a positive
finite real number.

PRrOOF. First of all, observe that given Equation (10) the
reset rates of Equation (8) can be rewritten as:

11— ;
o= m29) k2p2 =v(1—p2)ph and

G 1= i
(L) = n(l = ek (ay

i



Therefore, the GBE for the system consisting of queues Q1
and Q2 are:

71(1,0)(v + A1) = mi(1, Dpa + 71(2,0)n(1 — p1)
m1(L) (A 4 pa) = mi(li+ D +m(1i — DAy

+71(2,0)7(1 = p1)p} i>0
71(2,0)(n + A2) = m1(2, Dpz + m1(1,0)7(1 = p2)
m1(2,4) (A2 + p2) = m1(2,1 + )po + m1(2,1 — 1)/\2
+7m1(1,0)7(1 — p2)ph i>0

The proof can be carried out by substitution and by proving
that the normalising condition:

> > o mlei=1,

q€{1,2} 5=0

is satisfied if and only if 0 < p1 < 1 and 0 < p2 < 1. G is
well-defined because, given the stability condition, is strictly
positive and finite. [J

LEMMA 4. The automaton M{, inverse of My, is defined
as follows:

Ef (g,i — ¢ 1)

ifd =q=1,i=14i+1
if¢d =q=2,i=1i+1
=01 =X2/(p2—m) ifqg=2,¢=11i=0

YA = A/ =) ifg=1,4d=2,4=0
0 otherwise

p1 =y
p2 =1

EY (g0 — ¢,7)
Mpr/(p—) ifd =q=1i=i+1

= Xepe/(p2—m) ifqd =q=2,{"=i+1.
0 otherwise

PROOF. Let us consider the transition in M{ going from
state (1,4) to (1,2 + 1), ¢ > 0, labelled q, its rate is:

m(li+1)

Ef(1,i—1,i4+1) =
1a( 5 0 al+ ) ﬂl(l,i)

Eia(l,i+1—1,4)

A1
=pipn = ———p.
H1 —7
Analogously, we prove EX, (2,1 — 1,54+ 1) = Xapa /(2 — 1).
Moreover, for i > 0, we have:

7T1(1,i)

Ef(Li+1—=1,i)= -2
17—( 71+ ,7,) 7_(_1(1’@_'_1)

Ei- )\

A1
= —— =H1—=7,
p1
and symmetrically B (2,4 + 1 — 2,4) = ps —n. Let us
compute the reversed rate of the transitions going from state
1,0 to state 2,4, with ¢ > 0.

R . . 71(170) .
EX(2,i—1,0)= @ Ei-(1,0 — 2,4)
71—1(170) 7T1(27Z)(1 — p2) Ky
_ = P11 = o) = n(1 — poa).
) s kzv( p2) = (L — p2)

By symmetry, we obtain Ei,(1,i — 2,0) =~v(1 —p1). O

We can now prove Theorem 3.
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a, pafiz

a, p2jt2

a, p1fi1 Q, P22

(1= p1)

(1= p2)

Figure 7: M{ and J\;IIR associated with automaton
M; shown in Figure 6.

PROOF. According to Definition 3, M{* as given by Lemma 4
and shown in Figure 7-(A) is lumpable in the automaton
shown in Figure 7-(B). whose formal definition is:

Y1 —=p1) ifg=1,¢ =2
Eir(g—q)=4nl—p) ifg=24q=1
0 otherwise
pipr ifg=1,¢ =1
Ela(q—ﬂll) = § P22 ifg=2,¢ =2
0 otherwise

Since automaton M{® is reversible, then by Theorem 1 the
conditional product-form expression of Equation (9) follows
from Lemma 3. The stability conditions for M; are proved
in Lemma 3 while that for Ms follows from queueing the-
ory considerations on the comparison of the expected inter-
arrival and service time. []

The following propositions follow immediately from the
results just given and they give closed-form expressions for
the performance indices of the system consisting of ;1 and
Q2. The performance indices of (Y3 may be derived accord-
ing to the matrix-geometric approach as shown for instance
in [22].

PROPOSITION 2. In stability, the expected number of cus-
tomers N in the system modelled by M is:

P1 P2
(T—p)? " (1= p2)?

where ki1, k2 are defined in Lemma 3 and p1, p2 are defined
in Theorem 3.

N =k + k

PROOF. By definition of N, we have:

oo

N = i(m(1,i) +m(2,9)),

=0



where 71 is given by Lemma 3. Therefore, we have:

oo oo

(oo} i oo L
i 4 a 1 a 1
N =k E ip1 + k2 E ipy = kip1 E o + k2p2 E P2
- - — Op1 — Op2
=1 i=1 =1 =1
Y2, pi Y2, ph p1 p2
=k =1 -|—k =1 =k +k )
R P2 0, Ta=p)2 A= )2

as required. [J

PROPOSITION 3. In stability, the throughput X of model
M]_ 18:

x = Mpi(l = p2) + yp2pa(l = p1)
n(l —p2) +~(1 - pl) ’

(12)

or equivalently:

x = hupin | Kapaitz, (13)
1—p1 1 — p2

where p1 and p2 are defined in Theorem 3 and ki, k2 in
Lemma 3.

Observe that although the expression of X given by Equa-
tion (13) is more compact than that of Equation (12), the
former requires the computation of k1 and k2 while the latter
does not.

PROOF. By definition of throughput we have:

X =) (m(L )+ m(2,0)p2) .

=1

According to Lemma 3, we have Y~ mi(1,4) = kip1/(1 —
p1) and hence we can derive immediately Equation (13). In
order to derive Equation (12) it is convenient to analyse M{*
(see Figure 7-(B)). Here the throughput of the model is the
throughput of the transitions labelled a. This computation
immediately gives Equation (12). [J

Notice that since Q)3 does not destroy or create any cus-
tomer, then by the conservation law X is also the through-
put of Q3.

In Figure 8 we show the throughput X of M, given dif-
ferent sets of parameters, for 0 < v =n < 4. Notice that X
can exceed the sum A1 + A2 and that increasing the service
rate (here p2) of a queue may indeed decrease the system’s
throughput, since the faster queue has a higher probabil-
ity to be empty and thus to jump to the other one whose
throughput may be lower.

PROPOSITION 4. In stability, the utilisation U; of the server

of Qi, fori € {1,2} is given by:

and the total utilisation (when one of the two servers is in
use) is:

U=1—-ki — k2,

where p1 and p2 are defined in Theorem 3 and ki, k2 in
Lemma 3.

PRrROOF. The proof is immediate given the steady-state
distribution proved in Lemma 3 and the definition of utili-
sation. [
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X1=1,u1;5,x2=é,u2=6 //
K1=2,u1=6,k2=3,u2=7
6F _ _A,=2u,=61,=3u,=30
M =2,1,=80,2,=3,u,=7

Throughput X
ESN o

w

Figure 8: Throughput of M; of Figure 5 for different
sets of parameters.

5. CONCLUSION

In this paper we have studied two classes of models with
conditional product-forms that are not tractable with ordi-
nary product-forms. To the best of our knowledge, this is
the first time that these results are applied to queueing net-
work models to obtain exact and closed-form expressions for
the models’ stationary distributions. The first model that
we studied consisted in a Markov modulated queueing net-
work feeding another exponential queue. We gave sufficient
conditions for the separable solution and showed that the
final station of the tandem sees a Markov Modulated Pois-
son Process rather than a Poisson process as would happen
in standard product-form analysis. The second model is
inspired by Gelenbe and Fourneau’s resets [9] although the
studied mechanism is rather different since two queues alter-
nate their outgoing stream to another queue and can, under
some conditions, reset the state of the other according to
its stationary distribution. We have shown that despite to
its complexity, the model admits a conditional product-form
that allowed us to derive a closed form expression of the sta-
tionary distribution functions. Future research efforts will
be devoted to extend Theorem 1 in order to encompass the
feedback in the studied models and to provide new approxi-
mation methods in queueing networks based on the (approx-
imate) lumping of the reversed processes rather than their
forward.
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