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ABSTRACT

This paper investigates a finite capacity queueing system in
a Markovian setting with power control and various flavours
of processor sharing policies like generalised and discrim-
inatory processor sharing. Allowing for multiple customer
classes, the Markovian description of the system at hand ob-
viously suffers from the state space explosion problem. By
some numerical examples, we show that numerical Taylor se-
ries expansion techniques provide the required numerical ac-
curacy at a limited computational cost. More precisely, the
computational complexity of calculating the first NV terms in
the series expansion of the steady-state probability vector is
O(KMN), with M the size of the state space of the Markov
chain and K the number of classes.

1. INTRODUCTION

Processor sharing queues and their multi-class extensions
like discriminatory and generalised processor sharing queues
naturally arise as a convenient abstraction for many net-
working and computer systems. Processor sharing queues
gained particular popularity in modelling flow-level resource
sharing in the Internet, see for example [11-14]. Literature
on processor-sharing queueing systems is extensive and we
refer to the surveys on processor sharing [18] and discrimi-
natory processor sharing [2] for more pointers to the theory
and applications of processor sharing queues and limit the
present discussion to some recent applications in telecom-
munication networks.

Alouf et al. [3] use a processor sharing queue to study
power saving at the base station and mobile terminals of a
cellular network, assuming continuous connectivity. More-
over, Jin and Min [8] investigate an integrated scheduling
scheme that combines priority queuing and generalized pro-
cessor sharing as an efficient mechanism for quality of service
differentiation in wireless networks. A generalised processor
sharing queue is used to study the trade-off between per-
formance and power consumption in servers hosting virtual
machines in [4]. Also in the context of server farms, Tan
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et al. [15] consider a tandem network of a processor queue
and a multi-server queue to assess performance of MapRe-
duce, the popular programming framework for parallelising
large data processing on a cluster. Finally, Ferragut and Pa-
ganini study a class of M/G processor sharing queues that
describe populations and residual workloads in peer to peer
file exchange networks [7].

Exact analysis of processor sharing systems with infinite
capacity buffers critically depends on structural properties of
the Markov chains describing the queueing dynamics which
are lost when the service speed (see e.g. [17]) or the arrival
rates adapt to the queueing state. In the Markovian set-
ting — that is, assuming Poisson arrivals and exponentially
distributed service times — the balance equations of the
Markov chain are easily found, even when the server speed
adapts to the backlog. However, the size of the state space
renders a direct numerical solution infeasible, already for
limited queue capacities and a few classes. Therefore this
contribution investigates numerical power series expansion
techniques. Much like power series expansions extend the
range of models that can be solved by analytic methods,
these techniques equally well extend the range of Markov
models for which a numerical analysis is computationally
feasible.

Series expansion methods go by different names, including
perturbation techniques, the power series method and light-
traffic analysis. While the naming is not absolute, perturba-
tion methods are mainly motivated by sensitivity analysis of
the results with respect to some system parameter. The case
where the perturbation does not preserve the class-structure
of the non-perturbed chain — the so-called singular pertur-
bations — has received much attention in literature [1,10].
The power series method transforms a Markov chain of in-
terest in a set of Markov chains parametrised by a variable
7. For v = 0, the chain is not only easily solved, but one
can also obtain the series expansion in . For v = 1 one
gets the original Markov chain such that the series expan-
sion can be used to approximate the solution of the original
Markov chain, provided the convergence region of the series
expansion includes v = 1 [16]. Finally, light-traffic analysis
often corresponds to a series expansion in the arrival rate
at a queue. For an overview on the technique of series ex-
pansions in stochastic systems, we further refer the reader
to the surveys in [5,9].

The contribution focusses on a multi-class processor shar-
ing queue with power saving and relies on numerical series
expansion techniques to assess performance of these systems.
In particular, we consider light-traffic expansions, as well as



expansions for the service rate u — 0, which corresponds to
extreme overload. For finite capacity queueing systems, the
limit + — 0 (or equivalently for the arrival rate A — 0o0) adds
additional insight in the queueing dynamics [6]. Moreover,
the different expansions are combined in a single expression.
Secondly, we consider both expansions for the steady-state
vector and for the mean waiting time vector (conditioned on
the arrival state) under the per-class random order of service
(ROS) discipline, the computational complexity of these ex-
pansions being comparable. Notice that a ROS discipline is
natural in the context of processor sharing as it corresponds
(in the Markovian setting) to the case where all customers
within a class get an equal share of the processor capacity
assigned to the class.

The remainder of this paper is organised as follows. The
next section introduces the multi-class queueing model at
hand and sets the main notational conventions. The series
expansion technique is then introduced in Section 3 and ap-
plied to the calculation of the steady state probability vector
and the mean waiting times. This section also discusses the
computational complexity of the approach at hand. Finally,
the approach is numerically investigated in Section 4 and
conclusions are drawn in Section 5.

2. MODELLING ASSUMPTIONS

We consider a multi-class Markovian queueing system as
depicted in Figure 1. The system consists of K finite ca-
pacity queues; let C} denote the capacity of the kth queue,
ke K={1,...,K}. As we consider a Markovian queueing
system, the state of the queueing system is completely de-
scribed by the number of customers in each of the queues.
For further use, let C, = {0,1,...,Ck} be the set of pos-
sible queue content of queue k and let C = C1 X ... X Cx
be the state space of the Markov chain at hand. Also, let
c = [C4,...,Ck] be the full state and let 0 = [0,...,0] be
the empty state. Arrival and departure rates at and from the
different queues may depend on the queueing state. That
is, let x = [x1,...,2K] be the state vector (zx is the queue
content of queue k), then the arrival and departure rates
equal,

Ak(x) = Aar(x),  pe(x) = pr(x).

Here A and p are scale parameters of the arrival process and
service process, respectively. ay(x) denotes the (unscaled)
arrival rate at queue k when the system state is x and [ (x)
denotes the (unscaled) service rate allocated to queue k in
state x. For notational convenience, we assume ax(x) = 0
for xr = Cy and Bix(x) = 0 for x; = 0. In addition, these
rates adhere to the following constraints:

(A.1) In the absence of service (1 = 0), the queueing system
fills up completely. That is, Zszl ak(x) > 0 for all
X # c.

(A.2) In the absence of arrivals (A = 0), the queueing system
empties completely. That is, 25:1 Br(x) > 0 for all
x # 0.

In the model description above, there are but few assump-
tions with respect to arrival and service rates. The method
outlined in the next section holds for any such system but
we here focus on processor sharing disciplines with power
saving. Power saving is accomplished by reducing the ser-
vice rate when there are but few customers in the queue.
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Figure 1: Coupled queueing system

We assume that the service rate y(x) only depends on x
through the weighted queue content ¢(x),

K
q(x) = Zwixi .
i—1

Here {w;,i = 1,..., K} is a set of fixed weights. For dis-
criminatory and generalised processor sharing, the rates are:

e Discriminatory processor sharing (DPS):

Br(x) = 7(x)

IkTk
Z?ﬂ geZe
e Generalized processor sharing (GPS):
hil (a5 03
il hella,>0)

Here gr, and hy are fixed weights. Finally, the arrival rates
in the different queues do not depend on the queueing state,

Br(x) = ~(x)

ak(x) = prl{z, <oy -

REMARK 1. As can be seen from the modelling assump-
tions and from the constraints (A.1) and (A.2) above, many
more queueing systems fit the assumptions. Apart from pro-
cessor sharing, one can for example consider strict priority
queueing,

Br(x) = 1{> ¢ = 0},

and independent service, B (x) = gx1{xy > 0}. The arrival
rates can also adapt to the queueing state. A prime example
of an adaptive arrival rate is the join the shortest queue
routing policy,
Hay, = m(x)}
X) =
g (x) ) ;
with m(x) the queue content of the shortest non-full queue,
and n(x) the number of such queues. Analogously, cus-
tomers can join proportionally to the available buffer space
policy,
K
ar(x) = (Cr — 1) /D> (Co—we).

(=1



Other policies include “join the shortest local queue” (se-
lect the shortest among some neighbouring queues), join the
queue with most space, etc.

3. SERIES EXPANSION TECHNIQUE

Having introduced the modelling assumptions, we now fo-
cus on Taylor series expansions of the stationary distribution
and of the (conditional) waiting times. We first establish the
balance equations and the mean sojourn time equations.

3.1 System equations

Recall that Si(x) = 0 for z = 0 and that ax(x) = 0 for
zr = Cj: there cannot be a departure from queue k if its
empty and there cannot be an arrival in queue k if its fully
occupied. Let m(x) be the steady state distribution of the
Markov chain at hand. In view of the modelling assump-
tions, we easily find,

M=

K
(%) D (Ae(x) + pk (%) =

k=1

m(x + er)pr(x + ex)
1

M= 7

+ m(x —er)Aw(x—er). (1)

ES
Il

1

Here we assume 7(x) = ar(x) = Br(x) = 0 for x ¢ C to
simplify the balance equation. Further, ey is a row vector
of zeros apart from its kth element which equals 1.

Apart from the steady state distribution of the joint queue
content, we also study mean sojourn times of customers,
given the state of the system when they arrive. Let W be
the remaining sojourn time of a random customer, let @ be
the queue in which this customer resides and let X be the
state of the queueing system. We then define,

w(x;i) = EW1lix—x}|Q = 1] .

We consider the expectations of the sojourn times under
ROS scheduling (within the class). By conditioning on the
first event (arrival or departure in any of the queues) during
the sojourn time, we find the following recursion for the class
¢ sojourn times,

1 — pi(x)/ziw(x — ei; i)

Sy (e (%) + Ak (x))
n S (e () w(x = ex; i) + A()w(x + ex; )
Sore (e (%) + Ak (%))

for all x € {x € C : 2; > 0} and with w(x;i) = 0 for
z; = 0 to simplify notation. The expansions of the mean
conditional sojourn times are motivated by game-theoretic
analysis of observable queueing systems. Indeed, if one is
merely interested in the mean sojourn time, the expansion
of the mean queue content above and Little’s result imme-
diately result in the expansion of the mean sojourn time. In
addition, we note that the method exemplified above also
allows for expansions of higher-order conditional moments
which cannot be obtained by Little’s theorem.

w(x;1) =

» (2)

3.2 Series expansions for 7(x)

Assuming but a few classes and limited buffer space, the
balance equations and waiting time equations introduced
above can be easily solved numerically. However, even for
only a few classes and moderate buffer size, direct computa-
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tion of these stationary measures is no longer computation-
ally feasible due to the size of the state space. To overcome
the state space explosion problem, series expansion tech-
niques are used which allow to approximate these steady
state measures. We consider expansions in A around A = 0
(light traffic) and in g around p = 0 (overload).

Before proceeding, we note that such expansions are justi-
fied. Indeed, a finite Markov chain that reduces to a Markov
chain with a single absorbing state in the limit, permits an
analytic series expansion. In the present case, this is an im-
mediate consequence of the fact that the steady-state proba-
bilities are rational functions of p (\), © = 0 (A = 0) not be-
ing a pole. Hence, the constraint (A.1) on the Markov chain
introduced above is sufficient to guarantee the existence of
an analytic expansion in y of the steady state solution in a
neighbourhood of © = 0 as there is a single absorbing state
for 4 = 0. Analogously, constraint (A.2) guarantees the
existence of an analytic expansion in A around A = 0.

3.2.1 Light-traffic expansion

Let 7, (x) be the nth coefficient in the series expansion of
m(x) around A = 0. That is,

m(x) =Y Fn(x)A".
n=0

Plugging the series expansion into the balance equation (1),
and comparing terms in A" yields,

Fo(x) > pr(x) = > Fo(x+ex)ur(x+ex), (3)
k=1 k=1
xp <Cp

and,

+ Z Tno1(x —ep)ap(x —er), (4)

for all x € C\ {c}. Moreover, the normalisation condition
Y xce T(x) = 1 yields,
SR =1, 3 Falx) =0, (5)
xeC xeC

for n > 0. These equations allow for recursive calculation
of the terms of the series expansion. The first term of the
series expansion is,

;l'\() (X) = 1{x:0} .

That is, in the absence of arrivals, the queueing system is
empty. For the higher order terms (n > 0) we have,

Tn(x) = ity <o, Fn(X + en)pn(x + )
n Zli(:l i (%)
Tn—1(x) Zle o (x)

Eszl 1k (%)




S ke ay 50 -1 (X — er)ak(x — ex)

N 25:1 e (%) ’

for x # 0 and
n(0)=— Y Faulx).

xeC\{0}

Recursive calculation is indeed possible. If the n — 1st ex-
pansion is known, we can calculate all probabilities by it-
erating the state space in inverse lexicographical order; see
the right-hand side of (6).

REMARK 2. We have chosen to express the balance equa-
tions, rather then giving an expression for the generator ma-
trix of the Markov chain. We opted for this approach as this
more closely aligns with the software implementation of the
algorithm. This may however somewhat obfuscate why a
series expansion approach is feasible and a direct solution
approach is not. To make this clear, note that the balance
equations (1) can be expressed as,

m(A+AB) =0,

where 7 is the steady state vector and A and B are known
matrices that do not depend on A. Moreover, A is an upper
triangular matrix as all transitions to higher values in the
state space (lexicographically ordered) depend on . Let 7,
be the nth term in the series expansion, we then have,

7rnA = _ﬂ-nle,
or,
—1
Ty = —Tn_1BA .

Inversion of A is trivial as this is a triangular matrix.

3.2.2 Overload

Let 7, (x) be the nth coefficient in the series expansion of
m(x) around g = 0. That is,

m(x) = Z Tn(x)u™ .
n=0
Plugging the series expansion above into the balance equa-

tion (1), and comparing terms in p" yields,

K K

Fox) > A(x)= D Folx—ex)u(x—ex), ()
x:zék xkk:>10
and,
Fn(%) D Ak(X) + Fno1(x) > Br(x) =
z:zé’k zkk:>10

K
Z Tn—1(x + ex)Br(x + ex)
k=1
z), <C}
K

+ Z Tn(x —er)e(x—er), (8)
k=1

for n > 0. Moreover, as for the light-traffic case, the nor-
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malisation condition of the steady-state vector yields,
> Folx) =1, Y Fn(x)=0. 9)
xeC xeC
The first term of the series expansion is,
%0 (X) - l{x:c} )

as all queues are full in the absence of service. Moreover,
the following terms can be calculated by iterating over the
state space in lexicographical order,

Y it e <, Tn-1(x + er)Br(x + ex)
T S e, M%)
Skt ey 50 T (X — €1) Ak (x — €x)
ZKKZI,CL')C<C;€ Ak (%)
T—1(%) ko1 0y 50 Br (%)

Zf:l,zk <Cp Ak (x)

+

for x # ¢ and,

Falc)=— > Fnl(x).

xeC\{c}

3.3 Expansions for w;(x)

We now consider the mean waiting times. For overload,
particular care needs to be taken as customers will wait for-
ever when there is no service.

3.3.1 Light-traffic expansion

We first consider the expansion of w(x;4) in A around
A = 0. We assume the following expansion,

w(x;1) = Z Wn (x5 8)A™ .
n=0
Plugging the former expansion in (2) and comparing terms
in A" yields,
K
@o(x;4) > pk (%)
k=1
— 1 — () o (x — e )
K
+ D () @o(x — ex;i), (1)
k=1

and,

K

W (x;1) ) (%) =

k=1

S (i (0 (x — €458) + i (X)—1 (x + €45 1))

K
k=1

B )Y ) - ¥ a x—ei). (12)

y
k=1 ¢

Plugging in x = e; in the former equations yields,

ﬁJ\o(ei; ’L) = 7'[” (ez)



and,
Wn(ei;i) =
i (@) (@1 (e + ex; i) — W1 (x;4))
pi(e:) '
Given these boundary expectations, equations (11) and (12)

then allow for recursively calculating wy(x;1) for all x and
n.

3.3.2  Overload expansion

We now consider the expansion of w(x;4)u in the case of
overload as sojourn times grow unbounded in the absence
of service. By means of Little’s law, it is easy to show that
lim,—0 w(x; %) is finite for all x and 7. Hence, in contrast
to the preceding expansions, we now consider an expansion
of the form,

It turns out that for the overload expansion, it takes a little
more work to determine the boundary expectations ws, (c; )
as can be seen below.
As before, plugging the former expansion in (2) and com-
paring terms in u” yields,
K K
Wo1(x51) Y Ae(x) =D Me(X)Toa(x +exsi),  (13)
k=1 k=1

and,

(Wn—1(%:9)Bi (%) + W (x;1) A (x)) =

-

Lin—oy — Bi(x)/@iwn—1(x — €i; 1)

K
+ ) (Br(X) W1 (x — ex; ) + A (X)W (x + €x;4)),  (14)
k=1
for n > 0.

Plugging x = ¢ — e¢ in (13) yields,

w_i(c—ept) =w_1(c;1). (15)

In view of this expression, evaluating (14) in x = ¢ and
n = 0, and solving for w_1(c; ) yields,
~ Ci
w-1(c;2) = . 16
(c54) Bi(c) (16)
Equation (13) then allows to recursively calculate w—_1(x;1)
for all x.
We proceed analogously for the higher-order terms. Eval-
uating (14) in x = ¢, we have,

@n(c;d) Y Br(e) = —Pi(c)/Citin(c — ei31)
+  Bu(e)in(c —ex;i), (17)
k=1

whereas evaluation in x = ¢ — e/ gives,

Wn(C —er;i) = Kign + Wn(c;d), (18)
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with

K

Kiton = (IL{n:o} = " Wn1(c — e i)Br(c —er)

k=1
— 51(0 - eg)/(Cl — ﬂ{g:i})fﬁn_l(c — €y — ei;i)

+ 3 Br(x)Bai(c — e — ex; i))()\e(c —e))”t. (19)
k=1

Note that x;,¢,» can be calculated once the terms up to order
n—1 have been calculated. Plugging (18) in (17) and solving
for wny(c;7) yields,

K

i (c31) = ﬁ_—;)Z Br(C)kien — Kisin,  (20)
P\ =1

Equation (14) then allows to recursively calculate wy, (x; 1)
for all x.

3.4 Computational complexity

From the equations above, calculation of a single term in
the expansion takes about O(K) additions and one division.
Hence, the computational complexity of calculating 7, (or
wy) is O(KM), with M = |C| the size of the state space.
Having the same complexity for every additional term in
the expansion, calculating the first N coefficients then has
complexity O(KMN).

As the size of the state space is very large, limited memory
consumption is equally important. To limit memory con-
sumption to the size of storing only one steady-state vector
one can proceed as follows. Assuming one is mainly inter-
ested in the expansion of a number of performance mea-
sures, note that once the nth term of the expansion of the
steady state vector is determined, the corresponding terms
in the expansions of various performance measures can be
determined as well. Hence, there is no need to keep track
of previous terms of the expansion of steady-state proba-
bilities unless they are required for further calculations of
coefficients. From the equations above one sees that for the
light-traffic approximation only values of the preceding order
are used of states which are lexicographically larger. Hence,
as we calculate in lexicographical order, we can overwrite
the preceding vector during our calculations. Memory for
only one vector of size M is needed.

4. NUMERICAL RESULTS

Having established the numerical procedures, we now eval-
uate them by some numerical examples. We first consider
our approximations for DPS and GPS queues without power
saving. In figure 2 we depict the mean queue content of the
different classes of a DPS queue with three classes. The
weights are g1 = 4, go = 2 and g3 = 1 and the (unscaled)
arrival load for the different classes are set to a; = 0.2,
a2 = 0.4 amd a3 = 0.4. The queue capacity of every class
is C; = 50 such that the size of the state space is 132651.
Figures 2(a) and 2(b) depict the mean queue content in light-
traffic and in overload, respectively. Approximations up to
order N = 64 are displayed and compared with simulation
results. The simulation uses uniformisation of the Markov
chain and we have generated 10® events, which ensures that
the simulation value is not visually discernible from the real
value. The calculation time of the approximations is indeed
fast: about 0.13s per term in the expansion on a 2.93 GHz
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Figure 2: Light traffic approximation by a series expansion around A = 0 (a) and overload approximation by

a series expansion around p =0 (b).

Intel Core 2 processor.

A key issue with series expansions is the establishment of
the region in which the expansions are sufficiently accurate.
From a theoretical perspective, establishing this region is
not trivial. First, the region where the expansion converges
to the stationary distribution is bounded and may not span
the entire region of interest (for A\ and w). It is easy to
show that the stationary probabilities are rational functions
of A (or u) such that the pole of these rational functions
with smallest modulus determines the region of convergence.
In view of the order of the denominator, this pole cannot
easily be determined. Secondly, even if convergence can be
established for some A or i, bounds on the error term are not
easily found. Therefore, we here rely on the following simple
heuristic. Let fn(z) be the Nth order expansion in z (x =
or x = A), we then accept our Nth order approximation
provided,

|fon (#) — fn(2)]

<e€,
fan ()
or equivalently,
fn (@)
1—e< <l+e.
fan (@)

Let Qn denote the region where these inequalities hold (the
implicit dependency on € and on the performance measure
under consideration will be clear from the context). In figure
2, the curves are only depicted in Q¢4 with e = 0.1. As can be
observed, the simulation results visually match the N = 64-
approximation in the displayed regions. Further notice that
Qg4 for the light-traffic expansions is about twice the size of
Q4 for the overload expansions. Nevertheless, the regions
are still considerable: up to more than 80% load for a light-
traffic approximation and for loads of 250% and more for
the overload expansion.

Assuming the same parameters as in figure 2, figure 3
compares DPS and GPS. The same weights for DPS and
GPS are used (g1 = h1 = 4, go = ha = 2, g3 = hg = 1).
We now only depict the N = 64 approximation in 24 and
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verify the approximations by simulation. Again, the visual
match is very good, the often small differences between GPS
and DPS being accurately depicted. Again, we can note
differences in the 264 regions, the regions for GPS being
slightly smaller than the corresponding region for DPS.

In figure 4, we consider the effect of power saving on DPS
performance in light traffic. The assumptions on arrivals,
queue sizes and DPS weights are retained but we now adapt
the processor speed to the total queue size. In figure 4(a),
the processor rate increases from 1/2 to 1, proportionally
to the total queue size. In figure 4(b), a threshold policy is
adopted: the server serves at full capacity when there are
more than 10 customers in the queue, and serves at half
capacity if this not the case. As for the preceding examples,
our approximation is compared with simulation results and
no difference between approximation and simulation result
can be discerned. Compared to the preceding examples, it
should be noted that the 264 regions are notably smaller.

S. CONCLUSION AND FUTURE WORK

In this paper we investigated numerical series expansion
techniques to assess performance of DPS and GPS queues
with finite capacity. We showed that the computational
complexity is O(KMN) with K the number of classes, M
the size of the state space and N the order of the expansions
considered. Numerical experimentation confirmed that the
series expansion technique is fast. Establishing the region in
which expansions are accurate is a key issue with series ex-
pansions techniques. We therefore proposed a simple heuris-
tic which compares the Nth and 2Nth order expansions.
Several numerical experiments confirmed that performance
assessment is accurate in the heuristically determined re-
gion.

The modelling approach allows for several extensions, some
of which are discussed below. Foremost, the processor shar-
ing queue at hand can be seen as a network of queues with
a common server. The method proposed here is not limited
to multi-class queues but can be applied to any acyclic net-
work of finite capacity queues with state-dependent arrival
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and service rates. Key is that the state space of the queueing
system is ordered such that arrivals correspond to increasing
state transitions and service to decreasing state transitions.
For acyclic networks of queueing systems, such an ordering
is possible. As the network is acyclic, the queues can be
indexed such that departures in a queue only yield arrivals
in queues with higher indices. By using this indexation for
the state vector and lexicographical ordering of the state
space, an arrival and a departure indeed correspond to an
increase and a decrease respectively. In terms of conditional
sojourn times, the methodology for the conditional mean so-
journ time vector easily extends to higher order moments,
although the recursion will be more involved.
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