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ABSTRACT

Effective bandwidth is a concept that has been developed for
admission control as an indicator of the traffic load given to
a network. However, that concept has been discussed mainly
under a single node. That’s because, while there are many
studies on evaluation formulas for backlog at a single node,
studies on end-to-end evaluation have been almost limited
to ones by network calculus.
In this paper, we develop an end-to-end backlog evalua-

tion formula for a heterogeneous tandem network with cross
traffic, as an extension of the one obtained in previous pa-
pers by the authors. The formula evaluates the asymptotic
tail probability of the end-to-end backlog by the total traffic
load at a bottleneck node, and here the traffic load of a flow
is evaluated by a kind of effective bandwidth named tractable
effective bandwidths (tEBW). The tEBW has a special prop-
erty that makes the formula simple and tractable, and it is
applicable to various types of input flows frequently used in
performance analyses.
Unfortunately, however, fractional Brownian motion (fBm)

flows with long range dependency do not have any tEBW.
For fBm flows, we show that another new tighter end-to-
end backlog evaluation formula is effective, and using it we
can show that, in a homogeneous tandem network with fBm
cross traffic, the asymptotic tail probability of the end-to-
end backlog is the same as that in the single node.

Categories and Subject Descriptors

G.3 [Probability and statistics]: Queueing theory; C.2
[Computer communication networks]: Miscellaneous;
B.8.2 [Performance and reliability]: Performance anal-
ysis and design aids

General Terms

Theory, Performance
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1. INTRODUCTION
Effective bandwidth is a concept that has been developed

for admission control as an index of the traffic load given
to a network, which is more sophisticated than the average
rate or the peak rate. In [9], for a flow with stationary in-
crements, the effective bandwidth of the arrivals A(t) during
(0, t] is defined as

a(θ, t) =
1

θt
logE[eθA(t)], θ, t ∈ (0,∞), (1)

and for a single node with J types of arrival flows and a
constant service rate C, a simple evaluation formula for ad-
mission control is given as follows: If

J∑
j=1

Njαj(θ
∗, t∗) ≤ C +

B

t∗
−

γ

θ∗t∗
,

then

P (Q(t) > B) <
∼

e−γB ,

where Nj , αj(θ, t), B, γ and Q(t) are the number of flows
of type j, the effective bandwidth of flows of type j, the
buffer threshold, the decay rate and the backlog at time
t, respectively, and the pair (θ∗, t∗) is determined through
some procedure.

However, it is difficult to apply this formula to a network
with many nodes since the effective bandwidth of the depar-
ture process of a flow from a node, which becomes the arrival
process to the next node, is generally unknown, or very diffi-
cult to be known even when that of the arrival process to the
node is known. We need to discuss effective bandwidths and
evaluation formulas for admission control through studies on
end-to-end evaluation for networks.

In [10], the authors proposed a stochastic network calcu-
lus for many flows using an approach similar to the large
deviations techniques (see for the proper large deviations
techniques, e.g., [5, 6]), and provided asymptotic end-to-
end evaluation formulas. In [12], the authors applied this
stochastic network calculus to a heterogeneous tandem net-
work with many forwarding flows and cross traffic flows con-
strained by leaky buckets, and provided a simple end-to-end
evaluation formula for admission control. This formula has a
convenient nature that the tail probability of the end-to-end
backlog can be evaluated from the stochastic characteristics
of total traffic load at a bottleneck node only, and hence
the evaluation is independent of the number of nodes.



In this paper, then, we discuss whether such a simple and
convenient end-to-end evaluation formula can be obtained
or not for various traffic flows including fractional Brownian
motion (fBm) flows.
To treat various traffic flows including fBm flows, we pro-

vide two end-to-end backlog evaluation formulas in this pa-
per, using a slightly different approach from in [10], one of
which is a little tighter than that in [10, 12] and the other
is the same as in them.
Using the latter evaluation formula, we extend the sim-

ple end-to-end evaluation formula for constrained flows with
leaky buckets in [12] to that for generalized traffic flows, and
show that the tail probability of the end-to-end backlog can
be evaluated by the total amount of effective bandwidths
of a limited type at a bottleneck node. Here, the effective
bandwidth of a limited type means that it is a continuous
and strictly increasing function of θ but independent of time
t (see (37)). We call it as a tractable effective bandwidths,
shortly tEBW, since it is so tractable that the evaluation
formula using tEBW is very simple and convenient.
If an effective bandwidth is bounded above by a tEBW,

we say that it has a tEBW. We check whether each of the
effective bandwidths discussed in [9] has a tEBW or not.
The results in Section 3 show that fBm flows with long-range
dependency don’t have any tEBW while all other flows have.
Hence, for most of flow types frequently used in performance
evaluation, the asymptotic tail probability of the end-to-end
backlog can be evaluated from the stochastic characteristics
of total traffic load at a bottleneck node.
On the other hand, using the tighter evaluation formula,

we evaluate the end-to-end backlog in a homogeneous tan-
dem network with fBm cross traffic. Our result indicates
that the asymptotic tail probability of the end-to-end back-
log in the homogeneous tandem network is the same as that
in a single node. So, the authors conjecture that, even in a
heterogeneous tandem network, a similar property holds.
There are a number of studies on performance evaluation

of fBm traffic [13, 6, 17], but most of them are just for a
single node. Recently there appear some studies on end-to-
end evaluation for a tandem network with fBm cross traffic,
using stochastic network calculus [15, 18]. However, their
performance bounds grow as the number of nodes increases,
and they don’t match the authors’ conjecture stated above.
The remainder of the paper is constructed as follows. In

Section 2, we discuss the stochastic network calculus with
many flows using a slightly different approach. In Section 3,
we obtain a simple evaluation formula for admission control.
Then we define tractable effective bandwidths and check
whether or not frequently used effective bandwidths have
tEBW. In Section 4 we discuss a backlog evaluation for a
network with fBm cross traffic, and in Section 5 we give
some numerical results and discussions on tEBW.

2. STOCHASTIC NETWORK CALCULUS

WITH MANY FLOWS

2.1 Preliminaries
We consider a discrete-time tandem network withm nodes

and L forwarding flows, as illustrated in Figure 1. Here,
we don’t consider cross traffic flows. Time t takes discrete
values 0, 1, 2, . . . . For time t ≥ 0, let AL(t) and SL

i (t),
i = 1, 2, . . . ,m, be random variables representing the to-

Figure 1: Tandem network with m nodes and L flows

tal arrivals to the network and the total offered services at
node i, respectively, during time interval (0, t] for L flows,
with a convention AL(0) = SL

i (0) = 0. Further, let QL(t) be
the total backlog of L flows in the whole network at time t.
In this paper, an arrival means an arrival of one packet, and
packets are assumed to be of the same size. So, all flows
seem like discrete-time fluid flows.

For a pair of times s and t such that 0 ≤ s ≤ t, we let

A
L
(s, t) = AL(t)−AL(s) and S

L

i (s, t) = SL
i (t)−SL

i (s). The
bar indicates the operation of deriving a bi-variate function
from a single-variable function.

We define a convolution operator ∗ and a deconvolution
operator � for functions f(s, t) and g(s, t) of two variables
s, t such that 0 ≤ s ≤ t as

f ∗ g(s, t) = min
s≤τ≤t

{f(s, τ) + g(τ, t)} and (2)

f � g(s, t) = max
0≤τ≤s

{f(τ, t)− g(τ, s)}. (3)

Then, as shown in the previous works [2, 8, 10], the backlog
QL(t) is written as

QL(t) = A
L
� SL(t, t) (4)

with probability one, where

SL(s, t) = S
L

1 ∗ S
L

2 ∗ · · · ∗ S
L

m(s, t). (5)

From the definitions (2) and (3), QL(t) may be rewritten as

QL(t) = max
0≤s0≤···≤sm=t

UL(s0, · · · , sm), (6)

where

UL(s0, · · · , sm)

= A
L
(s0, sm)− S

L
(s0, s1)− · · · − S

L
(sm−1, sm). (7)

In the subsequent sections we discuss asymptotic tail prob-
ability of end-to-end backlog as L → ∞. We have defined L
as a parameter indicating the number of flows in the traffic.
But, in our analysis, flows are treated as a whole collectively,
and not treated individually. Hence, L is not necessary to
be the number of flows. It is a mere parameter used for
asymptotic analysis in our discussion.

2.2 Asymptotic tail probability of end-to-end
backlog

Before discussing the tail probability of QL(t), we will
evaluate the tail probability of UL(s0, · · · , sm) by using cu-
mulant generating functions.



The cumulant generating function (cgf) of a random vari-
able XL is the logarithm of the moment generating function
of XL, and defined by

XL(θ) = log E
[
eθX

L
]

(8)

for θ ∈ IR. Further, for a sequence of random variables
{XL}L=1,2,..., we let

X (θ) = lim sup
L→∞

L−1 XL(θ), (9)

and call it the asymptotic cumulant generating function
(asymptotic cgf) of {XL}. We allow ±∞ for the values of
the cgf and the asymptotic cgf 1. On the treatment of ±∞
in mathematical operations we follow the usual convention.
We note that, if XL is nonnegative with probability one,
XL(θ) and X (θ) are nonnegative for θ > 0 and nonpositive
for θ < 0.

For given 0 ≤ s0 ≤ · · · ≤ sm, we let UL(θ; s0, · · · , sm)
be the cgf of UL(s0, · · · , sm) and U(θ; s0, · · · , sm) be the
asymptotic cgf of {UL(s0, · · · , sm)}. We denote the abscissa
of convergence of U(θ; s0, · · · , sm) by

δU (s0, · · · , sm) = sup { θ | U(θ; s0, · · · , sm) < +∞} , (10)

and assume that δU (s0, · · · , sm) > 0 including the case
δU (s0, · · · , sm) = +∞. Then the asymptotic tail probability
of UL(s0, · · · , sm) is evaluated as follows.

Lemma 1. For given 0 ≤ s0 ≤ · · · ≤ sm and any b ≥ 0,
we have

lim sup
L→∞

L−1 log P(UL(s0, · · · , sm) > Lb)

≤ inf
θ∈(0,δU (s0,··· ,sm))

{−θb+ U(θ; s0, · · · , sm)}. (11)

Proof. We apply the Chernoff’s bound (or the Markov
inequality, see, e.g., p.240 of [2]) to the tail probability
P(UL(s0, · · · , sm) > Lb). For any θ > 0, we have

P(UL(s0, · · · , sm) > Lb) = P(eθU
L(s0,··· ,sm) > eθLb)

≤ e−θLb E[eθU
L(s0,··· ,sm)].

Taking the logarithm, dividing by L, and then taking the
limit superior on both sides, we have

lim sup
L→∞

L−1 log P(UL(s0, · · · , sm) > Lb)

≤ −θb+ U(θ; s0, · · · , sm).

Since the parameter θ does not appear in the left-hand
side, we may take the infimum on θ in the right-hand side.
If θ > δU (s0, · · · , sm), U(θ; s0, · · · , sm) = +∞. Hence it is
natural to restrict the range on which the infimum is taken
to the interval (0, δU (s0, · · · , sm)) as in (11). �

Using Lemma 1, we have the following lemma in terms of
the end-to-end backlog.

1The terminology “asymptotic cgf” is usually used when the
sequence {L−1 XL(θ)} converges to a finite limit function.
However, in this paper, for brevity of exposition, we use it
for the function defined above even when the sequence does
not converge.

Lemma 2. Let δQ(t)=min0≤s0≤···≤sm=t δU (s0, · · · , sm).
Then we have

lim sup
L→∞

L−1 log P(QL(t) > Lb)

≤ max
0≤s0≤···≤sm=t

inf
θ∈(0,δQ(t))

{−θb+ U(θ; s0, · · · , sm)}.

(12)

Proof. Using the relation P(max{X,Y }>x) ≤ P(X>x)+
P(Y >x) for any x and random variables X and Y , and the

inequality
∑

0≤s0≤···≤sm=t 1 ≤
(
t+m

m

)
, we have from(6)

P(QL(t) > Lb)

= P

(
max

0≤s0≤···≤sm=t
UL(s0, · · · , sm) > Lb

)

≤
∑

0≤s0≤···≤sm=t

P(UL(s0, · · · , sm) > Lb)

≤
(
t+m

m

)
max

0≤s0≤···≤sm=t
P(UL(s0, · · · , sm) > Lb).

Taking the logarithm, dividing by L and then taking the
limit superior on both sides, we have

lim sup
L→∞

L−1 log P(QL(t) > Lb)

≤ max
0≤s0≤···≤sm=t

lim sup
L→∞

L−1 log P(UL(s0, · · · , sm) > Lb).

Here we use the monotonicity of the logarithmic function
and the relations of the limit superiors

lim
n→∞

n−1x = 0 for |x| < ∞, and

lim sup
n→∞

max{an, bn} = max{lim sup
n→∞

an, lim sup
n→∞

bn}.

Applying Lemma 1 to the right hand of the above inequality
and using the relation (0, δQ(t)) ⊆ (0, δU (s0, · · · , sm)) for
any 0 ≤ s0 ≤ · · · ≤ sm = t, we obtain (12). �

Now we shall express U(θ; s0, · · · , sm) in terms of the
asymptotic cgf’s of the arrivals and the offered services. We

denote by A(θ; s, t) the asymptotic cgf of {A
L
(s, t)}L=1,2,...

and by Si(θ; s, t) the asymptotic cgf of {S
L

i (s, t)}L=1,2,..., for
i = 1, 2, . . . , n.

For an arbitrarily fixed t > 0, we make the following as-
sumptions.

A1. For any 0 ≤ s0 ≤ s1 ≤ · · · ≤ sm = t , random vari-

ables A
L
(s0, t), S

L

1 (s0, s1), · · · , S
L

m−1(sm−2, sm−1) and

S
L

m(sm−1, sm) are mutually independent.

A2. There exists δA(t) > 0, allowing δA(t) = +∞, such

that A(θ; 0, t) is finite for θ < δA(t).

Under the above assumptions, we get the following lemma.

Lemma 3. For a given t > 0 and θ ∈ (0, δA(t)), under
A1 and A2 we have

U(θ; s0, · · · , sm) = A(θ; s0, sm)

+S1(−θ; s0, s1) + · · ·+ Sm(−θ; sm−1, sm), (13)

and δA(t) ≤ δQ(t).



Proof. Since the random function UL(s0, · · · , sm) is written
as in (7), its cgf is given as

E[eθU
L(s0,··· ,sm)]

= E[eθ(A
L
(s0,sm)−S

L
(s0,s1)−···−S

L
(sm−1,sm))].

From A1, the right-hand side above can be written in the
product form

E[eθA
L
(s0,t)] E[e−θS

L
1
(s0,s1)] · · · E[e−θS

L
m(sm−1,sm))].

Taking the logarithm, dividing by L, and taking the limit
superior on both sides, we have (13).

Since S
L

i (si−1, si) is positive, Si(−θ; si−1, si) is nonposi-
tive. Thus the right-hand side of (13) is less than or equal
to A(θ; 0, t) and it is finite or equal to −∞ for θ ∈ (0, δA(t))
from A2. Hence δA(t) ≤ δU (s0, · · · , sm) for any 0 ≤ s0 ≤
· · · ≤ sm = t and then δA(t) ≤ δQ(t). �

Applying Lemmas 2 and 3, we have the following theorem.

Theorem 1. For given t > 0 and θ ∈ (0, δA(t)), under
A1 and A2 we have

lim sup
L→∞

L−1 log P(QL(t) > Lb)

≤ max
0≤s0≤···≤sm=t

inf
θ∈(0,δA(t))

{−θb+A(θ; s0, sm)

+S1(−θ; s0, s1) + · · ·+ Sm(−θ; sm−1, sm)}. (14)

In the previous paper [10], a slightly different evaluation
formula was presented as in the corollary below. In these
formulas (14) and (15), the order of “max” and “inf” is re-
verse. Generally supx infy f(x, y) ≤ infy supx f(x, y), and so
the formula (14) is tighter than (15). From the same reason,
the formula (15) can be considered as a direct consequence
of (14).

Corollary 1. For given t > 0 and θ ∈ (0, δA(t)) , under
A1 and A2 we have

lim sup
L→∞

L−1 log P(QL(t) > Lb)

≤ inf
θ∈(0,δA(t))

{−θb+ max
0≤s0≤···≤sm=t

{
A(θ; s0, sm)

+S1(−θ; s0, s1) + · · ·+ Sm(−θ; sm−1, sm)}
}
.

(15)

If we use the convolution and deconvolution operators, the
right hand side of (15) is more compactly rewritten as

inf
θ∈(0,δA(t))

{−θb+A
θ
� (−S−θ)(t, t)} (16)

with

−S−θ(s, t) = (−S
−θ

1 ) ∗ (−S
−θ

2 ) ∗ · · · ∗ (−S
−θ

m (s, t)). (17)

Here, in order to apply the convolution and/or deconvolution

operators to asymptotic cgfs, we write as A
θ
(s, t) instead of

A(θ; s, t) and as −S
−θ

i (s, t) instead of −Si(−θ; s, t).

Figure 2: Tandem network with cross traffic

2.3 Tandem network with cross traffic
Now we consider a tandem network with cross traffic de-

picted in Figure 2. We let the link capacity at node i be
constant in time and equal to Lci, that is, ci is the link
capacity per forwarding flow at node i, and the arrivals of
the cross traffic at node i during (s, t] be AL,cross

i (s, t). We
assume2that the offered services SL

i (s, t) for the forwarding
traffic at node i during (s, t] is given by the “leftover” band-
width

SL
i (s, t) = [Lci(t− s)−AL,cross

i (s, t)]+ (18)

where [X]+ = max{0, X}. We also assume that the cross
traffic at one node is independent of the others as well as of
the forward traffic.

Since E[min{X,Y }] ≤ min{E[X],E[Y ]}, we have

E
[
e−θSL

i (s,t)
]
= E

[
min

{
1, e−θ{Lci(t−s)−A

L,cross
i

(s,t)}
}]

≤ min
{
1,E

[
e−θ{Lci(t−s)−A

L,cross
i

(s,t)}
]}

.

Taking the logarithm, dividing by L, and then taking the
limit superior on both sides, we have

Si(−θ; s, t) ≤ −
[
ciθ(t− s)−A

cross
1 (θ; s, t)

]+
, (19)

where A
cross
i (θ; s, t) is the asymptotic cgf of AL,cross

i (s, t).
Using the inequality (19), the right hand side of (14) and
that of (15) can be evaluated as

max
0≤s0≤···≤sm=t

inf
θ∈(0,δA(t))

{
− θb+A(θ; s0, sm)

−
[
c1θ(s1 − s0)−A

cross
1 (θ; s0, s1)

]+
− · · ·

−
[
cmθ(sm − sm−1)−A

cross
m (θ; sm−1, sm)

]+ }
,

(20)

and

inf
θ∈(0,δA(t))

{
− θb+ max

0≤s0≤···≤sm=t

{
A(θ; s0, sm)

−
[
c1θ(s1 − s0)−A

cross
1 (θ; s0, s1)

]+
− · · ·

−
[
cmθ(sm − sm−1)−A

cross
m (θ; sm−1, sm)

]+}}
,

(21)

2In the previous paper [10], it was shown that a tandem net-
work with cross traffic, in which the cross traffic is served
with higher priority than the forwarding traffic, can be eval-
uated by a corresponding tandem network without cross
traffic dealt with in the preceding subsections, in which the
offered service for the forwarding traffic is given by the left-
over bandwidth above.



respectively. We have obtained two evaluation formulas (20)
and (21), and they are just different in the operation order of
“max” and “inf”. The formula (20) is tighter than (21), but
we can handle (21) more easily. In the next section, using
(21) we will obtain a simple evaluation formula for admission
control and discuss tractable effective bandwidths.

3. TRACTABLE EFFECTIVE BANDWIDTHS

3.1 Simple evaluation formula
In this subsection, we extend the simple end-to-end evalu-

ation formula for constrained flows with leaky buckets in [12]
to that for generalized traffic flows. This extension is not dif-
ficult since basic ideas are the same as in the previous paper.

We consider a tandem network with cross traffic as dis-
cussed in the previous section. In addition, we assume that
the forwarding traffic and the cross traffic consist of some
of J types of flows. The types of flows are labeled as j =
1, 2, . . . , J . Let the number of forwarding flows of type j
be Lαj and the number of cross traffic flows of type j at
node i be Lβij . If there exist no forwarding flows of type
j or no cross traffic flows of type j at node i, then we con-
sider αj = 0 or βij = 0. However, for brevity of discussion,
without loss of generality, we assume αj +

∑m

i=1 βij > 0 for
every j. The total number of forwarding flows is equal to

L
∑J

j=1 αj , and hence
∑J

j=1 αj = 1. The total number of

cross traffic flows at node i is given by L
∑J

j=1 βij . The link
capacity at node i is constant in time and equal to Lci, as
stated before. When we move L later, αj ’s, βij ’s, and ci’s
are kept constant.

For individual flows, we make the following assumptions:

C1. All flows (both forwarding flows and cross traffic flows)
are mutually independent.

C2. Each flow has stationary increments.

C3. Flows of type j are subjecting to a common probabilis-
tic law. Let Aj(t) be the random variable representing
the total arrivals to the network during time interval
(0, t] of a typical flow of type j, with a convention
Aj(0) = 0.

C4. The cgf Aj(θ; t) = logE[eθAj(t)] of Aj(t) is bounded
from above as

Aj(θ; t) ≤ θt · φj(θ) for θ ∈ (0,∞), (22)

where φj(θ) is a function such that it is continuous
and strictly increasing on the interval (0, δj) for some
δj > 0 (including the case δj = ∞) and that φj(θ) = ∞
for θ ≥ δj if δj < ∞. We write φj(0) = limθ↓0 φj(θ).
(This function φj(θ) will be called a tractable effective
bandwidth, later.)

We let Aj(s, t) = Aj(t) − Aj(s). Under the assumptions

C2 and C4, the cgf Aj(θ; s, t) = logE[eθAj(s,t)] of Aj(s, t)
can be evaluated as

Aj(θ; s, t) = Aj(θ; 0, t− s) ≤ θ(t− s) · φj(θ). (23)

Denoting the kth flow of type j of the forwarding traffic
as Aj,k(t), the increment of arrivals in the forwarding traffic
during (s, t] is given by

A
L
(s, t) =

J∑
j=1

Lαj∑
k=1

{Aj,k(t)−Aj,k(s)},

and under the assumptions C1 and C3, its cgf is given by

J∑
j=1

LαjAj(θ; s, t).

Since Aj(θ; s, t) is evaluated as in (23), the asymptotic cgf
of the forwarding flows is evaluated as

A(θ; s, t) ≤ θ(t− s)

J∑
j=1

αjφj(θ). (24)

Similarly, denoting the kth flow of type j of the cross traffic
at node i as Across

i,j,k (t), the increment of arrivals in the cross
traffic at node i during (s, t] is given by

A
L,cross
i (s, t) =

J∑
j=1

Lβij∑
k=1

{Across
i,j,k (t)−Across

i,j,k (s)},

and under the assumptions C1 and C3, its cgf is given by

J∑
j=1

LβijAj(θ; s, t).

Then the asymptotic cgf’s of the cross traffic at node i is
evaluated as

A
cross
i (θ; s, t) ≤ θ(t− s)

J∑
j=1

βijφj(θ). (25)

Now, we put

ξ(θ) =

J∑
j=1

αjφj(θ) and (26)

ψi(θ) =
J∑

j=1

βijφj(θ), i = 1, 2, . . . ,m. (27)

From (25) and (27), we have[
ciθ(si − si−1)−A

cross
i (θ; si−1, si)

]+

≥ [ciθ(si − si−1)− θ(si − si−1)ψi(θ)]
+ ,

and (21) can be reevaluated from above by using ξ(θ) and
ψi(θ)’s as

inf
θ∈(0,δ)

{
− θb+ max

0≤s0≤···≤sm=t

{
θ(t−s0) · ξ(θ)

−θ(s1−s0) · [c1 − ψ1(θ)]
+− · · ·

−θ(sm−sm−1) · [cm − ψm(θ)]+
}}

, (28)

where δ = min1≤j≤J{δj}. If all δj ’s are infinity, then δ is
infinity.

Then we have the following theorem.



Theorem 2. Assume that, for i = 1, 2, . . . ,m,

ξ(0) + ψi(0) =
J∑

j=1

(αj + βij)φj(0) < ci. (29)

Then, for any b > 0, we have

lim sup
L→∞

L−1 logP (QL(t) > Lb) ≤ −θ∗b, (30)

where

θ∗= sup
{
θ ∈ (0, δ)

∣∣∣ ξ(θ) + ψi(θ) ≤ ci, i = 1, 2, . . . ,m
}
.

(31)

Proof. From C4, the functions φj(θ), ξ(θ) and ψi(θ) are all
continuous and strictly increasing. So, under the condition
(29), there exists some θ ∈ (0, δ) that satisfies the inequality
in the conditional part of (31). Hence θ∗ is well defined and
θ∗ > 0.
We denote the quantity in the outermost braces of (28) as

W (θ) and rewrite it as

W (θ) = −θb+ max
0≤s0≤···≤sm=t

{
θ(s1−s0) ·min {ξ(θ) + ψ1(θ)− c1, ξ(θ)}+ · · ·

+ θ(sm−sm−1) · min {ξ(θ) + ψm(θ)− cm, ξ(θ)}
}
.

(32)

Consider the case 0<θ<θ∗. Then for any i, ξ(θ)+ψi(θ)−ci
is less than or equal to 0, and hence

min{ξ(θ) + ψi(θ)− ci, ξ(θ)} ≤ 0.

So the maximum in (32) is attained at s0 = s1 = · · · = sm =
t, and the maximum value is equal to zero. Hence in this
case W (θ) = −θb. Then (28) is evaluated from above as

inf
θ∈(0,δ)

W (θ) ≤ inf
θ∈(0,δ∗)

W (θ) = inf
θ∈(0,δ∗)

{−θb} = −θ∗b.

This proves (30). �

Suppose that θ∗ defined in the theorem satisfies ξ(θ∗) +
ψi(θ

∗) = ci for i = i0. Then the node i0 is a bottleneck
node of the network. The theorem says that the asymptotic
tail probability of the end-to-end backlog is evaluated by the
total traffic load of both the forwarding flows and the cross
ones at the bottleneck node.

3.2 Tractable effective bandwidth and its ex-
amples

Theorem 1 in the preceding section implies that, if L is
large enough, L−1 logP (QL(t) > Lb) is less than or equal to
−θb for any positive θ ≤ θ∗. We will write this as

P (QL(t) > Lb) <
∼

e−Lθb. (33)

For an application to an admission control, it is convenient
to rewrite this result without using L. Let us denote the
backlog threshold as B = Lb, the link capacity at node i
as Ci = Lci, the number of forwarding flows of type j as
Nj = Lαj and the number of cross traffic flows of type j at
node i as Ncross

ij = Lβij . Then, for a given tail probability
bound ε, we obtain the following backlog evaluation formula
for admission control.

A formula for admission control: If Nj ’s and N cross
ij ’s

are large enough (except for flows such that Nj = 0 and
Ncross

ij = 0) and if

θ̂ = −
log ε

B
(34)

satisfies the inequality

J∑
j=1

(Nj +Ncross
ij )φj(θ̂) ≤ Ci (35)

for any i = 1, 2, . . . ,m, then

P (QL(t) > B) <
∼

ε. (36)

From (35), we see that φj(θ) is a kind of effective band-
width of a flow of type j. Comparing φj(θ) with the effective
bandwidth (1) discussed in [9], the assumption C4 in the pre-
vious section requests that a(θ, t) is bounded from above by
a function φ(θ) as

a(θ, t) ≤ φ(θ) for θ, t ∈ (0,∞), (37)

where φ(θ) is continuous and strictly increasing in the inter-
val (0, δ) such that φ(θ) = ∞ for θ ≥ δ.

To distinguish φ(θ) from a(θ, t), we call it a tractable ef-
fective bandwidth (tEBW), and we say a(θ, t) has a tEBW
φ(θ) if there exist a function φ(θ) satisfying (37).

In the subsequent subsubsections, we check whether the
effective bandwidths discussed in [9] have tEBW’s or not.
From this section, we consider time t is continuous as in [9],
though we have assumed it is discrete up to the previous
section.

3.2.1 Periodic flows

Consider a flow with arrivals σ at times {Ud + nd, n =
0, 1, . . .}, where U is a random variable distributed uniformly
on [0, 1]. The effective bandwidth of the flow is given by

a(θ, t) =
σ

t

⌊
t

d

⌋
+

1

θt
log

[
1 +

(
t

d
−

⌊
t

d

⌋)
(eσθ − 1)

]
. (38)

For an arbitrarily fixed θ > 0, the function a(θ, t) has the
limit

lim
t→0

a(θ, t) =
eσθ − 1

θd
, (39)

as t ↓ 0, and it takes a common value a(θ, d) = a(θ, 2d) =
· · · = σ/d ≤ (eσθ − 1)/θd at t = d, 2d, · · · . In the interval
[nd, (n+ 1)d), n = 0, 1, . . ., it is monotonically decreasing.

Since (eσθ − 1)/θd is continuous and strictly increasing in
the interval (0,∞), we see that a(θ, t) has tEBW φ(θ) =
(eσθ − 1)/θd.

3.2.2 Fluid flows with two-state Markov chains

Consider a stationary fluid flow with an on-off type two-
state Markov chain. The transition rate from off-state to on-
state is λ and the opposite transition rate is μ. The arrival
rate is h in the on-state. Then, the effective bandwidth is
given by

a(θ, t) =
1

θt
×

log

{(
λ

λ+μ

μ

λ+μ

)
exp

{(
−μ+ hθ μ

λ −λ

)
t

}((
1
1

))}
.



For an arbitrarily fixed θ > 0, a(θ, t) is an increasing function
of t and

lim
t→∞

a(θ, t) =
1

2θ

(
hθ − μ− λ+

√
(hθ − μ+ λ)2 + 4λμ

)
.

(40)
The right hand side of the above equation is a continu-
ous and strictly increasing function on the interval (0,∞).
Therefore, a(θ, t) has tEBW φ(θ) given by the right hand
side of (40).

3.2.3 Brownian motion flows

Consider an arrival process defined by

A(t) = λt+ Z(t) (41)

where Z(t) is a Brownian motion with variance σ2. Then
the effective bandwidth is given by

a(θ, t) = λ+
σ2θ

2
. (42)

In this case, a(θ, t) itself is a tEBW.

3.2.4 Compound Poisson flows

Consider an arrival process defined by

A(t) =

N(t)∑
n=1

Yn

where Y1, Y2, . . . are mutually independent and identically
distributed random variables subjecting to a common dis-
tribution F , and N(t) is an independent Poisson process of
rate ν. Then the effective bandwidth is given by

a(θ, t) =
1

θ

∫
(eθx − 1)νdF (x). (43)

Thus a(θ, t) itself is a tEBW.
If Y1, Y2, . . . are exponentially distributed with parameter

μ, then

a(θ, t) =
ν

μ− θ
for θ ∈ (0, μ). (44)

If Y1, Y2, . . . are deterministic random variables with the con-
stant value σ, then

a(θ, t) =
ν

θ
(eθσ − 1) for θ ∈ (0,∞). (45)

3.2.5 Flows shaped with leaky buckets

Consider an arrival process A(t) which is limited by a
leaky bucket with token rate ρ and token bucket size σ.
Namely, A(t) − A(s) ≤ ρ(t − s) + σ holds with probability
one for any 0 ≤ s ≤ t. Then the effective bandwidth is
evaluated as

a(θ, t) ≤
1

θt
log

[
1 +

λt

ρt+ σ

(
eθ(ρt+σ) − 1

)]
(46)

where λ is the mean rate of A(t), namely, λ = a(0, t) =
E[A(t)]/t, and λ ≤ ρ. Let âλ(θ, t) be the right hand side
of (46) and âρ(θ, t) be that in which λ is replaced with ρ.
Then a(θ, t) ≤ âλ(θ, t) ≤ âρ(θ, t) and âρ(θ, t) decreases as t
increases. Since

lim
t→0

âρ(θ, t) =
ρ

θσ

(
eθσ − 1

)
, (47)

a(θ, t) has the tEBW φ(θ) given by (47), which is the same
as (45) with ν = ρ/σ.

3.2.6 Fractional Brownian motion flows with long
range dependency

Consider an arrival process given by (41) with a fractional
Brownian motion Z(t) having Hurst parameter H ∈ (0.5, 1),
which is a long range dependent process. The effective band-
width is given by

a(θ, t) = λ+
σ2θ

2
t2H−1. (48)

Since t2H−1 is an increasing function and limt→∞ t2H−1 =
∞, a(θ, t) doesn’t have any tEBW.

4. EVALUATION FOR FBM TRAFFIC
We know that fractional Brownian motion flows with long

range dependency have no tEBW. In this section, then, we
consider a network with arrival processes of fractional Brow-
nian motion.

4.1 Single node
To check which formula between (20) and (21) can be ap-

plied to a network with fractional Brownian motion arrivals,
we first consider a single node without cross traffic. We let
the arrivals to the node have the mean rate λ and variance
σ2 per a flow with Hurst parameter H ∈ (0.5, 1), and the
single node have the constant bit rate services with c per
a flow. We assume that λ − c < 0 as a stable condition.
We also assume that time t is enough large and s can be
treated as non-negative continuous variables, though it was
originally non-negative discrete time.

The asymptotic cgf of the arrivals is given by

A(θ; s, t) = λθ(t− s) +
σ2θ2

2
(t− s)2H . (49)

Then, (21) becomes to

inf
θ∈(0,∞)

max
0≤s≤t

{
− θb+ (λ− c)θ(t− s) +

σ2θ2

2
(t− s)2H

}

= inf
θ∈(0,∞)

{
− θb+ (λ− c)θt+

σ2θ2

2
t2H

}

= −
(b+ (c− λ)t))2

2σ2t2H
.

We see that this infimum increases as t increases and con-
verges to 0 as t → ∞. So this evaluation doesn’t seem useful.

The other formula (20) is given by

max
0≤s≤t

inf
θ∈(0,∞)

{
− θb+ (λ− c)θ(t− s) +

σ2θ2

2
(t− s)2H

}

= max
0≤s≤t

{
−

(b+ (c− λ)(t− s))2

2σ2(t− s)2H

}

= −
1

2σ2

(
c− λ

H

)2H (
b

1−H

)2(1−H)

. (50)

This is a well-known result.
From these results, we see that we have to use the formula

(20) for networks with fractional Brownian motion flows.



4.2 Homogeneous tandem network
Here we consider a homogeneous tandem network with

cross traffic flows of fractional Brownian motion. Let the
number of forwarding flows be Lα, the number of cross traf-
fic flows Lβ and the link capacity Lc. To make analyses
easier, we let all flows of the cross traffic be subjecting to
a common probabilistic law of fractional Brownian motion
with Hurst parameter H ∈ (0.5, 1) and variance σ2, and
let the forwarding flows be subjecting to constant bit rate.
All flows of both forwarding and cross traffic flows have the
same mean rate λ.
The cumulant generating function of a forwarding flow is

given by

Af (θ; t) = λθt, (51)

and that of a cross traffic flow is given by

Ac(θ; t) = λθt+
σ2θ2

2
t2H . (52)

Then (20) is evaluated as

max
0≤s0≤···≤sm=t

inf
θ∈(0,∞)

G(θ; s0, · · · , sm)

(
= Gmax inf

)
(53)

where

G(θ; s0, · · · , sm) = −θb+ αλθ(sm − s0)

−

[
(c− βλ)θ(s1 − s0)−

βσ2θ2

2
(s1 − s0)

2H

]+

− · · ·

−

[
(c− βλ)θ(sm − sm−1)−

βσ2θ2

2
(sm − sm−1)

2H

]+

.

(54)

As indicated in the parenthes of (53), we denote the max inf
of G(θ; s0, · · · , sm) as Gmax inf .
We assume that (α + β)λ − c < 0 for the stability of

the system. We also assume that time t is enough large
and s0, s1, · · · , sm can be treated as non-negative continuous
variables. Then we have the following theorem.

Theorem 3. Gmax inf of (53) is given as follows:

(i) For H ≥
c− (α+ β)λ

c− βλ ↪AC

Gmax inf = −
1

2βσ2

(
c− (α+ β)λ

H

)2H(
b

1−H

)2(1−H)

.

(55)

(ii) For H ≤
c− (α+ β)λ

c− βλ
,

Gmax inf = −
(c− βλ)2

2βσ2

(
b

αλ

)2(1−H)

. (56)

This quantity is smaller than or equal to the right hand
side of (55).

The proof of the theorem is so complicated that we need
a lot of space to write down it. The authors will present it
elsewhere.

Notice that the results (55) and (56) are independent of
m, the number of nodes, and that infθ∈(0,∞) G(θ; s0, · · · , sm)
can attain the maximum at some of the possible combina-
tions (s0, · · · , sm). One example is that s0 = t − Hb/(1 −
H)(c− (α+ β)λ), s2= · · ·=sm= t for (i) and s0= t− b/αλ,
s2 = · · ·= sm = t for (ii). This implies that Gmax inf is at-
tained by the case where one of the nodes is dominant and
the others can be ignored in the sense that G(θ; s0, · · · , sm)
is reduced to

−θb+αλθ(t−s0)−

[
(c−βλ)θ(t−s0)−

βσ2θ2

2
(t−s0)

2H

]+

.

This is the G function of a single node. Thus Theorem 3 as-
serts that our homogeneous tandem network with m nodes
has the same asymptotic tail probability of the end-to-end
backlog as that the single node has. The authors conjecture
that, even in a heterogeneous tandem network, the asymp-
totic tail probability of the end-to-end backlog is determined
by the total traffic load at a bottleneck node.

Finally, for reference purpose, in stead of (54), we consider
the case that

Ĝ(θ; s0, · · · , sm) = −θb+ αλθ(sm − s0)

−

{
(c− βλ)θ(s1 − s0)−

βσ2θ2

2
(s1 − s0)

2H

}
− · · ·

−

{
(c− βλ)θ(sm − sm−1)−

βσ2θ2

2
(sm − sm−1)

2H

}
.

Here, [x]+ in (54) is replaced with x. Then the equation is
rewritten as

Ĝ(θ; s0, · · · , sm) = −θb+ ((α+ β)λ− c) θ(sm − s0)

+
βσ2θ2

2

m∑
i=1

(si − si−1)
2H .

This is a parabola on θ and Ĝ attains the infimum at θ∗

such that ∂Ĝ/∂θ = 0. Then we have

inf
θ∈(0,∞)

Ĝ(θ; s0, · · · , sm)

= −
{b+ (c− (α+ β)λ) (sm − s0)}

2

2βσ2
∑m

i=1(si − si−1)2H
.

As is easily known from the convexity of x2H , this function
attains the maximum at a combination (s0, s1, · · · .sm) such
that s0<s1= · · ·=sm= t. Thus, we have

max
0≤s0≤···≤sm=t

inf
θ∈(0,∞)

Ĝ(θ; s0, · · · , sm)

= max
0≤s0≤···≤sm=t

−
{b+ (c− (α+ β)λ) (sm − s0)}

2

2βσ2
∑m

i=1(si − si−1)2H

= max
0≤s0≤t

−
{b+ (c− (α+ β)λ) (t− s0)}

2

2βσ2(t− s0)2H

= −
1

2βσ2

(
c− (α+ β)λ

H

)2H (
b

1−H

)2(1−H)

.

This is the same as the one in (55). The authors think that
the influence of the existence of function [x]+ appears in the
case (ii) of the theorem.



5. DISCUSSIONS ON TRACTABLE EBW
Here we will discuss tEBW for flows shaped with leaky

buckets, showing numerical examples.

5.1 Flows shaped with leaky buckets and their
tEBW

We consider a homogeneous tandem network with cross
traffic. Every node has the same traffic load, and all flows,
both forwarding flows and cross traffic flows, are subjecting
to a common probabilistic law. We assume that the arrival
process of a typical flow is a greedy process which is limited
by a leaky bucket with token rate ρ and token bucket size
σ. Let

η(θ; t) = log

[
1 +

ρt

ρt+ σ
(eθ(ρt+σ) − 1)

]
, (57)

which corresponds to the right hand side of the inequality
(46) with λ = ρ. Then the asymptotic cgf of the arrivals of
the typical flow is given as

A(θ; s, t) = η(θ; t− s) for θ ∈ (0,∞), (58)

and the tEBW is given by (47).

Now we compare the evaluation formula (21) with the
simple formula (30) in Theorem 2 for the particular flows
stated above. From (21), the backlog can be evaluated as

logP (QL(t) > Lb) <
∼

inf
θ∈(0,∞)

{
− θLb+ max

0≤s0≤···≤sm=t

{
Lη(θ; t− s0)

− [Lcθ(s1 − s0)− Lβη(θ; s1 − s0)]
+ − · · ·

−

[
Lcθ(sm − sm−1)− Lβη(θ; sm − sm−1)

]+
}}

,

(59)

where L, Lβ and Lc are the number of forwarding flows,
that of cross traffic flow and the link capacity, respectively.
On the other hand, the simple formula (30) is reduced as

logP (QL(t) > Lb) <
∼

− θ∗Lb, (60)

where θ∗ is the value of θ such that (1+ β)
ρ

θσ
(eθσ − 1) = c.

Figure 3 shows some numerical results. We set parameters
as L = 10, Lβ = 50, Lc = 2.5Gbps, ρ = 40Mbps and
σ = 4Mbits. Then the link utilization is 96%. The ordinate
is log10 P (QL(t) > x) and the abscissa is the buffer threshold
x = Lb. The four curves indicate the results of (59) with one
node, two nodes, three nodes and ten nodes. The straight
line shows the result of the simple formula (60). The curves
seem to converge to the straight line as the number of nodes
increases.
We will check (59) as the number of nodes m increases to

infinity. In [10, 11], it was shown that, from the convexity of
cθ − βη(θ; t) and [cθ − βη(θ; t)]+ on t for a fixed θ > 0, the
maximum in (59) is attained by s0, · · · , sm(= t) such that

s1 − s0 = s2 − s1 = · · · = sm − sm−1 =
t− s0
m

,

Figure 3: A tandem network with L = 10, Lβ = 50,
Lc = 2.5Gbps, ρ = 40Mbps and σ = 4Mbits

and then the right hand side of (59) is reduced to

inf
θ∈(0,∞)

{
− θLb+ max

0≤s0≤t

{
Lη (θ; t− s0)

−

[
Lcθ(t− s0)− Lβmη

(
θ;

t− s0
m

)]+
}}

. (61)

Giving attention to mη(θ; t−s0
m

) in (61), we can easily check
that

mη

(
θ;

t

m

)
→ θt

ρ

θσ

(
eθσ − 1

)
as m → ∞. (62)

Then we see that the tEBW (47) appears in the evalua-
tion formula. The worst case end-to-end backlog increases
linearly as the number of nodes increases and it doesn’t con-
verge. However, the tail probability of the end-to-end back-
log does converge. This is the reason why the numerical
results of (59) approach ones of the simple formula (60) as
the number of nodes increases.

5.2 Admissible region for two types of flows
Theorem 2 suggests that the asymptotic tail probability of

the end-to-end backlog is determined by the total amount of
the tEBWs at a bottleneck node and does not depend on the
number of nodes m. So, one might think this simple evalua-
tion formula provides too overestimated approximations for
the use of admission control.

We shall look at a numerical example of an admissible
region for two types of flows, quoting a result in [12]. We
set the token rate and the token bucket size of type 1 flows
as ρ1 = 40Mbps and σ1 = 4Mbits, and those of type 2
flows as ρ2 = 20Mbps and σ2 = 10Mbits. We calculate
effective bandwidths of type 1 and type 2 using (47) and
obtain an admissible region from (35). Figure 4 shows the
admissible region with the link capacity C = 10Gbps for
the buffer threshold B = 100Mbits or B = 500Mbits and
the tail probability bound ε = 10−3 or ε = 10−6.



Figure 4: Admissible region with C = 10Gbps

We see that in the cases with B = 500Mbits, which is a
reasonable buffer size, the boundary of the admission region
comes close to the stable one. This means that, even if
there exists an ideal (or a better) addmissible region, it will
almost match our admissible region, so that we may consider
this evaluation with tEBWs is not too overestimated in the
example.

6. CONCLUSION
We provided a simple evaluation formula in which the

tail probability of the end-to-end backlog can be determined
by the total amount of the tEBWs at a bottleneck node.
We checked whether several well-known effective bandwidths
have tEBWs or not, and showed that they have tEBWs
except for fractional Brownian motion flows with long range
dependency. We also discussed numerical examples for the
flows shaped with leaky buckets, and showed that the tEBW
might be useful for admission control, though it is a rougher
indicator of traffic load than the proper effective bandwidth.
Further, we evaluated the end-to-end backlog in a homo-

geneous tandem network with fBm cross traffic. Our results
indicate that the asymptotic tail probability of the end-to-
end backlog in the tandem network is the same as that in a
single node. This suggests that an evaluation formula with
fBm cross traffic flows might have a similar convenient na-
ture as the evaluation formula for flows with tEBWs.
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