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ABSTRACT
Analytical models have been extensively used to analyze the
performance of production systems. Due to their enormous
state spaces, the analysis of such models is very often ap-
proximated and limited to stationary first moment perfor-
mance measures. However, in presence of randomness, the
system performance observed in the short-medium run can
be significantly different from the long term average per-
formance. Moreover, modern systems often never reach the
steady state due to the continuous product and process mod-
ifications that take place over time. Therefore, the analysis
of higher order system performance measures in the short
run has recently attracted more and more attention both by
scientist and practitioners. This paper proposes an approx-
imate model to analyze the performance of asynchronous
production lines with finite capacity buffers. The transient
probabilities of such model are analyzed by assuming a quasi
product form. This assumption simplifies the dependency
structure of the model and leads to a relatively small set
of ordinary differential equations (ODE) that can be used
to compute an approximation of the transient probabilities.
The accuracy of this approximate method is studied by com-
paring the numerical results with those provided by simula-
tion.

1. INTRODUCTION
Asynchronous unreliable production lines are a specific

class of serial manufacturing systems where machines pro-
cess material at non-identical processing rates and are prone
to failures. Such systems are asynchronous in the sense that
machines are allowed to start and finish their operations at
different time instants. They are commonly found in sev-
eral manufacturing contexts, among which semiconductor,
automotive, food and white goods industries. In real set-
tings, processing stages are typically separated by finite ca-
pacity buffers, temporarily storing the inventory or work
in progress (WIP) flowing in the system. An exact analy-
sis of these systems is almost impossible due to the state
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space explosion observed even for relatively small lines. For
this reason, in the last two decades approximate analyti-
cal methods [13] have been developed to evaluate the per-
formance of these systems and to support production man-
agers in the phases of design/redesign, operation and control
of these systems. These approaches typically apply decom-
position techniques to generate smaller sub-systems, easier
to be analyzed with exact techniques. Then, the connec-
tion between these subsystems is captured by means of spe-
cific non-linear decomposition equations. An application of
these methods in the automotive industry can be found in
[12]. Although they are very accurate in the evaluation of
steady state first order performance measures of the system
(average system throughput, average work in progress, and
average lead time) at the state of the art higher order per-
formance measures cannot be obtained by these approaches,
except for very small systems with less then 5-6 machines
[23]. Moreover, the transient analysis of asynchronous lines
is still an almost unexplored area. Available models are fo-
cused on very small systems formed by two machines, with
identical processing times, and one buffer ([20]).

However, there is industrial evidence that production vari-
ability due to random disturbances causes the observed pro-
duction rate to be different from its average value, especially
in the short run. Moreover, modern manufacturing systems
undergo frequent reconfigurations due to continuous prod-
uct and process modifications and improvements. Relevant
industrial questions like ”What is the expected time to pro-
duce a given lot?” or ”What is the expected number of parts
produced by the system in the next 2 hours, given the cur-
rent system state and configuration?” remain unsolved. Mo-
tivated by these industrial needs, the objective of this pa-
per is to propose an analytical method for the evaluation of
higher order performance measures of asynchronous manu-
facturing systems, considering the transient period.

In detail, in this paper we apply an approximate tran-
sient analysis technique that maintains the state space of the
model. The technique is based on assuming that the tran-
sient probabilities can be written in a quasi product form
(QPF). The QPF assumption leads to a memory efficient
description of the transient probabilities and determines a
relatively small set of ODEs that provides an approximation
of the transient probabilities. Such approach was proposed
for the first time by Angius and Horvath in [2] to analyze
reaction networks. These networks are characterized by the
presence of infinite server-like mechanisms combined with
switches. Subsequently, the same authors proposed guide-
lines to use QPF in the context open queuing networks hav-



ing finite server stations and Stochastic Petri Nets [3, 1]. It
is also important to mention that a similar approach based
on Bayesian network was presented earlier in [11] to compute
passage time distributions of closed networks.

Instead, in this work we apply and experiment the ap-
proach in the context of production lines with finite number
of stages.

The remainder of the paper is organized as follows. In the
next section the reference model and its assumptions will be
described. In section 3 the developed method is explained
in detail. In section 4 we motivate the chosen decomposi-
tion and present the corresponding ODEs system. Numer-
ical results are provided in section 5 comparing the QPF
solution with the solution provided by simulation and by
decomposition-based methods. In section 6 the conclusions
are drawn and the future research steps are highlighted.

2. PRODUCTION LINE MODEL
The production line under analysis is composed of a set

of K work centers (machines from now-on) separated by
K− 1 temporary storage areas having discrete finite dimen-
sion (buffers), C1, C2, . . . , CK−1, in which material flows in a
fixed first in-first out (FIFO) sequence visiting each machine
and each buffer only once.

Raw items start their processing at the first machine and
then move forward through the system by receiving addi-
tional processing at each machine. Whenever a machine
processes an item, it reduces the level of the buffer placed
before it (upstream or source buffer) and increases the level
of the next buffer (downstream or destination buffer). Fin-
ished products leaves the system after the last machine of the
line. Figure 1 depicts a graphical representation of such sys-
tem architecture where the squares represent the machines,
and the circles represent the buffers.

Machine 1 Buffer 1 Machine 2 Buffer 2 Buffer K-1 Machine K

Figure 1: Machine-Buffer-Machine scheme

Every machine processes the items in sequence as long as
the upstream buffer contains parts to work on and the down-
stream buffer has space to store the parts after the process-
ing. The upstream of the first machine and the downstream
of the last machine are considered as infinite; thus, we con-
sider the situation where raw items are always available and
there is always enough space to store finished products. De-
liberate inactivity is not considered but machines are unre-
liable; thus, they are subject to failure. After a failure, the
machine remains failed for an amount of time that corre-
sponds to the time required to repair the failure.

Failures are the main cause of randomness of the number
of items stored in the buffers; e.g. if the processing of the nth
machine is stopped by a failure but the (n+1)th is operative
then the nth buffer will tend to get empty, causing the star-
vation of the (n + 1)th machine. Viceversa, the longer the
time when (n+1)th machine is not operational while the nth
is working and the more likely it is that the number of items
stored in the nth buffer reaches its maximum capacity, thus
causing the blocking of the nth machine. Therefore, the fail-
ure of a machine may cause the inactivity of its neighboring

machines that, in turn, could generate the propagation of
blockages and starvations respectively in the upstream and
downstream portions of line. The blocking phenomenon can
be mitigated by expanding the size of buffers in such a way
that an adequate supply of items can be stored to be avail-
able when failures occur. On the other hand, larger buffers
entail higher costs and may introduce delays into the pro-
duction line. Thus, an oversizing of buffers capacities is
undesired. Although the model presented in this paper can
be coupled with an optimization algorithm to find the min-
imum buffer capacities to satisfy a given production rate
requirement, the solution of this problem is out of the scope
of this paper.
The state of the system is described by a set of random

variables X = {M1, B1, . . . , BK−1,MK} where: Mi exists in
{On,Off}, thus representing if machine Mi is operational
or not, and Bi takes values in the interval {0, . . . , Ci}, thus
describing the level of the ith buffer.
We assume that:

• Every machine process one item at a time. The item
is considered to be in the upstream buffer until its
processing is completed, then the item is moved into
the downstream buffer instantaneously.

• Machines works with Blocking After Service (BAS)
policy. Thus machines gets idle immediately after the
completion of a processing if the upstream buffer is
empty or the destination buffer is full. Similarly, a
machine is resumed immediately after the ending of
the cause of the blocking or of the starvation, i.e. if
the upstream buffer was empty and the preceding ma-
chine puts a new item in the buffer or if the destination
buffer was full and the subsequent machine removes an
item from it1.

• Machine are subject to operation dependent failures
that means that a machine can fail only if it is pro-
cessing an item (not starved or blocked).

On the basis of the assumptions above, every machine
is able to change the state of the system in three different
ways; let {m1 . . . , bi−1,mi, bi, . . . ,mK} be a given state of
the system then:

1. if mi = On, bi−1 > 0 and bi < Ci the system can move
to {m1, . . . , bi−1, Off, bi, . . . ,mK} because of a failure
of machine Mi,

2. if mi = Off the state {m1, . . . , bi−1, On, bi, . . . ,mK}
can be reached because machine Mi returns opera-
tional,

3. if mi = On, bi−1 > 0 and bi < Ci the system can
move to {m1, . . . , bi−1−1,mi, bi+1, . . . ,mK} because
machine Mi ends the processing of an item,

where, in order to maintain short the conditional statements,
we assumed b0 and bK as fixed to infinity and zero, respec-
tively.
Another convention that will be adopted to simplify the

notation is the use of x as placeholder for the set that rep-
resents a given state of the system. We make distinction

1Although we consider only the BAS policy, different block-
ing policies can be used as well (see for example those listed
in [5]).



among two different states by applying primes. The same
notation is used for their elements. Thus, given two sets
x and x′ representing two possible state of the system, mi

belongs to the set x whereas m′
i belongs to x′ and both of

them represent a possible state of machine Mi. We denote

with x′ f,i−−→ x, x′ r,i−→ x, x′ p,i−−→ x the fact that if machine
Mi fails (f), gets repaired (r), or end the processing of an
item (p) then the set x′ becomes equal to the set x.
We assume that every change of state occurs according to

Markovian distributions such that the underlying stochas-
tic process is a Continuous time Markov chain (CTMC).
Therefore, in the most simple scenario, failures, repairs and
processing times are associated with exponential distribu-
tions. In this situation the probability to find the system in a
given state is associated with a single Chapman-Kolmogorov
equation whose construction is straightforward by follow-
ing the transition diagram of the system. Unfortunately,
the exponential distribution is frequently a bad candidate
for representing actual distributions of real systems mostly
because “real” distribution have coefficients of variation far
from 1 [17]. We circumvented this problem by considering
phase-type distributions (PH) to model the dynamics of the
processing times, failure and repair times of the machines.
Let us remind that a random variable T is PH distributed
if its cumulative distribution function (cdf) corresponds to
the time till absorption of a CTMC given a pre-fixed initial
distribution. More formally:

Definition 1. Let T be a random variable with cdf

Pr{T < t} = 1− αeΛt
1

and probability density function (pdf)

dPr{T < t}
dt

= αeΛta

where α = [ai]1×n is an initial row vector of size n, Λ =
[λi,i]n×n is a square matrix of size n × n, 1 is the col-
umn vector of ones of size n and a is a row vector equal
to −Λ1. We say that T is phase type distributed with rep-
resentation (α,Λ), (or simply PH(α,Λ) distributed) if the
following properties are satisifed:

1. the vector a sums to one and all its entries are greater
or equal to zero.

2. the entries of Λ are such that λi,i < 0, λi,j∀i �= j, and∑n
k=0 λi,k ≤ 0,

3. Λ is not singular.

The more detailed structure of PH distributions allows the
fitting of general distributions by matching their higher mo-
ments (see for example [16, 8, 7, 6]). Moreover, since PH
distributions are represented through CTMCs, they can be
used to extends exponential distributed models by preserv-
ing the use of traditional numerical methods for Markov
chains.

Due to the introduction of PH distributions the structure
of the underlying CTMC gets slightly more complicated be-
cause every state of the system is expanded in order to con-
sider also the detailed information about the aging of those
transitions that eventually will cause the change of the state.
Figuratively, the process moves on two levels: the state of
the system and the joint phases (the joint of the states as-
sociated with the PH distributions). On the basis of this

structure memory-based policies, such as the resume of an
interrupted activity, can be modelled. For sake of simplicity,
we do not consider any of them; hence, when failures and
processing are resumed after they have been interrupted,
their distributions are resetted. Nevertheless, possible ex-
tensions of the model in these directions are straightforward
by considering the works described in [22, 15]. Table 1 in-
troduces the symbols that will be used in the remainder of
this paper.

Matrices and vectors
1n column vector of ones composed of n entries
In identity matrix composed of n× n entries

(αi
f ,Λ

f
i ) representation of the failures of Mi

nf
i number of phases describing PH(αf

i ,Λ
f
i )

af
i −Λf

i 1n
f
i

(αr
i ,Λ

r
i ) representation of the repairs of the Mi

nr
i number of phases describing PH(αr

i ,Λ
r
i )

ar
i −Λr

i1nr
i

(αp
i ,Λ

p
i ) representation of the processings of the Mi

np
i number of phases describing PH(αp

i ,Λ
p
i )

ap
i −Λp

i1n
p
i

⊗ Kronecker product
⊕ Kronecker sum

Scalars
v(t, x) distribution of the enabled PHs in x at time t
π(t, x, l) prob. to observe state x and phases l at time t
Λz

i (k, k) entry (k,k) of matrix Λz
i , z ∈ {f, r, p}

αz
i (k) kth entry of vector αz

i , z ∈ {f, r, p}
az
i (k) kth entry of vector az

i , z ∈ {f, r, p}

Table 1: Symbols adopted in the paper.

Proposition 1. Let v(t, x) be the vector describing the
joint phases of the enabled PH distributions in the state x
at time t; then its transient behaviour fulfills the following
differential equation

dv(t, x)

dt
= v(t, x)

K⊕
i=1

Si(x)

+
∑

i : x′ f,i−−→ x

v(t, x′)
( i−1⊗

j=1

Aj(x)⊗ Fi(x)

K⊗
j=i+1

Aj(x)
)

+
∑

i : x′ r,i−−→ x

v(t, x′)
( i−1⊗

j=1

Aj(x)⊗Ri(x)

K⊗
j=i+1

Aj(x)
)

+
∑

i : x′ p,i−−→ x

v(t, x′)
( i−2⊗

j=1

Aj(x)⊗Wd
i−1(x)⊗Pi(x)

⊗Wu
i+1(x)⊗

K⊗
j=i+2

Aj(x)
)

(1)



where

Fi(x) =

{
af
i ⊗ αr

i ⊗ 1n
p
i

mi = Off ∧ bi−1 > 0 ∧ bi < Ci

0 otherwise

Ri(x) =

⎧⎨
⎩

αf
i ⊗ ar

i ⊗ αp
i mi = On ∧ bi−1 > 0 ∧ bi < Ci

ar
i mi = On ∧ (bi−1 = 0 ∨ bi = Ci)

0 otherwise

Pi(x) =

⎧⎪⎨
⎪⎩

I
n
f
i
⊗ (ap

iα
p
i ) mi = On ∧ bi−1 > 0 ∧ bi < Ci

ap
i ⊗ 1

n
f
i

mi = On ∧ (bi−1 = 0 ∨ bi = Ci)

0 otherwise

Si(x) =

⎧⎨
⎩

Λf
i ⊕Λp

i mi = On ∧ (bi−1 > 0 ∧ bi < Ci)
1 mi = On ∧ (bi−1 = 0 ∨ bi = Ci)
Λr

i mi = Off

Ai(x) =

⎧⎨
⎩

I
n
f
i
⊗ Inp

i
mi = On ∧ bi−1 > 0 ∧ bi < Ci

Inr
i

mi = Off
1 otherwise

Wd
i (x) =

⎧⎨
⎩

1 i = 0

αf
i ⊗ αp

i i > 0 ∧mi = On ∧ bi−1 > 0 ∧ bi = Ci − 1
Ai(x) otherwise

Wu
i (x) =

⎧⎨
⎩

1 i = K + 1

αf
i ⊗ αp

i i ≤ K ∧mi = On ∧ bi−1 = 1 ∧ bi < Ci

Ai(x) otherwise.

(2)

Proof. We prove Theorem 1 by studying the dynamics
of a single entry of the vector v(t, x).

Unfortunately, this requires the introduction of further
notation. We will denote the phases of a PH distribution
by using latin letters whose superscripts indicate if they are
associated with a failure (f), a repair (r), or a processing

(p), whereas the subscripts refer to the machines; e.g. lfi
refers to a phase of the failure of machine Mi. Furthermore,
we assume them as equal to zero when their distributions
are disabled, e.g. lri is zero every time that machine Mi is
On (no repair can take place). A given joint of the phases
is considered as a set denoted with the same letter of its
element, e.g. l = {. . . , lfi , lri , lpi , . . . }. The entries of matrices
Λ and vectors a will be indicated with parenthesis and they
will be null if at least one of the arguments is equal to zero.
The entries of the vectors α will be indicated in the same
way but they are equal to one when the argument is zero.

The evolution over time of the probability to observe the
system in the state x while the phases of the distributions
are equal to l, denoted with π(t, x, l), is determined by the
following rates.

• The rates with which the system can change at least
one between the joint of the phases l and the state x;
these rates corresponds to the elements on the diagonal
of the matrices Λ.

• The rates with which the process can move to l from
e �= l without changing the state of the system; these
rates corresponds to the element out of the diagonals
of the matrices Λ.

• The rates with which machines fail, thus causing the
activation of the PH distribution associated with the
repair. Given the ith machine, these rates correspond
to the products between α(lri ) and af

i (k) for all 1 ≤
k ≤ nf

i .

• The rates with which the machines get repaired, thus
causing the activation of the PH distributions associ-
ated with the failure and the processing (if the source
buffer is not empty and the destination buffer is not
full). Given the ith machine, these rates correspond

to the products among α(lfi ), α(l
p
i ) and ar

i (k) for all
1 ≤ k ≤ nr

i .

• The rates with which the machines finish the process-
ing of an item, thus causing the restart of a new pro-
cessing (if the source buffer is not empty and the des-
tination buffer is not full) and the possible awaken-
ing of the preceding machine (subsequent machine) if
the source buffer was full (the destination buffer was
empty). Given the ith machine, these rates are equal
to the products among α(lpi ),w

d
i−1(x, l) wu

i+1(x, l) and
ap
i (k) for all 1 ≤ k ≤ np

i , where wd
i−1(x, l) (wu

i+1(x, l))
is equal to α(lpi−1) (α(l

p
i+1)) only if x is such that ma-

chine Mi−1 (Mi+1) has been woken up by the end of
the processing, and zero otherwise.

By weighting the rates described above with the proper
probabilities and applying algebraic steps, we can write

dπ(t, x, l)

dt
=

K∑
i=1

[

π(t, x, l)
(
Λf

i (l
f
i , l

f
i ) +Λr

i (l
r
i , l

r
i ) +Λp

i (l
p
i , l

p
i )
)

(3)

+
∑

(x,e)
f,i−−→(x,l)

π(t, x, e)Λf
i (e

f
i , l

f
i )

+
∑

(x,e)
r,i−→(x,l)

π(t, x, e)Λr
i (e

r
i , l

r
i )

+
∑

(x,e)
p,i−−→(x,l)

π(t, x, e)Λp
i (e

p
i , l

p
i )

+
∑

(x′,e)
f,i−−→(x,l)

π(t, x′, e)af
i (e

f
i )αi(l

r
i )

+
∑

(x′,e)
r,i−→(x,l)

π(t, x′, e)ar
i (e

r
i )α

f
i (l

f
i )α

p
i (l

p
i )

+
∑

(x′,e)
p,i−−→(x,l)

π(t, x′, e)ap
i (e

r
i )α

f
i (l

f
i )α

p
i (l

p
i )

×wd
i−1(x, l)w

u
i+1(x, l)

]
. (4)

that is the scalar representation of the entries of the vector
v(t, x) whose dynamics have been described in equations (1)
and (2). This completes the proof.

3. QUASI PRODUCT FORM APPROACH
The model presented in Section 2 can, at least in principle,

be treated by standard transient and steady-state analysis
techniques developed for Markov chains [18]. In practice,
this is possible only for very small systems since the num-
ber of states composing the state space grows exponentially
with the number of machines and buffers that compose the
production line. In this section, we present an approximated



approach, called quasi product form, that allows to decom-
pose the state space in subsets that can be analysed one at
a time by reducing the complexity of the analysis.

Let X be a CTMC describing the joint probabilities of N
random variables, {X1, X2, . . . , XN}, that interact among
each other. The quasi product form approach is based on the
assumption that there exist sets of random variables (r.v.’s)
whose conditional probabilities depend only on a subset of
other r.v.’s instead of all the rest. For example, if we assume
that the conditional probabilities of X1 and X2 depend only
on X3, X4 and X5 then we can write

Pr{X1 = x1, X2 = x2 | X3 = x3, X4 = x4, ..., XM = xN} =

Pr{X1 = x1, X2 = x2 | X3 = x3, X4 = x4, X5 = x5}
A set of assumptions like the one expressed above allows us
to decompose the probability Pr{X1 = x1, X2 = x2, ..., XN =
xN} into a product that is conveniently described by a di-
rected acyclic graph (DAG), denoted by G.

The set of the nodes of the graph is denoted by V and
a given node, v ∈ V, represents a subset of the r.v’s. The
index set of the r.v’s represented by node v is denoted by
I(v). The set V must be such that it provides a partitioning
of all the r.v.’s, i.e., ∪v∈VI(v) = {1, 2, ..., N} and ∀v1, v2 ∈
V, v1 �= v2 : I(v1) ∩ I(v2) = ∅.
The set of edges of the DAG, denoted by E , provides the

assumed dependency structure of the transient probabilities.
Specifically, if e = (u, v) ∈ E then the conditional probabil-
ity of the random variables in v depends on those that are
present in u.
The set of r.v.’s present in the predecessors of v will be de-

noted by P (v), i.e., P (v) = ∪u:(u,v)∈EI(u). The conditional
probability of the places in I(v) is independent of those that
are not present in P (v), i.e.,

Pr{∧i∈I(v)(Xi = xi) | ∧j∈{1,2,...,N}\I(v)(Xj = xj)} =

Pr{∧i∈I(v)(Xi = xi) | ∧j∈P (v)(Xj = xj)}
where ∧ denotes conjunction. By considering every node
of the DAG, the probability of a given state of the CTMC,
{x1, ..., xN}, can be written as

Pr{∧1,2,...,N (Xi = xi)} =∏
v∈V

Pr{∧i∈I(v)(Xi = xi) | ∧j∈P (v)(Xj = xj)} =

∏
v∈V

Pr{∧i∈Q(v)(Xi = xi)}
Pr{∧j∈P (v)(Xj = xj)} (5)

where we applied the notation Q(v) = I(v) ∪ P (v). Note
that the acyclicity of the graph guarantees that the unic-
ity of the product in equation 5. In order to compute the
transient probabilities based on the quasi product form as-
sumption expressed by the DAG G, the quantities appearing
in (5) are needed. Since P (v) ⊆ Q(v), the quantities in the
denominator can be computed simply by appropriate sum-
ming of the quantities in the numerator. The quantities in
the numerator can instead be computed by the proper sum-
mation of the Chapman-Kolmogorov equations , i.e.,

dPr{∧i∈Q(v)(Xi = yi)}
dt

=

d

dt

∑
{y1, ..., yM} :

k ∈ Q(v), yk = xk

Pr{∧{1,2,...,N}(Xi = xi)} (6)

The equations associated with a node v corresponds to a
marginal distribution of the random variables belonging to
the set Q(v). In [1] it has been shown that every marginal
distribution Q(v) can be interpreted as a time inhomoge-
neous CTMC whose transient behaviour is determined by
two type of transitions: those that are completely deter-
mined by the random variables belonging to Q(v) and those
that arises from the interaction with other marginal distri-
butions. The first are considered in an exact way, whereas
the second are considered as, possibly conditional, inhomo-
geneous Poisson processes. An exhaustive description of the
structure of equation (6) in case of general models can be
found in [1]. It is omitted since it is beyond the scope of this
paper.

4. DECOMPOSITION STRATEGY
The advantages that can be obtained by using the quasi

product form decomposition are strongly related to the choice
of the DAG. Indeed, there is a trade-off between the accu-
racy and efficiency of the approximation that is determined
by the computational effort that is required to analyze the
model.
For most of the cases, the more dependencies are pre-

served and the more accurate is the approximation 2. How-
ever, the preservation of several dependencies leads to the
increasing of the number of states composing the marginal
distributions. As a consequence, the number of equations to
be considered could easily explode, eventually reaching the
same complexity of the original problem. Furthermore, the
gain obtained in terms of accuracy could be negligible with
respect to that provided by a DAG that considers only few
dependencies. In other words, we could overestimate the
correlations among the random variables and, as a conse-
quence, analyze more equations than what needed to achieve
the desired accuracy. In this scenarios, given a maximum
number of equations that we are able (or available) to an-
alyze, the challenge is to find the DAG that minimizes the
number of equations by providing the best possible accuracy.
Unfortunately, due to the complexity of the transient anal-
ysis this can be done only through heuristics. Thus there is
not guarantee that the selected DAG will be the optimal.
Neverthless, on the basis of the works [14, 19, 10, 9], where

exact transient product form conditions are studied, satisfy-
ing policies have been found for queuing networks with finite
server stations [3] and reaction networks of modulated infi-
nite servers. Both the heuristics are based on the fact that
the correlations among random variables that are cause or
consequence of blocking must be preserved as much as pos-
sible. This is a consequence of the fact that two random
variables cannot enjoy transient product form if the state of
one causes the blocking of the other a.k.a. transient product
form holds only in case of queuing networks composed omly
of infinite server networks.
Since the system under investigation is a chain of mod-

ulated single server stations, the strategy we adopt to find
an effective decomposition of the production line model is
inspired by the same principle. By observing the structure
and the dynamics of the model, it appears evident how: i)
the random variables describing the buffers are completely
passive components, whose states change on the basis of the

2Considering only the scenarios in which the number of de-
pendencies is expanded in a rational way.



events generated by the machines; ii) a machine can pro-
duce only if two conditions are simultaneously verified on the
buffers to which it is directly connected, i.e. the upstream
buffer is not empty and the downstream buffer is not full;
iii) the blocking of a machine is not a direct consequence of
the states of the other machines but is the side-effect of the
interaction between the other machines and the buffers.

In line with these observations, we penalize the detailed
consideration of the correlations among the machines in favour
of those between the machines and the buffers to which they
are connected. Thus, a possible DAG that fits this purpose
corresponds to that reported in Figure 2 where Fi, Ri and Pi

B1

M1, F1, R1, P1 M2, F2, R2, P2 MK , FK , RK , PK

B2 BK−1

Figure 2: The DAG adopted to decomposed the pro-
duction line model

denote the random variables describing the PH distributions
of failures, repairs and processing of the ith machine.
The selected decomposition strategy implies that the marginal

distribution of every machine is associated with a set Q that
is composed, at the most, of six random variables that are
Bi−1,Mi,Bi, Fi, Ri and Pi, 1 ≤ i ≤ K.
Let us denote the probability to observe Bj = bj−1, Mj =

mj , Bj = bj , Fj = lfj , Rj = lrj and Pj = lpj at time with

π(t, bj−1,mj , bj , l
f
j , l

r
j , l

p
j ), 2 ≤ j ≤ K − 1,. Then, by apply-

ing equation (6) to equation (4) and exploiting basic proba-
bility rules, we have that:
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where the second to last and the last term have to be substi-
tuted with (8) and (9), respectively, if bj−1 ,mj , bj are such
that the machine is restored by a production of one of the
neighbours3

π(t, bj−1 − 1,mj , bj , l
f
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j (l
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f
j )α

p
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p
j ).

(9)

The value E[ap
j−1|bj−1] is the expected rate with which ma-

chine Mj−1 changes the level of buffer Bj−1 from bj−1 to
bj−1+1 at time t. Symmetrically, E[ap

j+1|bj ] is the expected
rate with which machine Mj+1 decreases Bj , the level of
buffer bj , by one at time t. These rates are time dependent
and corresponds to:

E[ap
j−1|bj−1] =

n
p
j−1∑
i=1

n
f
j−1∑
j=1

Cj−2∑
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(10)
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n
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j=1

Cj+1∑
k=1

π(t, k, On, bj , i, 0, j)

π(t, bj)
ap
j+1(i)

(11)

where π(t, bj−1) and π(t, bj) denote to the probability to ob-
serve the buffer Bj−1 and Bj equal to bj−1 and bj at time
t respectively. Equations (10) and (11) can be easily com-
puted from the marginal distributions describing the tran-
sient behaviour of machine Mj−1 and Mj+1. The bound-
ary cases with j = 1 and j = K have the same structure
of equation (7) but they do not have ingoing and outoging
items respectively.
The resulting ODEs system can be interpreted as a set

of interacting time inhomogeneous CTMCs in which a chain
describes the transient behaviour of a machine and the buffers
to which is connected. Given a chain, let’s say the ith, the
events whose intensity depends on the machine Mi are de-
scribed in an exact way whereas those generated by the pro-
cessing of the adjacent machines are considered from the
point of view of their expected production rate at time t
conditioned on the buffer level. It follows that numerical so-
lution techniques developed for time inhomogeneous Markov
chains, like the one proposed in [4], can be applied to calcu-
late the transient probabilities.
The number of equations in the original set of ODEs given

in (1) grows as the cartesian product between the active PH

distributions and the level of the buffers, i.e.
∏K−1

i=1 (Ci +

1) × ∏K
i=1(n

f
i × np

i + nr
i + 1). Given the DAG depicted in

Figure 2, the number of equations describing the QPF (7)

grows as
∑K

i=1((Ci−1 + 1)× (Ci + 1)× (nf
i × np

i + nr
i + 1))

where C0 = Ck = 0. Thus, the complexity of the analysis of
the decomposed system grows linearly with the number of
machines composing the production lines.

5. NUMERICAL RESULTS
In this section, we apply the QPF approximation to mod-

els with different number of machines and various settings

3The derivation of equation (7) is too long to be
reported in the paper but is available at the URL
www.di.unito.it/˜angius/proofUnMach.pdf



of the parameters. In the first bulk of experiments we con-
sider different production line lengths, with all the buffers
having the same capacity. Moreover, we assume exponen-
tially distributed transitions in order to compare the results
of the approximation with the decomposition method de-
scribed in [21]. The second set of tests considers, instead,
PH distributed machines with different buffers settings. For
all the experiments, we provide a comparison between the
results obtained by the approximation and the Monte Carlo
simulation of the original model. All the scenarios consider
fully operative machines and empty buffers as initial state.

The algorithm based on the QPF assumption has been
implemented in JAVA by using the odeToJava package3 for
the solution of the system of ODEs. In particular, we ap-
plied the“explicit Runge-Kutta triple” solver of the package.
The accuracy of this method is determined by two parame-
ters, called relative and absolute tolerance, and we set these
values to 10−8 and 10−6 , respectively. The reported run
times refer to these settings and by choosing less restrictive
values the computation times can be significantly reduced,
by about one order of magnitude. All the experiments have
been performed on an Intel Core i7 with 8Gb of RAM.

5.1 Machines with Exponentially Distributed
Failures, Repairs and Processing Times.

The aim of the first set of experiments is to show how the
length of the considered production line affects the accuracy
of the approximation. In order to do this, we considered
three systems composed of 5, 10 and 20 identical machines,
respectively. All the machines have mean time to failure
equal to 100, mean time to repair equal to 10 and mean
processing time equal to 1.

Figure 3 depicts the mean and the variance of the number
of items present on the last buffer for all the three systems;
it is possible to observe that, although the error increases
with the number of machines, the approximated curves are
still very close to the one obtained by simulation along the
entire time interval. Also, it is interesting to notice that the
settling time of the transient period is larger for longer lines
the for smaller lines and the proposed method well captures
this phenomenon. Therefore, the transient analysis results
to be even more significant in lines with a considerable num-
ber of stages, as those found in real manufacturing settings.

As second scenario, we keep the same failure and repair
times but we increase the mean processing time to 0.2, i.e.
five times faster than in the previous experiment. This test
is motivated by previous numerical evidences that showed
that the more the interactions between the marginals are
fast with respect to the other rates of the ODEs system, the
more the approximation looses accuracy ([2]). Figure 4 con-
firms this theoretical result by showing larger differences be-
tween approximated and original curves than in the previous
test. This difference is particularly marked for system com-
posed of twenty machines, where the approximated curves
flatten around the time interval (20, 50) and then re-start to
follow the same slope of the original curves. Although these
very fast machines are not frequently found in real manufac-
turing systems (except in water bottling lines, for example),
these results will drive the future research activities aiming
at improving the method accuracy in these specific cases.
Despite these inaccuracies, even in the worst scenario the
results obtained through the quasi product form provide a
good picture of the behaviour of the system. This fact is
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Figure 3: Mean (top) and variance (bottom) of the
number of items present in the last buffer as function
of the time with average processing times equal to
1 for different production line length.

confirmed by Figure 5 that depicts the comparison between
the distribution of the number of items present in the 10th
and the last buffer for the system composed of twenty ma-
chines. From Figure 5 it is possible to observe that the shape
of both the distributions is well-represented by the approxi-
mation, although the error on the probability to observe the
10th buffer with 1 or 9 items is not negligible.

# mach avg pr. sim qpf dec
5 1 0.67161 0.67459 0.6694
10 1 0.61384 0.61918 0.6080
20 1 0.57612 0.58451 0.5752

5 0.2 3.09455 3.15537 3.0512
10 0.2 2.55960 2.68510 2.4940
20 0.2 2.15163 2.15253 2.1970

Table 2: Average throughput by observing the pro-
cesses around steady state.

In the worst considered scenario (system composed of 20
machines) the ODEs system is composed of 4000 equations
and the integration of 2000 time units required around 19
minutes. For the same case, the original ODEs system is
composed of ≈ 219 × 1120 equation. It is evident that the
computation of such system is not feasible by using tra-
ditional techniques. The trajectories corresponding to the
original CTMC has been generated on the basis of 500000
of simulation runs, each of them required on average 0.0693
seconds in the worst case.
Although a thorough analysis of the advantages of the
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Figure 4: Mean (top) and variance (bottom) of the
number of items present in the last buffer as function
of the time with average processing times equal to
0.2 for different production line length.

# mach avg pr. sim qpf dec
5 1 20.008 20.001 20.780
10 1 44.991 44.999 45.256
20 1 95.010 94.970 92.120

5 0.2 19.910 19.999 20.360
10 0.2 44.991 44.999 45.170
20 0.2 95.052 94.991 96.133

Table 3: Average WIP by observing the processes
around steady state.

proposed approach in regard to the decomposition method
proposed in [21] is out the scope of this paper, we provide a
preliminary comparison of the two methods.

The decomposition method proposed by Levantesi et al.
splits the original line with K machines into a set of K − 1
two-machine lines, each one being associated with a buffer
of the original line.

The general idea of the decomposition method is to build
the two-machine lines (building blocks) in such a way that
the ith building block mimics, in the steady-state, the mate-
rial flow dynamics through the corresponding buffer in the
original line. The upstream and downstream machines in
two machine line i represent the dynamics of the material
flow respectively entering and leaving the buffer Bi. In this
sense, they are called “pseudo-machine” as they do not have
a direct connection to the corresponding machines in the
original line, Mi and Mi+1.

To achieve this goal, additional failure and repair prob-
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Figure 5: Distribution of the number of items
present in the 10th and last buffer at time 300 with
average processing times equal to 0.2 for a line com-
posed of twenty machines.

abilities are properly assigned to the two machines in each
building block, in order to mimic the propagation of starva-
tion and blocking events throughout the system. In detail,
the starvation of the ith machine is conveniently modelled
into the ith building block by adding“remote” failures to the
upstream pseudo-machine, a.k.a. additional states that are
introduced to model those situations in which machine Mi

is not operative because it is starved. Similarly, the block-
ing of the i + 1th machine is conveniently modelled into
the ith building block by adding “remote” failures to the
downstream pseudo-machine, a.k.a. additional states that
are introduced to model those situations in which machine
Mi+1 is not operative because it is blocked. The param-
eters of these pseudo-machines are iteratively updated by
considering the performance of the neighboring sub-systems
by decomposition equations, until convergence is met.
In Tables 2 and 3 we provide a coarse comparison of

the steady-state average throughput and work in progress
(WIP) for the two set of systems of the previous experi-
ments as obtained by simulation, by the proposed approxi-
mate method and by the decomposition method. As it can
be noticed, for all the experiments the estimated measures
are very close among each other: the proposed approxi-
mate method is slightly less accurate than the decomposition
method proposed in [21] in terms of average throughput esti-
mates but is more accurate in terms of WIP estimate. In all
the cases, the errors against simulation are very small. Due
to the fact that QPF method provides information about
both transient and steady state, these results highlight the
practical applicability of the proposed approach in the anal-
ysis of real production lines and motivate future research.



5.2 Machines with PH Distributed Failures, Re-
pairs and Processing times.

The second set of experiments introduces PH distributions
by considering the processing times distributed according to
an Erlang-5 distribution with mean 1 and the repair times
distributed according to an hyper-exponential distribution
with mean 10 and coefficient of variation equal to 10. The
distribution of failures remains unchanged and the number
of machines in the line is equal to 20 for all the reported
experiments.

The first two tests aim at analyzing how the different
buffer capacities affect the quasi product form approxima-
tion. We considered two different buffer settings, as reported
in Table 4. It can be noticed that the buffer size distribu-
tions are reversed in the two cases, in the sense that the
buffers with maximum capacity of the first corresponds to
those with minimum capacity in the second and so on for the
second to last, etc. Figure 6 shows the mean and the vari-

# b1 b2 b3 b4 b5 b6 b7 b8 b9 b10
1 5 5 5 7 7 7 7 10 10 15
2 15 15 15 10 10 10 10 7 7 5

# b11 b12 b13 b14 b15 b16 b17 b18 b19
1 10 10 7 7 7 7 5 5 5
2 7 7 10 10 10 10 15 15 15

Table 4: Buffer capacities for the first the first two
experiments with PH distributed machines.

ance of the number of items present in the last buffer, for
both system configurations. It is possible to observe that
the mean values are well-approximated in both the cases,
whereas the variance is underestimated for the second case.

In the last experiment, we considered a line composed of
machines with different mean times to failures and mean
processing times. In detail, for every machine, the mean
values of these two distributions are randomly generated.
In practice, this has been obtained for every machine by
changing the mean values of their distributions of a random
quantity that could not exceed the 15 per cent of the pre-
vious value. The buffer capacities have been set to 10 and
the repair distributions were considered as in the two previ-
ous cases. In Figure 7 it is possible to observe that also in
this very general case the approximation provides accurate
results both for the mean and the variance of the number of
items on buffer 19. As additional proof of the accuracy of
the approximation, we provide in Figure 8 the comparison
between the original and approximated joint distribution of
the amount of items in buffer 9 and 10. Figure 8 shows that
the approximation provides accurate results even if it tends
to slightly overestimate regions where the probability mass
is null.

By considering PH distributions the number of equation
that have to be considered to carry on the computation of
the quasi product form increases; in the worst case (the sec-
ond case reported in Table 4) the largest marginal that was
composed of 162 × (5 + 2 + 1) equations and the overall
ODEs system was composed of 18.034 equations. The in-
tegration of 2000 time units required about two and a half
hours, Monte Carlo simulation required instead 0.1011 sec-
onds per run on average. For all the tests, 500000 of simula-
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Figure 6: Mean (top) and variance (bottom) of the
number of items present in the last buffer as function
of the time with average processing times equal to
1, by considering different buffer settings.

tion runs have been performed to generate the trajectories
corresponding to the original CTMCs.

6. CONCLUSIONS
This paper presents a new approximate method for the

analysis of asynchronous production lines with finite capac-
ity buffers and unreliable machines characterized by gener-
ally distributed failure, repair and processing events, mod-
eled as phase type distributions. The proposed method is
based on a quasi product form approximation of the state
probabilities that is valid both in the transient and in the
steady state of the system. This feature allows us to evalu-
ate reasonably long production lines in very short time, with
very accurate performance estimates. Therefore, the devel-
oped tool can be integrated within a global system design/
redesign platform to quantitatively estimate in advance the
effect of potential alternative system configurations. More-
over, the transient analysis can be used to predict, in the
short run, the output statistics of the system and to prop-
erly control the system performance in very dynamic produc-
tion contexts, characterized by continuous product, process
and system changes. Future development will be devoted to
the analysis of more complex systems architectures involv-
ing multiple part types, multiple alternative routings of the
parts in the system and multiple parallel machines.
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